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INTRODUCTION

The education of the mathematics major begins with the study 
of three basic disciplines: mathematical analysis, analytic geo
metry and higher algebra. These disciplines have a number of points 
of contact, some of which overlap; together they constitute the 
foundation upon which rests the whole edifice of modern mathema
tical science.

Higher algebra—the subject of this text—is a far-reaching 
and natural generalization of the basic school course of elementary 
algebra. Central to elementary algebra is without doubt the problem 
of solving equations. The study of equations begins with the very 
simple case of one equation of the first degree in one unknown. 
From there on, the development proceeds in two directions: to 
systems of two and three equations of the first degree in two and, 
respectively, three unknowns, and to a single quadratic equation 
in one unknown and also to a few special types of higher-degree 
equations which readily reduce to quadratic equations (quartic 
equations, for example).

Both trends are further developed in the course of higher algebra, 
thus determining its two large areas of study. One—the foundations 
of linear algebra—starts with the study of arbitrary systems of 
equations of the first degree (linear equations). When the number 
of equations equals the number of unknowns, solutions of such 
systems are obtained by means of the theory of determinants. Howe
ver, the theory proves insufficient when studying systems of linear 
equations in which the number of equations is not equal to the 
number of unknowns. This is a novel feature from the standpoint 
of elementary algebra, but it is very important in practical appli
cations. This stimulated the development of the theory of matrices, 
which are systems of numbers arranged in square or rectangular 
arrays made up of rows and columns. Matrix theory proved to be 
very deep and has found application far beyond the limits of the 
theory of systems of linear equations. On the other hand, investiga
tions into systems of linear equations gave rise to multidimensional 
(so-called vector or linear) spaces. To the nonmathematician, mul
tidimensional space (four-dimensional, to begin with) is a nebulous 
and often confusing concept. Actually, however, the notion is 
a strictly mathematical one, mainly algebraic, and serves as an 
important tool in a variety of mathematical investigations and 
also in physics.

The second half of the course of higher algebra, called the algebra 
of polynomials, is devoted to the study of a single equation in one 
unknown but of arbitrary degree. Since there is a formula for solving 
quadratic equations, it was natural to seek similar formulas for



8 INTRODUCTION

higher-degree equations. That is precisely how this division of 
algebra developed historically. Formulas for solving equations 
of third and fourth degree were found in the sixteenth century. 
The search was then on for formulas capable of expressing the roots 
of equations of fifth and higher degree in terms of the coefficients 
of the equations by means of radicals, even radicals within radicals. 
It was futile, though it continued up to the beginning of the nine
teenth century, when it was proved that no such formulas exist 
and that for all degrees beyond the fourth there even exist specific 
examples of equations with integral coefficients whose roots cannot 
be written down by means of radicals.

One should not be saddened by this absence of formulas for 
solving equations of higher degrees, for even in the case of third 
and fourth degree equations, where such formulas exist, computa
tions are extremely involved and, in a practical sense, almost useless. 
On the other hand, the coefficients of equations one encounters in 
physics and engineering are usually quantities obtained in measu
rements. These are approximations and therefore the roots need 
only be known approximately, to within a specified accuracy. This 
led to the elaboration of a variety of methods of approximate solu
tion of equations; only the most elementary methods are given 
in the course of higher algebra.

However, in the algebra of polynomials the main thing is not 
the problem of finding the roots of equations, but the problem of 
their existence. For example, we even know of quadratic equations 
with real coefficients that do not have real-valued roots. By extending 
the range of numbers to include the collection of complex numbers, 
we find that quadratic equations do have roots and that this holds 
true for equations of the third and fourth degree as well, as follows 
from the existence of formulas for their solution. But perhaps there 
are equations of the fifth and higher degree without a single root 
even in the class of complex numbers. Will it not be necessary, 
when seeking the roots of such equations, to pass from complex 
numbers to a still bigger class of numbers? The answer to this ques
tion is contained in an important theorem which asserts that any 
equation with numerical coefficients, whether real or complex, has 
complex-valued (real-valued, as a special case) roots; and, generally 
speaking, the number of roots is equal to the degree of the equation.

Such, in brief, is the basic content of the course of higher algebra. 
It must be stressed that higher algebra is only the starting point of 
the vast science of algebra which is very rich, extremely ramified 
and constantly expanding. Let us attempt, even more sketchily, 
to survey the various branches of algebra which, in the main, lie 
beyond the scope of the course of higher algebra.

Linear algebra, which is a broad field devoted mainly to the 
theory of matrices and the associated theory of linear transforma-
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tions of vector spaces, includes also the theory of forms, the theory 
of invariants and tensor algebra, which plays an important role 
in differential geometry. The theory of vector spaces is further 
developed outside the scope of algebra, in functional analysis 
(infinite-dimensional spaces). Linear algebra continues, so far, 
to occupy first place among the numerous branches of algebra as to 
diversity and significance of its applications in mathematics, physics 
and the engineering sciences.

The algebra of polynomials, which over many decades has 
been growing as a science concerned with one equation of arbitrary 
degree in one unknown, has now in the main completed its develop
ment. It was further developed in part in certain divisions of the 
theory of functions of a complex variable, but basically grew into 
the theory of fields, which we will speak of later on. Now the very 
difficult problem of systems of equations of arbitrary degree (not 
linear) in several unknowns—it embraces both divisions of the 
course of higher algebra and is hardly touched on in this text—actual
ly has to do with a special branch of mathematics called algebraic 
geometry.

An exhaustive treatment of the problem of the conditions under 
which an equation can be solved in terms of radicals was given 
by the French mathematician Galois (1811-1832). His investiga
tions pointed out new vistas in the development of algebra and led, 
in the twentieth century, after the work of the German woman- 
algebraist E. Noether (1882-1935), to the establishment of a fresh 
viewpoint on the problems of algebraic science. There is no doubt 
now that the central problem of algebra is not the study of equa
tions. The true subject of algebraic study is algebraic operations, 
like those of addition and multiplication of numbers, but possibly 
involving entities other than numbers.

In school physics one deals with the operation of composition 
of forces. The mathematical disciplines studied in the junior courses 
of universities and teachers’ colleges provide numerous examples 
of algebraic operations: the addition and multiplication of matrices 
and functions, operations involving vectors, transformations of 
space, etc. These operations are usually similar to those involving 
numbers and bear the same names, but occasionally some of the 
properties which are customary in the case of numbers are lost. 
Thus, very often and in very important instances, the operations 
prove to be noncommutative (a product is dependent on the order 
of the factors), at times even nonassociative (a product of three 
factors depends on the placing of parentheses).

A very systematic study has been made of a few of the most 
important types of algebraic systems (or structures), that is, sets 
composed of entities of a certain nature for which certain algebraic 
operations have been defined. Such, for example, are fields. These
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are algebraic systems in which (like in the systems of real and com
plex numbers) are defined the operations of addition and multipli
cation, both commutative and associative, connected by the distri
butive law (the ordinary rule of removing brackets holds) and pos
sessing the inverse operations of subtraction and division. The theory 
of fields was a natural area for the further development of the theory 
of equations, while its principal branches—the theory of fields of 
algebraic numbers and the theory of fields of algebraic functions— 
linked it up with the theory of numbers and the theory of functions 
of a complex variable, respectively. The present course of higher 
algebra includes an elementary introduction to the theory of fields, 
and some portions of the course—polynomials in several unknowns, 
the normal form of a matrix—are presented directly for the case 
of an arbitrary base field.

Broader than a field is the concept of a ring. Unlike the field, 
division is not required here and, besides, multiplication may be 
noncommutative and even nonassociative. The simplest instances 
of rings are the set of all integers (including negative numbers), 
the set of polynomials in one unknown and the set of real-valued 
functions of a real variable. The theory of rings includes such old 
branches of algebra as the theory of hypercomplex numbers and 
the theory of ideals. It is related to a number of mathematical 
sciences (functional analysis being one) and has already made 
inroads into physics. The course of higher algebra actually contains 
only the definition of a ring.

Still greater in its range of applications is the theory of groups. 
A group is an algebraic system with one basic operation, which 
must be associative but not necessarily commutative, and must 
possess an inverse operation (division if the basic operation is mul
tiplication). Such, for example, is the set of integers with respect 
to the operation of addition and also the set of positive real num
bers with respect to the operation of multiplication. Groups were 
already important in the theory of Galois, in the problem of the 
solvability of equations in terms of radicals; today groups are a power
ful tool in the theory of fields, in many divisions of geometry, in 
topology, and also outside mathematics (in crystallography and 
theoretical physics). Generally speaking, within the sphere of 
algebra, group theory takes second place after linear algebra as to 
its range of applications. Our course of higher algebra contains 
a chapter on the fundamentals of the theory of groups.

In recent decades an entirely new branch of algebra—lattice 
theory—has come to the fore. A lattice is an algebraic system with 
two operations—addition and multiplication. These operations 
must be commutative and associative and must also satisfy the 
following requirements: both the sum and the product of an element 
with itself must be equal to the element; if the sum of two elements
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is equal to one of them, then the product is equal to the other, and 
conversely. An example of a lattice is the system of natural num
bers relative to the operations of taking the least common multiple 
and the greatest common divisor. Lattice theory has interesting 
ties with the theory of groups and the theory of rings, and also 
with the theory of sets; one old branch of geometry (projective 
geometry) actually proved to be a part of the theory of lattice. 
It is also worth mentioning the expansion of lattice theory into 
the theory of electric circuits.

Certain similarities between parts of the theories of groups, 
rings and lattices led to the development of a general theory of 
algebraic systems (or universal algebras). The theory has only taken 
a few steps but its general outlines are evident and certain links 
with mathematical logic that have been perceived point to a rich 
future in this area.

The foregoing scheme does not of course embrace the whole 
range of algebraic science. For one thing, there are a number of 
divisions of algebra bordering on other areas of mathematics, such 
as topological algebra, which deals with algebraic systems in which 
the operations are continuous relative to some convergence defined 
for the elements of the systems. An example is the system of real 
numbers. Closely related to topological algebra is the theory of 
continuous (or Lie) groups, which has found numerous applica
tions in a broad range of geometrical problems, in theoretical physics 
and hydrodynamics. Incidentally, the theory of Lie groups is chara
cterized by such an interweaving of algebraic, topological, geome
tric and function-theoretic methods as to be more properly conside
red a special branch of mathematics altogether. Next we have the 
theory of ordered algebraic systems which arose out of investigations 
into the fundamentals of geometry and has found applications 
in functional analysis. Finally, there is differential algebra which 
has established fresh relationships between algebra and the theory 
of differential equations.

Quite naturally, the flowering of algebraic science so evident 
today is not accidental, but is an organic part of the general advance 
of mathematics and is due, in large measure, to the demands made 
upon algebra by the other mathematical sciences. On the other hand, 
the development of algebra itself has exerted a far-reaching influence 
on the elaboration of allied branches of science; this influence has 
been particularly enhanced by the spread of applications so chara
cteristic of modern algebra. One is often tempted to speak of an 
“algebraization” of mathematics.

We conclude this rather sketchy survey of algebra with a gene
ral historical background.

Babylonian and, later, ancient Greek mathematicians studied 
certain problems of algebra, in particular the solution of simple
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equations. The peak of algebraic investigations during this period 
was reached in the works of the Greek mathematician Diophantos 
of Alexandria (third century). These studies were then extended by 
mathematicians of India: Aryabhata (sixth century), Brahmagupta 
(seventh century), and Bhaskara (twelfth century). In China, alge
braic problems got an early start: Gh’ang Ts’ang (second century 
B.C.), Ching Chou-chan (first century A.D.). An outstanding Chinese 
algebraist was Ch’in Chiu-shao (thirteenth century).

A major contribution to the development of algebra was made 
by scholars of the Middle East whose writings were in Arabic, par
ticularly the Uzbek scholar Muhammad al-Khowarizmi (ninth cen
tury) and the Tajik mathematician and poet Omar Khayyam (1040- 
1123). In particular, the very term “algebra” came from the title 
of al-Khowarizmi’s treatise Hisab al-jabr w'al-muqa-balah.

The above-mentioned studies of Babylonian, Greek, Indian, 
Chinese, and Central-Asian algebraists have to do with those pro
blems of algebra which constitute the present school course of ele
mentary algebra and only occasionally touch on equations of the 
third degree. That, in the main, was the range of problems that 
interested medieval European algebraists and those of the Renais
sance, such as the Italian mathematician Leonardo of Pisa (Fibo
nacci) (twelfth century) and the founder of present-day algebraic 
symbolism, the Frenchman Vieta (or Viete) (1540-1603). We have 
already mentioned that in the sixteenth century methods were 
found for solving equations of the third and fourth degree; here 
we must mention the names of the Italians Ferro (1465-1526), Tar- 
taglia (1500-1557), Cardano (1501-1576) and Ferrari (1522-1565).

The seventeenth and eighteenth centuries saw an intensive ela
boration of the general theory of equations (or the algebra of poly
nomials) in which outstanding scholars of the time participated: 
Descartes (1596-1650), Sir Isaac Newton (1643-1727), d’Alembert 
(1717-1783) and Lagrange (1736-1813). In the eighteenth century, 
the Swiss mathematician Cramer (1704-1752) and Laplace (1749- 
1827) of France, laid the foundation of the theory of determinants. 
At the turn of the century, the great German mathematician Gauss 
(1777-1855) proved the earlier mentioned fundamental theorem on 
the existence of roots of equations with numerical coefficients.

The first third of the nineteenth century stands out in the history 
of algebra as the time when the problem of the solvability of equa
tions by radicals was resolved. Proof of the impossibility of obtain
ing formulas for the solution of equations of degree five or higher was 
obtained by the Italian mathematician Ruffini (1765-1822) and in 
more rigorous form by the Norwegian Abel (1802-1829). As already 
mentioned, an exhaustive treatment of the problem of the conditions 
under which an equation admits of solution in terms of radicals 
was given by Galois.
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Galois’ theory spurred the advance of algebra in the latter half 
of the nineteenth century. There appeared the theory of fields of 
algebraic numbers and of fields of algebraic functions and the asso
ciated theory of ideals. Here, mention should be made of the German 
mathematicians Kummer (1810-1893), Kronecker (1823-1891), and 
Dedekind (1831-1916), and the Russian mathematicians E. I. Zolo
tarev (1847-1878) and G. F. Voronoi (1868-1908). Particular advances 
were made in the theory of finite groups which grew out of the research 
of Lagrange and Galois; this work was carried out by the French 
mathematicians Cauchy (1789-1857) and Jordan (1838-1922), the 
Norwegian Sylow (1832-1918), the German algebraists Frobenius 
(1849-1918) and Holder (1859-1937). The investigations of the Nor
wegian S. Lie (1842-1899) initiated the theory of continuous groups.

The works of Hamilton (1805-1865) and the German mathemati
cian Grassmann (1809-1877) laid the foundations for the theory 
of hypercomplex systems or, as we now say, the theory of algebras. 
A prominent role in the development of this branch of algebra was 
played (at the end of the century) by the Russian mathematician 
F. E. Molin (1861-1941).

Linear algebra attained great heights in the nineteenth century 
primarily due to the work of the English mathematicians Sylvester 
(1814-1897) and Cayley (1821-1895). Work continued on the algebra 
of polynomials; we note only the method of approximate solution 
of equations found by the Russian geometer N. I. Lobachevsky 
(1792-1856) and the work of the German Hurwitz (1859-1919). Alge
braic geometry was begun in the latter part of the nineteenth century, 
particularly in the works of the German mathematician M. Noether 
(1844-1922).

In the twentieth century, algebraic studies expanded considerab
ly and algebra, as we already know, occupies a very special place 
of honour in mathematics. New divisions of algebra have sprung 
up, including the general theory of fields (in the 1910’s), the theory 
of rings and the general theory of groups (1920’s), topological algebra 
and lattice theory (1930’s), the theory of semigroups and the theory 
of quasigroups, the theory of universal algebras, homological algebra, 
the theory of categories (all in the 1940’s and 1950’s). Prominent 
mathematicians are presently engaged in all spheres of algebra, and 
in a number of countries (in the Soviet Union, for example) whole 
schools of algebra are in evidence.

Among the prerevolutionary Russian algebraists, noteworthy 
contributions to algebra were also made by S.O. Shatunovsky 
(1859-1929) and D. A. Grave (1863-1939). However, it was only 
after the Great October Revolution of 1917 that algebraic investiga
tions in the Soviet Union reached high peaks. These studies now 
embrace practically all divisions of modern algebraic science and 
in some the work of Soviet algebraists is of a leading nature. Suffice



14 INTRODUCTION

it to name only two algebraists: N. G. Ghebotarev (1894-1947), who 
worked in the theory of fields and Lie groups, and 0. Yu. Schmidt 
(1891-1956), the famous polar explorer who was also a noted algeb
raist and founded the Soviet school of group theory.

We conclude this brief survey of the historical background and 
modern state of algebra with the remark that most of the fields of 
research mentioned here lie beyond the scope of the present course 
of higher algebra. The aim of the survey was to help the reader to 
find the proper place for this text in algebraic science as a whole 
within the edifice of mathematics.



CHAPTER 1

SYSTEMS 
OF LINEAR EQUATIONS. 

DETERMINANTS

1. The Method of Successive Elimination of Unknowns

We begin the course of higher algebra with a study of systems 
of first-degree equations in several unknowns or, to use the more 
common term, systems of linear equations.*

The theory of systems of linear equations serves as the foundation 
for a vast and important division of algebra—linear algebra—to 
which a good portion of this book is devoted (the first three chapters 
in particular). The coefficients of the equations considered in these 
three chapters, the values of the unknowns and, generally, all num
bers that will be encountered are to be considered real. Incidentally, 
all the material of these three chapters is readily extendable to the 
case of arbitrary complex numbers which are familiar from elemen
tary mathematics.

In contrast to elementary algebra, we will study systems with 
an arbitrary number of equations and unknowns; at times, the 
number of equations of a system will not even be assumed to coincide 
with the number of unknowns. Suppose we have a system of s linear 
equations in n unknowns. Let us agree to use the following symbo
lism: the unknowns will be denoted by x and subscripts: art, x2, . . .
. . ., xn; we will consider the equations to be enumerated thus: 
first, second, . . ., sth; the coefficient of xj in the ith equation will 
be given as an**. Finally, the constant term of the ith equation will 
be indicated as ht.

* The term “linear” stems from analytic geometry, where a first-degree 
equation in two unknowns defines a straight line in a plane.

** We thus use two subscripts, the first indicates the position number of 
the equation, the second the position number of the unknown. They are to be 
read: an “a sub one one" and not “a eleven”; 034 “a sub three four” and not 
“a thirty-four”, and are not separated by a comma.
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Our system of equations will now be written as follows:
l̂î T -f“ ®12*̂ 2 ~f~ • • • H- O'in̂ n 1̂» ^
2̂1̂ -T I 2̂2̂ 2 I • • • I &2nxn b2,

(1)>

«S1 X1 +  as2a:2 H“ • • • ~T &snxn — b8 ;
The coefficients of the unknowns form a rectangular array:

called a matrix of 5 rows and n columns', the numbers aa are termed 
elements of the matrix.* If s—n (which means the number of rows 
is equal to the number of columns), then the matrix is called a square 
matrix of order n. The diagonal of the matrix from upper left corner 
to lower right corner (i.e., composed of the elements a11( a%%, . . ., asn) 
is called the principal diagonal. We call a square matrix of order 
n a unit matrix of order n if all the elements of its principal diagonal 
are equal to unity and all other elements are zero.

The solution of the system of linear equations (1) is a set of n 
numbers ku k2, . . kn such that each of the equations (1) becomes 
an identity upon substitution of the corresponding numbers kt, 
i =  1, 2, . . ., n for the unknowns xt.**

A system of linear equations may not have any solutions; it is 
then called inconsistent. Such, for example, is the system

The left members of these equations coincide, but the right members 
are different and so no set of values of the unknowns can satisfy 
both equations simultaneously.

If a system of linear equations has solutions, it is termed con
sistent. A consistent system is called determinate if it has a unique 
solution—only such are considered in elementary algebra—and inde
terminate if there are more solutions than one. As we shall learn 
later on, there may even be an infinity of solutions. For instance,

* Thus, if the matrix (2) is regarded by itself (not connected with the 
system (1)), then the first subscript of element a,-* indicates the number of the 
row, the second the number of the column at the intersection of which the 
element is positioned.

** We stress the fact that the numbers kt, k2, . . ., kjl constitute a single 
solution of the system and not n solutions.

Xt +  5xz =  1, 
Xi +  5x2 =  7
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the system
Xi +  2x% =  7, |
Xi +  x2 =  4 J

is determinate: it has the solution Xi — 1, x2 =  3 and, as may readily 
be verified by the method of elimination, this solution is unique. 
On the other hand, the system

3#! — x2 =  1, 1 
§Xi — 2x 2 =  2 J 

is indeterminate since it has infinitely many solutions of the form 
Xi =  k, x2 =  3k — 1 (3)

where k is an arbitrary number; the solutions obtained using for- 
mulas (3) exhaust the solutions of the system.

The problem of the theory of systems of linear equations consists 
in elaborating methods to determine whether a given system of equa
tions is consistent or not and, in the case of consistency, to establish 
the number of solutions and also to indicate a procedure for finding 
the solutions.

We begin with the most convenient practical method for finding 
solutions to systems with numerical coefficients, namely, the method 
of successive elimination of unknowns, or Gauss' method.

First, a preliminary remark. In future we will manipulate systems 
of equations in the following manner: both members of one of the 
equations of the system multiplied by one and the same number will 
be subtracted from the corresponding members of some other equation 
of the system. For the sake of definiteness, let us subtract both 
members of the first equation of system (1), multiplied by a number 
c, from the corresponding members of the second equation. We obtain 
a new system of linear equations:

where

a,aXi T- b ■ * * ~b uXji bi, >
®21*̂1 ®22̂"2 • * " ~b 2̂
n îXi +  a32x2 +  . . • +  a3nxn — b3, y

aSiXi ~~b as2x2 “b • • • nsnxn bs *

a2 j =  a2j — catj for j — 1, 2, . . ., n, b'2 =  b2

(4)

cbi
The systems (1) and (4) are equivalent, which is to say they are 

either both inconsistent or they are both consistent and have the same 
solutions. Indeed, let ki, k2, . . ., kn be an arbitrary solution of 
system (1). Obviously, these numbers satisfy all the equations of (4) 
except the second. However, they likewise satisfy the second equa-

2—5760
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tion of the system (4). It will suffice to recall how this equation 
is expressed in terms of the second and first equations of system (1). 
Conversely, any solution of (4) will also satisfy (1). Indeed, the 
second equation of (1) is obtained by subtracting, from both members 
of the second equation of (4), the corresponding members of the 
first equation of the system multiplied by the number — c.

Quite naturally, if manipulations of this kind are applied several 
times to system (1), the newly obtained system of equations will remain 
equivalent to the original system (1).

It may happen that as a result of such manipulations, there 
will appear in our system an equation whose coefficients in the 
left-hand member are equal to zero. Now if the constant term of this 
equation is zero, then the equation is satisfied for any values of the 
unknowns and so by discarding this equation we arrive at a system of 
equations equivalent to the original system. But if the constant term 
of the equation at hand is nonzero, then the equation cannot be 
satisfied for any values of the unknowns and for this reason the system 
obtained (and the equivalent original system as well) will be inconsistent.

Let us now examine Gauss’ method.
We are given an arbitrary system of linear equations (1). To be 

specific, suppose that the coefficient ai t =^0, though in reality it 
may of course be equal to zero and then we would have to start with 
some other, nonzero, coefficient of the first equation of the system.

Let us now transform system (1) by eliminating the unknown 
xi from all equations except the first. To do this, multiply both mem
bers of the first equation hy the number —1 and subtract from the 
corresponding members of the second equation; then subtract both
members of the first equation, multiplied by — , from the corre-aa
sponding members of the third equation, and so on.

We thus arrive at a new system made up of s linear equations 
in n unknowns:

iXi -)- ai2^2

a22X2
a 32̂ 2

+  ^53X3 -f- . .
-h a’z3x3 +  . .
+  3̂3̂ 3 +  • •

a\nxn — &i, 
~f~ Q’zn.X'n b2i 

Q'zn.X'n

\

(5)

3̂2*̂ 2 ~f~ ®s3*̂ 3 Q'sn'X'n ŝ

We do not need to write out explicitly the expressions of the new 
coefficients a[j and the new constant terms b\ via the coefficients 
and constant terms of the original system (1).

As we know, the system of equations (5) is equivalent to (1). 
Now transform (5). We no longer involve the first equation and
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manipulate only that portion of (5) consistirig of all equations 
except the first. We of course assume that there are no equations 
with all coefficients of the left members zero (such would have been 
rejected if their constant terms were likewise zero, and if that were 
not so, we would have proved the inconsistency of our system). 
Thus, among the coefficients a\j there are some different from zero; 
for definiteness, we put a22 0. Now transform (5) by subtracting
from both members of the third and of each of the succeeding equa
tions both members of the second equation multiplied respectively 
by the numbers

a 32 Q42
/ J

“ 22 a i%

In this way we eliminate the unknown x2 from all equations, except 
the first and second, and arrive at the following system of equations 
which is equivalent to (5) and hence to (1):

® 1 l̂ -l ! ®I2̂ 2 I 1̂3*̂ 3 I • • ■ ! 0-\tixti 1̂>
&22X2 2̂3X3 • ■ • T  ®2nXn " 2̂’

3̂3̂ 3 ~J~~ • • ■ W 3̂nxn 3̂)

&t3X 3 ~t~ • • • ® tn x n &t )

Our system now contains t equations, t <  s, since some of the equa
tions were possibly discarded. Naturally the number of equations 
of the system could already have diminished after eliminating 
the unknown x\. Subsequently, only a portion of the system obtained 
(that containing all equations except the first two) will be subject 
to transformations.

The question arises as to when this process of successive elimi
nation of unknowns will stop.

If we arrive at a system in which one of the equations has a non
zero constant term and all the coefficients of the left member are 
equal to zero, then, as we know, our original system was incon
sistent.

If that is not the case, then we obtain the following system of 
equations which is equivalent to system (1):

a l l x l ~T a  12X 2 "T • • • +  a l, h - i x h - i  +  a l k x k  + . . . - { -  & \n x n =  &i,

&22x 2 ~ h  • • • +  #2, f t - l ^ f t - i T - 0-2kx h 4~ • • • ~\~a 2nx n =  &2>

(ft-2) , (ft—2) , , (ft— 2) , (ft—21
ftft~ 1, ft- l-^ft-i ~T a h - i ,  kx h +  • • - +  Aft— 1, n x n —  &ft- 1 ',

(ft-1) i , (ft-1)&kk j" • * * ~1~ &kn r bih

2*

(6)
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Here flu =7̂ =0, a'22 =̂= 0, . . i =j*£= 0, a hk =5 0̂. Note also that
/c <  s, and, obviously, & <  rc.

7/z ease system (1) is consistent. I t will be determinate for k =  n 
and indeterminate for k <  n.

Indeed, if k =  n, then system (6) has the form
flii^i 4* ai2x2 4~ • •■ 4" nlnxn =  &i5 

Ẑ2X2 4* • • • 4~ &znxn =  2̂*

n ( n - i ) „  __  / /n - l )
u nn

From the last equation we obtain a quite definite value for the 
unknown xn. Substituting it into the next to the last equation, we 
find a uniquely defined value for the unknown xn_t. Continuing in 
similar fashion, we find that system (7) and, for this reason, system
(1) as well have a unique solution, that is to say, they are consistent 
and determinate.

But if k <  n, for the “free” unknowns xh+i, . . ., xn we take 
arbitrary numerical values, then, moving, in system (6) from bot
tom to top, we find quite definite values for the unknowns 
xk, xh-ii • • x2, Xi (as above). Since Jie values for the free
unknowns may be chosen in an infinity of ways, our system (6) and, 
hence, (1) as well are consistent but indeterminate. It is easy to 
verify that by using the foregoing method (given all possible choices of 
values for the free unknowns) we can find all the solutions of system (1).

At first glance, yet another form to which a system of linear 
equations may be reduced by the Gaussian method would appear 
possible, namely, the form obtained by adjoining to system (7) a num
ber of equations containing only the unknown xn. Actually, however, 
in this case the transformations have simply not been completed: 
since aSg~  ̂ 0, the unknown xn may be eliminated in all equations 
from the (n -f- l)th on.

Note that the “triangular” form of the system of equations (7) 
or the “trapezoidal” form of system (6) (for k < in )  resulted from the 
assumption that the coefficients flu, a22, etc. are different from zero. 
In the general case, the system of equations which we arrive at after 
completing the process of elimination of unknowns takes on a trian
gular or trapezoidal form only after an appropriate alteration in the 
numbering of the unknowns.

To summarize, then, we find that the Gaussian method is applicable 
to any system of linear equations. The system is inconsistent if after 
the transformations we obtain an equation in which the coefficients of 
all unknowns are zero and the constant term is nonzero; but if no such 
equation is encountered, the system is consistent. A consistent system of 
equations is determinate if it reduces to the triangular form (7) and 
indeterminate if it reduces to the trapezoidal form (6) for k <Z n.

(7)
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Let us apply what has been said to the case of a system of homo
geneous linear equations, that is, equations whose constant terms 
are zero. Such a system is always consistent since it has a zero solu
tion (0, 0, . . ., 0). Suppose that in the system at hand the number 
of equations is less than the number of unknowns. Then our system 
cannot reduce to the triangular form since in the Gaussian elimina
tion process the number of equations of the system can diminish 
but not increase; hence, it reduces to the trapezoidal form and so 
is indeterminate.

To put it otherwise, if in a system of homogeneous linear equations 
the number of equations is less than the number of unknowns, then this 
system has, in addition to the zero solution, nonzero solutions, that is, 
solutions in which the values of some (or even all) unknowns are 
nonzero. There is an infinity of such solutions.

In practical solutions of a system of linear equations by the 
Gaussian method, one should write down the matrix of the coeffi
cients of the system and adjoin a column made up of the constant 
terms, which, for the sake of convenience, are separated by a vertical 
line, and then perform all the manipulations on the rows of this 
“augmented” matrix.

Example 1. Solve the system
xi +  2x2 +  5x3 =  —9, 
xj — x2 +  3x3 =  2,

3xj — 6x2 — x3 =  25

the augmented matrix of the system:
2 5 —9\ A  2 5

“ 9\ Z1 2 5
- 1 3 2 ->• 0 — 3 —2 11 ) ->■ f° - 3 - 2
—6 —1 25/ \0  —12 -1 6 52/ Vo 0 - 8

We thus arrive at the following system of equations: 

xt +  2x2 +  5x3 =  —9, \
— 3x2 — 2x3 =  11, I 

— 8x3 =  8 j
which has the unique solution

xj — 2, x2 =  —3, x3 =  —1

The original system proved to be determinate. 
Example 2. Solve the system

5x2 — 8x3 -j- x4 = 3,
X2 — 3x3 — 5x4 = 1,

— 7x3 +  2x4 — —5,
l lx 2 -f- 20x3 — 9x4 = 2
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We transform the augmented matrix of the system:
1 —5 —8 1 3 \ z 1 —5 - 8 1 3
3 1 - 3 — 5 1

M  0
16 21 —8 - 8

1 0 —7 2 - 5 1 0 5 1 1 —8
0 11 20 - 9 2 ) V o 11 20 - 9 2
1 - 5 - 8 1 3 N z 1 —5 —8 1 3
0 —89 0 - 2 9 160

M 0
- 8 9 0 - 2 9 160

0 5 1 1 - 8 1 l  o 5 1 1 —8
0 - 8 9 0 —29 162 ^ V o 0 0 0 2

We arrive at a system containing the equation 0 = 2 .  Consequently, the original 
system is inconsistent.

Example 3. Solve the system
4xt +  x2 — 3x3 — x4 =  0,
2 Xi +  3*2 +  *3 — 5x4 =  0,
Xi — 2x2 — 2x3 +  3x4 =  0

This is a system of homogeneous equations, and the number of equations 
is less than the number of unknowns; it must therefore be indeterminate. Since 
all the constant terms are zero, we perform manipulations solely with the mat
rix of the coefficients of the system:

/4 1 —3 —1\ /0  9 5 —13\ /0 2 0 —2v
[2  3 1 —5 | - > |  0 7 5 —11 j -> j 0 7 5 —11 ]
\1  —2 —2 3 / \1  —2 —2 3 / \1 —2 —2 3 /

We arrive at the following system of equations:
2x2 — 2x4 =  0 , i
7x2 +  5x3 — 1 lx4 =  0, ]

Xi — 2x2 — 2x3 +  3x4 =  0 j
We can take either one of the unknowns x2 or x4 for the free unknown. 

Let x4 =  a. Then from the first equation it follows that x2 =  a, and from
4

the second equation we get x3 =  a  and, finally, from the third equation xi =

3=  -=~ a. Thus, o
3 4— a, a, a, a

is the general form of the solutions of the given system of equations.

2. Determinants of Second and Third Order

The method of solving systems of linear equations given in 
Sec. 1 is extremely simple and requires the performance of the same 
kind of computations, which are readily carried out on computing 
machines. Its drawback, however, is that it does not enable us to
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state the conditions of consistency or determinacy of the system by 
means of coefficients and constant terms of the system. On the other 
hand, even in the case of a determinate system, this method does 
not permit finding formulas that express the solution of the system 
in terms of its coefficients and constant terms. However, all this 
proves to be necessary in theoretical problems,’ in particular, in geo
metrical investigations; for this reason, the theory of systems of 
linear equations has to be elaborated by different and more profound 
methods. The general case will be pursued in the next chapter; for 
the present, we consider determinate systems having an equal num
ber of equations and unknowns. We begin with the systems in two 
and three unknowhs of elementary algebra.

Let there be given a system of two linear equations in two unknowns:

auXi “f" ®12*̂"2 î»
2̂1̂ 1 2̂2*̂ 2 =  2̂

whose coefficients form the second-order square matrix
d>\\

(2)a2i a221
Applying to system (1) the method of equalizing the coefficients, 
we obtain

(^ 11^22 ® l2® 2l) X \  =  & i#22 ^ 12^ 21

(^11^22 ® l2® 2l) X<i —  ® ii^ 2  ^ l® 2 l

Suppose that ana22 — al2a2i 0. Then

X _ _  & la 2 2 ----- ^ 1 2 ^ 2  _ _  a 1 1 ^ 2 ----- ^ l a 21 /O n

* a l l a 2 2 — a l2 a 2 l  ^ a l l a 22 —  a l2 a 2 l

It is easy to show, by substituting the values of the unknowns into
(1), that (3) is a solution of system (1). The question of the unique
ness of this solution will be considered in Sec. 7.

The common denominator of the values of the unknowns (3) is 
very simply expressed in terms of the elements of matrix (2): it is 
equal to the product of the elements of the principal diagonal minus 
the product of the elements of the secondary diagonal. This number 
is called the determinant of the matrix (2); we call it a second-order 
determinant since the matrix (2) is a second-order matrix. To symbo
lize a determinant, we use vertical lines in place of parentheses:

an
a 21

a12
a 22

— all®22 a12̂ 21 (4)
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Examples.

(1)

(2)
1
3

3 7 
1 4 

—  2 
5

=  3 .4—7.1 =  5,

=  1- 5 — (— 2)- 3 =  11

It is worth stressing once again, that while a matrix is an array 
of numbers, a determinant is a number associated in a definite way 
with a square matrix. The products aaa22 and al2a2i are called the 
terms of a second-order determinant.

The numerators of expressions (3) have the same form as the 
denominators, that is, they are also determinants of second order; 
the numerator of the expression for xi is the determinant of the 
matrix obtained from matrix (2) by replacing its first column by the 
column of constant terms of system (1), the numerator of the expres
sion for x2 is the determinant of the matrix obtained from matrix 
(2) by replacing its second column. We can now write formula (3) 
as follows:

b i d\2
b2 a22

I da bi 
_ [ a2i b2

#11 «12 
a2l a22

11*1

da  «i2 
a2i a22

(5)

This rule for the solution of a system of two linear equations 
in two unknowns (called Cramer's rule) is formulated as follows.

If the determinant, (4), of the coefficients of a system of equations, 
(1), is different from zero, we obtain the solution of system (1) by taking 
for the values of the unknowns the fractions whose common denominator 
is determinant (4) and whose numerator for the unknown (i =  1, 2) 
is a determinant obtained by replacing in determinant (4) the ith column 
(that is, the column of coefficients of the desired unknown) by the column 
of the constant terms of system (1).*

Example. Solve the system
2xt -f- x2 =  7,
Xi — 3x2 == —2 

The determinant of the coefficients is

It is different from zero and, for this reason, Cramer’s rule is applicable. 
The determinants

di
7 1

—2 —3 -19, d2 —
2 7
1 —2

* For brevity we speak here of replacing columns “in the determinant”. 
In the same way, we will in future, if it is more convenient, speak of rows and 
columns of a determinant, of its elements and diagonals, etc.
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are the numerators for the unknowns. Thus, the following set of numbers is the 
solution of our system:

*1 = di 19 
7 ’

11
7

The introduction of second-order determinants does not sub
stantially simplify the solution of a system of two linear equations 
in two unknowns, which does not present any difficulties as it is. 
However, for the case of systems of three linear equations in three 
unknowns, similar methods are of practical utility. Suppose we 
have a system

1̂1*̂ 1 I 1̂2*̂ 2 ~ I 1̂3̂ -3
a2±X\ 0,22X2 ~~l~~ 2̂3*2-3 =  b2, | (6)
a$i Xi -f“ a32X2 3̂3̂ 3 ~  3̂ '

with the coefficient matrix
« 1 1 a ^ 2 « 1 3

a 2 1 ®22 « 2 3

a 3 i « 3 2 a 33

V)

If we multiply both sides of the first equation of (6) by the num
ber a22a33 — a$3a32, both sides of the second equation by ai3a32 — 
— fli2a33> both sides of the third equation by ai2a23 — a13a22, and 
then add all three equations, it is easy to verify that the coefficients 
of x2 and x3 will turn out to be zero, that is, these unknowns are 
eliminated simultaneously and we obtain the equation
(aaa22a33 -f- ^12̂ 23^31 ~f~ ^13̂ 21^32 ^13̂ 22^31 ^12̂ 21^33

a^a23a32) xj — b̂ a22a33 -f- â 2a23b3 -f- â 3b2a32 â 3a22b3
— ai2fo2f l33 — b \.a23a32 (8)

Here, the coefficient of X\ is called a third-order determinant cor
responding to matrix (7). The symbolism is the same as in the case 
of second-order determinants; thus,
au a l2 a l3

a2i a 22 a 23 — a>i±a22a33 -f- ai2a23a3̂  -f- â 3a2̂ a32 (9)
a 3 i % 2 a 33

— al3a22a3i — # 12^ 21^ 33  — # 11^ 23^ 32

The expression for a third-order determinant is rather involved, 
but the rule for its formation from the elements of matrix (7) is extre
mely simple, as witness: one of the three terms (of the determinant) 
in (9) with the plus sign is the product of the elements of the prin
cipal diagonal, each of the other two is a product of the elements 
lying parallel to this diagonal, with the third factor added from 
the opposite corner of the matrix. The terms with the minus sign
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in (9) are constructed in a similar manner but relative to the secon
dary diagonal. We obtain a technique for computing determinants 
of the third order that produces quick results (after a certain amount

Fig. 1

of practice). Fig. 1 gives a schematic view of computing the positive 
terms (left) and the negative terms (right) of a third-order deter
minant.

(1)

(2)

Examples.
2 12

—4 3 1 
2 3 5

2-3-5 +  1-1-2 +  2•(—4) -3 
— 2 -3 -2 — l - ( —4)-5 — 2-1-3 
=  30 +  2 — 24 — 12. +  20 — 6 =  10

1 0 —5
—2 CO 2

1 —2 0

-  1 -3 -0  +  0-2 -1  +  ( - 5 ) - ( - 2 ) - ( - 2 )  
_  (—5) -3-1 -  0-(—2) -0 -  l - 2 - ( - 2 )  
=  —20 +  15 +  4 =  —1

The right-hand side of (8) is also a third-order determinant, name
ly, the determinant of the matrix obtained from matrix (7) by 
replacing its first column by the column of constant terms of system 
(6). If we denote determinant (9) by the letter d and the determinant 
obtained by replacing its ;th column (j =  1, 2, 3) by the column 
of constant terms of system (6) by the symbol dj, then equation (8) 
becomes dxi =  di, whence, for d 0, it follows that

In exactly the same way, by multiplying equation (6) by the 
numbers a23a3i — a2la33, au a 33 — ai 3a3ii <*i3a2i — fflna23» respec
tively, we obtain for x2 the following expression (again for d 0):

Finally, multiplying these equations, respectively, by a2ia32 — ci22a3l, 
a12a31 — ai1a32, ana22 — ai2a2l, we arrive at the expression for x3:

(12)
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Substituting expressions (10) to (12) into equation (6) (it is 
of course assumed that the determinants d and all dj are written 
in expanded form), we would find—after cumbersome computations, 
all, however, well within the grasp of the reader—that all these 
equations are satisfied, that is, that the numbers (10)-(12) consti
tute the solution of system (6). Thus, if the determinant of the coef
ficients of a system of three linear equations in three unknowns is nonzero, 
then the solution of this system may be found by Cramer's rule as stated 
for the case of a system of two equations. In Sec. 7 the reader will find 
a different proof of this assertion (one that does not rely on the cal
culations we have omitted here) and also a proof of the uniqueness 
of the solution (10)-(12) of system (6) for the more general case.

Example. Solve the system of equations
2X i  —  X 2 +  x3 =  0,

+  2x2 — 5x3 =  1, 
xt +  3zo — 2x3 =  4 

The determinant of the coefficients is nonzero:

d =
2 —1 1 
3 2 —5
1 3 - 2

28

so the Cramer rule is applicable. The numerators for the unknowns are
0 - 1  1 2 0 1

dt = 1 2 —5 
4 3 —2

=  13, d2 = 3 1 —5 
1 4 - 2

d3 =
2 —1 0  
3 2 1
1 3 4

21

Hence, the following numbers constitute the solution of the system: 
_  13 _ 4 7  _ 2 1 _  3_

^l —28’ Xz~ 28 ’ X3~ 28"  4

3. Arrangements and Permutations

In the study of determinants of order n we will need certain 
concepts and facts relating to finite sets. Suppose we have a certain 
finite set M  consisting of n elements, which may be enumerated by 
using the natural numbers 1, 2, . . ., n; since the properties of the 
elements of the set M  will not play any role whatsoever, we simply 
say that the elements of M  are the numbers 1, 2, . . ., n.

Besides the natural order of 1, 2, we can arrange the
numbers in many other ways. Thus, we can arrange the numbers 
1, 2, 3, 4 as 3, 1, 2, 4 or 2, 4, 1, 3 and so on. Every rearrangement
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of the numbers 1, 2, . . « in any definite order is called a per
mutation (or arrangement)* of n numbers (or n symbols).

The number of distinct arrangements of n symbols is equal to the 
product 1-2 . .  . n, denoted by n\ (read “rc factorial”). Indeed, the 
general form of an arrangement of n symbols is i2, . . ., in, where 
each of the is is one of the numbers 1,2,  . . ., n, without repetitions. 
Use any one of the numbers 1, 2, . . ., n for ip, this yields n distinct 
possibilities. But if has been chosen, then for i2 we can only take 
one of the remaining n — 1 numbers; that is, the number of diffe
rent ways of choosing the symbols it and i2 is equal to the product 
n (n — 1) and so on.

Thus, the number of arrangements of n symbols for n =  2 is 2! =  
=  2 (the arrangements 12 and 21; in examples where ?z-<9, we 
do not separate the symbols by commas); for n =  3 this number is 
3! =  6, for n =  4 it is 4! =  24. As n increases, the number of arran
gements increases very fast: for n — 5 it is 5! =  120, and for n — 10 
it is already 3,628,800.

If in a certain arrangement we interchange any two symbols 
(not necessarily adjacent) and leave all the remaining ones fixed, we 
obtain a new arrangement. This operation is called a transposition.

A ll n\ arrangements of n symbols may be ordered so that each is ob
tained from the preceding one via a single transposition; any arrange
ment can serve as the starting point:

This assertion holds true for n =  2: if it is required to begin 
with the arrangement 12, the desired order will be 12, 21; if we 
begin with the arrangement 21, then the order will be 21, 12. Sup
pose our assertion has already been proved for n — 1, and we prove 
it for n. Let us begin with the arrangement

2̂> • • •» In (1)

We consider all arrangements of n symbols starting with it. There 
are (n — 1)! such arrangements and they may be ordered in accord 
with the requirements of the theorem, beginning with (1) since this 
actually reduces to an ordering of all arrangements of n —• 1 sym
bols; this ordering, by the induction hypothesis, may be initiated 
from any arrangement, say, t2, . . ., in. In the last of the arrange
ments of n symbols thus obtained we perform a transposition of 
and any other symbol (say i2) and, again beginning with the arran
gement obtained, we appropriately order all the arrangements with 
i2 in first place, and so forth. It is thus obviously possible to enume
rate all arrangements of n symbols.

* Translator's note: the term “arrangement” will be used, since permuta
tion is reserved in this text for a different concept.



3. ARRANGEMENTS AND PERMUTATIONS 29

From this theorem it follows that it is possible to pass from any 
arrangement of n symbols to any other arrangement of the same sym
bols by means of several transpositions.

We say that in a given arrangement the numbers i and / consti
tute an inversion if i ;> f but i comes before f in the arrangement. 
An arrangement is termed even if its symbols form an even number 
of inversions, otherwise it is odd. Thus, the arrangement 1, 2, . . n 
is even for any n since the number of inversions here is zero. The 
arrangement 451362 (n =  6) contains 8 inversions and so is even. 
The arrangement 38524671 (n — 8) contains 15 inversions and so is 
odd.

Every transposition changes the parity of the arrangement.
To prove this important theorem let us first consider the case 

where the symbols i and / being interchanged are adjacent; in other 
words, the arrangement is of the form . . ., i, j, . . ., where the 
dots stand for symbols unaltered by the transposition. The trans
position converts our arrangement into the arrangement . . . , / ,  
i,. . ., it being understood that in both cases each of the symbols i, f 
constitutes the same set of inversions with the symbols which remain 
fixed. Whereas earlier i and /' did not constitute an inversion, in the 
new arrangement there is a fresh inversion; hence, the number of 
inversions has increased by unity; contrariwise, if they originally 
formed an inversion, then the inversion now vanishes, the number 
of inversions being diminished by unity. In both cases the parity 
of the arrangement is altered.

Now let us suppose that there are s symbols, s >  0, between 
i and /; that is, the arrangement is of the form

. . ., i, k k %,  . • ., ks, /, . . .  (2)

The symbols i and j may be interchanged by means of a succession 
of 2s -f- 1 transpositions of adjacent elements. These are transpo
sitions interchanging the symbols i and ku then interchanging i 
(now in the place of k*) and k2, and so on until i occupies the site 
of symbol ks. These s transpositions are then followed by a trans
position that interchanges the symbols i and / and then s transposi
tions of the symbol f with all k's; as a result, j occupies the place of 
i and the symbols k return to their original sites. We have thus 
changed the parity of the arrangement an odd number of times 
and for this reason the arrangements (2) and

. . ,, f. k±, Zu2? • • • ks, i, . . . (3)

are of different parity.
For n ^  2, the number of even arrangements of n symbols is equal

to the number of odd arrangements, i.e., y  n\
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Indeed, proceeding from the foregoing, order all arrangements 
of n symbols so that each one is obtained from the preceding one 
by a single transposition. Adjacent arrangements will have oppo- 
site parity, that is, the arrangements are ordered so that even and 
odd arrangements alternate. Our assertion now follows from the 
obvious remark that for n 2 the number n\ is even.

Let us now define a new concept, that of a permutation of degree n. 
Write down two arrangements of n symbols, one under the other, 
and place parentheses around them; for example, for n =  5,

/3 5 1 4 2\
(5 2 3 4 1) (4)

In this example,* 5 stands under 3, 2 under 5, etc. We say that 
number 3 goes into 5, 5 goes into 2, 1 goes into 3, and the number 
4 goes into 4 (or remains fixed) and, finally, 2 goes into 1. Thus, 
two arrangements written one under the other in the form shown in
(4) define a certain one-to-one mapping of the set of the first five natural 
numbers onto itself, that is, a mapping in which each of the natu
ral numbers 1, 2, 3, 4, 5 is associated with one of these same natural 
numbers, distinct numbers corresponding to distinct numbers. And 
since there are only five numbers (a finite set), each one corresponds 
to one of the five numbers 1, 2, 3, 4, 5, namely, that one into which 
it “goes”.

It is clear that the one-to-one mapping of the set of the first 
five natural numbers which we obtained by means of (4) could be 
obtained by writing certain other pairs of arrangements of five sym
bols one under the other. These are obtained from (4) by means of 
several transpositions of the columns, such as, for instance,

/2 1 5 3 4 \  /I 5 2 4 3\ /2  5 1 4 3\
\1 3 2 5 4J ’ \3  2 1 4 5/ ’ \ i  2 3 4 5/ (5)

In all these groups, 3 goes into 5, 5 into 2, etc.
Similarly, two arrangements of n symbols written one under the 

other define a one-to-one mapping of the set of the first n natural 
numbers onto itself. Any one-to-one mapping A of the set of the 
first n natural numbers onto itself is termed a permutation of degree n. 
Obviously, any permutation A may be written with the help of two 
arrangements, written one under the other:

(
iii î i

(6)

* This array looks like a matrix of two rows and five columns, but its 
meaning is quite different.
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Here, a* denotes the number into which i (i — 1, 2, . . n) goes 
in the permutation A.

The permutation A possesses many different notations of the 
form (6). For instance, (4) and (5) are different ways of denoting 
one and the same permutation of degree 5.

It is possible to pass from one mode of notation of the permuta
tion A to another simply by performing a number of transpositions 
of the columns. It is then possible to obtain (6) in a mode such that 
the upper (or lower) row is any preassigned arrangement of n symbols. 
In particular, any permutation A of degree n may be written as

/ I  2 . . .  n \  
\a i  a 2 . . . a j (? )

that is, with the numbers in the upper row arranged in their natural 
order. Given this notation, various permutations differ in the arran
gements of the lower row, and for this reason the number of permuta
tions of degree n is equal to the number of arrangements of n symbols, 
or n\.

An instance of an wth-degree permutation is the identity permu
tation

(1 2 . . . n\E= 1 2 . . .  J
in which all symbols remain fixed.

It is well to point out that the upper and lower rows of the per
mutation A in notation (6) play different roles so that if interchanged 
the result would be a different permutation. Thus, the permutations 
of degree 4

(2  1 4 3 \ /4  3 1 2 \
(4  3 1 2 /  and \2  1 4 3 /

are different: in the first, 2 goes into 4, in the second it goes into 3.
Let us take some permutation A of degree n in the arbitrary 

notation (6). The arrangements constituting the upper and lower 
rows in this mode can have either identical or opposite parities. 
As we know, we can proceed to any other mode of permutation A by 
means of successive transpositions in the upper row and correspond
ing transpositions in the lower row. However, by performing one 
transposition in the upper row of (6) and one transposition of the 
corresponding elements in the lower row, we simultaneously alter 
the parities of both arrangements and therefore preserve the coinci
dent or opposite nature of these parities. From this it follows that 
in all modes of notation of the permutation A, the parities of the upper 
and lower rows either coincide or are opposite. In the former case, A is



32 CH. i .  SYSTEMS OF LINEAR EQUATIONS. DETERMINANTS

called even, in the latter, odd. In particular, the identity permuta
tion is even.

If the permutation A is written as (7) (that is, with the even arran
gement 1, 2, . . n in the upper row), then the parity of permuta
tion A is determined by the parity of the arrangement a it a 2, . . ., a n 
of the lower row. Whence it follows that the number of even permuta-

I
tions of degree n is equal to the number of odd permutations, that is. -^nl.

The definition of parity of a permutation may be cast in the follo
wing modified form. If, when written in mode (6), the parities of 
both rows coincide, then the number of inversions is either even 
in both rows or is odd in both, that is, the total number of inversions 
in both rows of (6) is even; but if the parities of the rows in mode 
(6) are opposite, then the total number of inversions in these two 
rows is odd. Thus, permutation A is even if the total number of inver
sions in the two rows in any mode of notation is even, it is odd otherwise.

Example. Let there be given a permutation of degree 5:
/3  1 4 5 2\
' 2 5 4 3 1 /

There are 4 inversions in the upper row, and 7 inversions in the lower row. 
The total number in the two rows is 11, and so the permutation is odd.

Rewrite this permutation as
/I  2 3 4 5\
'5  1 2 4 3 /

The number of inversions in the upper row is 0, in the lower, 5; that is, the 
total number is again odd. Though the modes of notation differ, the permuta
tions preserve the parity of the total number of inversions, but not the actual 
number of them.

We wish to indicate other ways, equivalent to those given above, 
of defining parities of permutations.* For this purpose we define 
multiplication of permutations, which is of great interest in itself. 
As we already know, a permutation of degree n is a one-to-one map
ping of the set of numbers 1,2,  . . ., n onto itself. The result of a suc
cessive execution of two one-to-one mappings of the set 1, 2, . .  ., n 
onto itself will obviously again be a certain one-to-one mapping of 
the set onto itself, that is to say, a successive execution of two permu
tations of degree n leads to a certain very definite third permutation 
of degree n called the product of the first by the second. Thus, if we 
have the permutations of degree four,

/I  2 3 4 \ / I  2 3 4\
A =  \3  1 4 2 j f B “ \ l  3 4 2J*

* This material may be omitted in a first reading since it will be required 
only in Chapter 14.
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then

AB
n  2 3 4 \
U  1 2 3 J

In the permutation A, the symbol 1 goes into 3, but in B the symbol 
3 goes into 4, and so for AB the symbol 1 goes into 4, etc.

Multiplication is only possible with permutations of the same 
degree. Multiplication of permutations of degree n for n 3 is non- 
commutative. Indeed, using A and B , the product BA yields

which shows that the permutation BA differs from the permutation
AB. Such examples may be chosen for all n, n ^  3, although for 
certain pairs of permutations, commutativity may accidentally be 
valid.

The multiplication of permutations is associative; that is, we can 
speak of the product of any finite number of permutations of degree 
n taken (because of noncommutativity) in a definite order. Let there 
be given permutations A, B and C and let the symbol i4, 1 ^  £1 ^  n, 
go to i2 in A, i2 to i3 in B and to i4 in the permutation C. Then in 
the permutation AB , goes to i3, in BC the symbol i2 goes to i4
and therefore the symbol goes to i4 whether we perform (AB) C 
or A (BC).

It is obvious that the product of any permutation A by the identity 
permutation E (and also the product of E by A) is equal to A:

Let us now define the inverse of the permutation A as the permuta
tion A '1 of the same degree such that

A A -1 =  A^A  =  E
It is easy to see that the inverse of

obtained from A by interchanging the upper and lower rows.
Let us now examine permutations of a special kind which are 

obtained from the identity permutation E by means of a single 
transposition performed in the lower row. Such permutations are

AE =  EA == A

is the permutation

3—5760
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odd: they are termed transpositions and are of the form

where the dots stand for symbols that remain fixed. Let us agree 
to denote this transposition by the symbol (i, j). Application of the 
transposition of symbols i, /  to the lower row of (7) of an arbitrary 
permutation A is equivalent to multiplying A on the right by the 
permutation (8 ), that is by (i , j). We know that all arrangements 
of n symbols may be obtained from one of them, say from 1 , 2 , . . .
. . n, by successive transpositions, and so any permutation may 
be obtained from the identity permutation by successive transposi
tions in the lower row, that is, by successive multiplication by per
mutations of the form (8 ). It can therefore be asserted (omitting 
the factor E) that any permutation can be represented as a product of 
transpositions.

Any permutation may be factored into a product of transposi
tions in many different ways. It is always possible, for example, to 
add two identical factors of the form (i, j) (i, /), which when mul
tiplied yield E , that is to say, cancel out. Let us take a somewhat 
less trivial instance:

( 2 5 4 3 1 )  =  (12) (15) (34) =  (14) (24) (45) (34) (13)

This new way of defining the parity of a permutation is based 
on the following theorem.

For all factorizations of a permutation into a product of transpo
sitions, the parity of the number of these transpositions is the same and 
coincides with the parity of the permutation.

Thus, in the example given above, the permutation is odd, as 
may also be verified by counting the number of inversions.

This theorem will be proved if we demonstrate that the product 
of any k transpositions is a permutation whose parity coincides with 
the parity of the number k. For k — 1 this is true because a transpo
sition is an odd permutation. Let our assertion be proved for the 
case of k — 1 factors. Then its validity for k factors follows from 
the fact that the numbers k — 1 and k are of opposite parity and 
the multiplication of a permutation (in this case, the product of 
the first k — 1 factors) by a transposition is equivalent to this trans
position performed in the lower row of the permutation, which 
is to say, it changes the parity.

Decomposition into cycles is a convenient way of writing permu
tations which makes it easy to find their parity. Any permutation 
of degree n can leave certain symbols 1 , 2 , . . ., n fixed while 
moving others. A cyclic permutation (or, simply, a cycle) is a permu-
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tation such that when it is repeated a sufficient number of times 
any one of the symbols can he transformed into any other symbol. 
Such, for instance, is the permutation of degree eight

/ I  2 3 4 5 6 7 8 \
Vl 8  6 4 5 2 7 3 /

It transfers the symbols 2, 3, 6 , and 8 , with 2 going into 8 , 8  into 
3, 3 into 6 , and 6 again into 2.

All transpositions belong to cycles. By analogy with the earlier 
used abbreviated notation for transpositions, the following notation 
is used for cycles: the symbols being transferred are enclosed in 
parentheses in the order in which they go into one another when the 
permutation is repeated; any transferable symbol can serve as the 
starting point, and the last one is that which goes into the first. 
Thus, for the example given above, this notation has the form

(2 8  3 6)
The number of symbols transferred by a cycle is called the cycle 
length.

Two cycles of degree n are called disjoint if they do not have any 
common symbols subject to transfer. It is clear that in multiplica
tion of disjoint cycles, the order of the factors does not affect the 
result.

Any permutation can be factored uniquely into a product of pair
wise disjoint cycles. The proof is simple and so we omit it. In actual 
practice, the factorization is accomplished in the following manner: 
begin with any one of the symbols subject to transfer, write out 
those symbols into which it goes in a new permutation until you 
arrive at the original symbol. After thus “closing” the cycle, begin 
with one of the remaining transferable symbols to obtain the second 
cycle, and so on.

Examples.

( 1 )

(2) (

/I  2 3 4 5\ 
\3  5 1 2 4 /

1 2 3 4 5 6 7 8\ 
5 2 8 7 6 1 4 3 /

=  (13) (254)

=  (156) (38) (47)

Conversely, for any permutation specified by a decomposition into disjoint 
cycles, it is possible to find a notation in ordinary form, provided that the 
degree of the permutation is known. For example,

(3) (1372, (45) =  ( ‘ 2 3 4 5 6 ?)
' v v \3  1 7 5 4 6 2 /

if it is known that the permutation is of degree 7.
Let there be given a permutation of degree n and let s be the number of 

disjoint cycles in its decomposition plus the number of symbols which it holds

3*
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fixed*. The difference n — s is called the decrement of this permutation. The 
decrement is obviously equal to the number of actually transferable symbols 
diminished by the number of disjoint cycles entering into the decomposition 
of the permutation. For Examples 1, 2, and 3 above, the decrement will be 
equal to 3, 4, and 4, respectively.

The parity of a permutation coincides with the parity of the decrement of the 
permutation.

Indeed, any cycle of length k may be represented in the following manner 
as the product of k — 1 transpositions:

Let us now suppose we have an expansion of permutation A into disjoint cyc
les. If each one of the cycles is factored by the indicated method into a pro
duct of transpositions, we get a representation of permutation A in the form 
of a product of transpositions. The number of these transpositions will obviously 
be less than the number of symbols actually transferable by A by a number 
equal to the number of disjoint cycles in the decomposition of the permutation. 
Whence it follows that the permutation A may be factored into a product 
of transpositions whose number is equal to the decrement, and for this reason 
the parity of the permutation is determined by the parity of the decrement.

4. Determinants of n th  Order

We now wish to generalize the results obtained in Sec. 2 for n — 2 
and n — 3 to the case of an arbitrary n. For this purpose, we have 
to introduce determinants of order n. However, it is not possible 
to do that the way we introduced determinants of order two and 
three, that is by solving a system of linear equations in the general 
form: as n increased, the computations would become progressively 
more unwieldy, and totally unmanageable for arbitrary n. We choose 
a different approach. Considering the determinants of order two 
and three which we are already familiar with, let us attempt to 
establish a general law expressing these determinants in terms of 
the elements of the corresponding matrices, and then let us apply 
that law as a definition for an nth-order determinant. After that we 
will prove that Cramer’s rule holds true under such a definition.

Recall the expressions for determinants of order two and three:

We see that any term of a second-order determinant is a product 
of two elements which lie in different rows and also in different co-

* With every symbol which the permutation holds fixed it is possible 
to associate a “cycle” of length 1, i.e., say, in Example 2 above we could write: 
(156) (38) (47) (2). But we shall not do that.

(ii, h ,  . . ., i h) =  (ii, h )  (*i, i3) . . .  (ttt ik).

& 11 ® 12 ®11® 22 ^12^21 
a2i a22

flll a l2  a l3  

®2l *^22 a23 
a 3i a 32 a 33

— fflll&22®33 ®12®23®31 T* ®13®2l̂ 32
^13^22̂ 31 ^12^21^33 — ( l t l a 23a 32
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lumns, and also that all products of this type that may be formed 
from the elements of a second-order matrix (two altogether) are 
utilized as terms of the determinant. Similarly, every term of a 
third-order determinant is a product of three elements, also taken 
one in each row and each column; again, all such products are utilized 
as terms of the determinant.

Let us now take a square matrix of order n:

® 11 ® 12 • • • ®171
^2i ^22 ‘ * • 2̂n

^ni an2 • • • O'nn

We consider all possible products of the n elements of this matrix 
located in different rows and different columns, that is, products 
of the form

a i a \  **2cx2 • • • ® n a n  ( ^ )

where the subscripts ai, a 2, . . ., ara constitute an arrangement of 
the numbers 1, 2, . . ., n. The number of such products is equal 
to the number of different arrangements of n symbols, or n\. We con
sider all these products as terms of the future nth-order determinant 
associated with the matrix (1).

To determine the sign affixed to product (2) in the determinant, 
note that, using the subscripts of this product, we can form the 
permutation

/I  2 . . . n
\ a x a2 . . .  an

where i goes into a* if an element in the ith row and a 4th column 
of matrix (1) enters into the product (2). Examining expressions 
of determinants of second and third order, we note that the plus 
sign is affixed to the terms whose subscripts constitute an even 
permutation, and the minus sign to those terms with an odd permu
tation of subscripts. It is also natural to retain this regularity in the 
definition of a determinant of order n.

We thus arrive at the following definition: the nth-order deter
minant associated with matrix (1) is the algebraic sum of n\ terms 
which is constructed in the following fashion: the terms are ail 
possible products of the n elements of the matrix taken one in each 
row and each column, the term having a plus sign if its subscripts 
form an even permutation, and a minus sign otherwise.

For the notation of the nth-order determinant associated with 
matrix (1) we will, as in the case of determinants of order two and
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three, use the symbol
® 11 ® 12 • • *
a2l ® 22 • • • a2 n

(4)

^ni 2 • • ■ ®nn

Determinants of the nth order become determinants of order two 
and three, for n =  2 and n =  3; for n =  1, that is, for matrices 
consisting of a single element, the determinant is equal to that 
element. So far we do not know whether it is possible, for n >  3, 
to use the nth-order determinant for solving systems of linear equa
tions. That will be shown in Sec. 7. It will be necessary first to subject 
the nth-order determinants to a detailed study and, in particular, 
it will be necessary to find procedures for evaluating them, since 
to compute a determinant directly (via its definition), even for n 
not very large, would be extremely complicated.

For the present let us establish some of the simpler properties 
of nth-order determinants that refer mainly to one of the two follow
ing problems: on the one hand, we are interested in the conditions 
under which a determinant is equal to zero, on the other, we will 
indicate certain matrix transformations which leave its determi
nant unchanged or result in readily perceivable alterations.

The transpose operation with respect to matrix (1) is a transfor
mation of the matrix in which its rows become columns with the 
same subscripts; in other words, it is a transition from matrix (1) 
to the matrix

or we can say that a transposition is obtained by flipping matrix (1) 
over the principal diagonal. Accordingly, we say that the determinant

(

® 11 ^2l • * • ®ni 
^12 ^22 • * *

( 6)

Q-ln ®2n • • • n̂n

sobtained by taking the transpose of the determinant (4).
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Property 1. Taking the transpose does not change the determinant.
Indeed, every term of determinant (4) is of the form

a \ a i  ®2a 2 * * • ® nan  (7 )

where the second subscripts form an arrangement of the symbols 
1, 2, . . n. However, all the factors of product (7) remain in 
different rows and different columns in determinant (6) as well; 
hence, (7) serves as a term of the transpose of the determinant too. 
The converse is also obviously true and for this reason the deter
minants (4) and (6 ) consist of the same terms. The sign of the term 
(7) in determinant (4) is determined by the parity of the permutation

/I  2 . .  . n
\a i  a 2 . . . an

In determinant (6 ) the first subscripts of the elements indicate the 
column, the second subscripts the row, and so term (7) in determi
nant (6) is associated with the permutation

( r  r : : : : )

In the general case, the permutations (8 ) and (9) are different but 
they obviously have the same parity and so term (7) has the same 
sign in both determinants. Thus the determinants (4) and (6) are 
sums of the same terms taken with the same signs, that is, they are 
equal.

From Property 1 it follows that any assertion about rows holds 
true for the columns of a determinant and conversely; in other words, 
in contrast to a matrix, in a determinant the rows and columns are of 
equal status. We will therefore formulate and prove Properties 2 to 9 
only for the rows of a determinant; analogous properties for columns 
will not require special proof.

Property 2. If one of the rows of a determinant consists of zeros, 
the determinant is zero.

Indeed, let all the elements of the ith row of a determinant be 
zeros. Every term of the determinant must have, as a factor, one 
element of the ith row, and so in our case all the terms of the deter
minant are zero.

Property 3. If a determinant is obtained from another one by 
interchanging two rows, then all terms of the first determinant will 
be terms of the second but with signs reversed; which means that inter
changing two rows of a determinant only changes the sign.

Suppose, in determinant (4), the ith and /th rows (i ^  /) a*re 
interchanged and all other rows remain fixed. We get the deter-



40 CH. 1. SYSTEMS OF LINEAR EQUATIONS. DETERMINANTS

minant
all <2l2 . . • n

ttji aH • • • @jn

an a -r2 . . • & in

Uji 1 an 2 • • • &nn
(row numbers indicated on the right). If

®lai ®2a2 * * * ana,n

( 10)

( 11)

is a term of (4), then all its factors in (10) as well obviously remain 
in different rows and different columns. Thus, determinants (4) 
and (10) consist of the same terms. Term (11) in determinant (4) is 
associated with the permutation

/ I  2 . . . i . . .  / . . . n
GC2 • • • Oii » • •

( 12)

and in determinant (1 0) with the permutation 
/ I  2 . . . /  . . . i . . . n \
\®i 0^2 . • • QCj . . .  CCj . . . GCn J (13)

since, for example, element aia. now lies in the jth  row but remains 
in the old ctjth column. The permutation (13) however is obtained 
from (1 2 ) via a single transposition in the upper row; it thus has 
opposite parity. Whence it follows that all terms of determinant (4) 
enter into determinant (10) with opposite signs. Determinants (4) 
and (1 0 ) differ in sign alone.

Property 4. A determinant containing two identical rows is equal 
to zero.

Indeed, let a determinant be equal to the number d and let 
the corresponding elements of its ith and ;th rows (i j) be equal. 
By Property 3, after an interchange of these two rows, the determi
nant will be equal to the number —d. But since identical rows are 
interchanged, the determinant does not actually change; thus, d — 
=  —d, whence d — 0 .

Property 5. If all the elements of some row of a determinant are 
multiples of some number k, then the determinant itself is a multip
le of k.

Let all elements of the ith row be multiplied by k. Each term 
of the determinant contains exactly one element of the ith row,
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therefore every term acquire’s the factor k, which means the deter
minant itself is a multiple of k.

This property admits of the following formulation as well: 
a common factor of all elements of some row of a determinant may be 
factored out of the determinant.

Property 6 . A determinant with two proportional rows is equal 
to zero.

Let the elements of the ;th row of a determinant differ from the 
corresponding elements of the ith row (i f) by one and the same 
factor k. Factoring this common factor k out of the ;th row of the 
determinant, we obtain a determinant with two identical rows, which 
by Property 4 is zero.

Property 4 (and also Property 2 for n >  1) is obviously a spe
cial case of Property 6 (for k =  1 and k — 0).

Property 7. If all the elements of the ith row of a determinant 
of order n are given as a sum of two terms’.

aH =  hi +  ch /  =  1 , . . »
then the determinant is equal to the sum of two determinants in which 
all rows (except the ith) are the same as in the given determinant and 
the ith row in one of the summands consists of the elements bj and in 
the other, of the elements Cj.

Indeed, any term of the given determinant may be represented 
in the form

Q'iaia 2<x.2 ■ • • a ia^ • • * — &lai®2a2 • * • T~ ca^) • • • anan

— ®lai®2a2 • • • • ■ • ®nan "1“ alaxa2aa • * • cai * • • ®nan
Collecting together the first summands of these sums (with the same 
signs as the corresponding terms had in the given determinant) 
we evidently obtain an 7ith-order determinant which differs from 
the given determinant solely in the fact that the ith row has ele
ments bj in place of elements atj. Accordingly, the second summands 
form a determinant in the ith row of which are the elements Cj. Thus

a\i a12 . • • %1 al2 . • n all a12 . . • &17i.

bf -j— c j bo -4- Co . • bn-\-cn = V bt . ■ bn + Ci c2 . • • Cn

®n2 • • • ®nn ani n̂2 • • ®nn ®ni n̂2 • * T̂in
Property 7 is readily extended to the case when any element of 

the ith row is a sum of m summands, not two, m 2.
We shall say that the ith row of a determinant is a linear combi

nation of the remaining rows if for every row with subscript / ,



42 CH. 1. SYSTEMS OF LINEAR EQUATIONS. DETERMINANTS

7 =  1 , . . ., i — 1 , i -f- 1 , . . n, there exists a number kj such 
that when the /th row is multiplied by kj and then all the rows 
except the ith are added together (addition of rows is to be under
stood in the sense that the elements of the row are added in each 
column separately), we obtain the ith row. Some of the coefficients 
kj may be zero, that is the ith row will actually be a linear combina
tion not of all but only of a few of the remaining rows. In particu
lar, if only one of the coefficients kj is different from zero, we get the 
case of proportionality of two rows. Finally, if the row consists 
entirely of zeros, it will always be a linear combination of the 
remaining rows—the case when all kj are zero.

Property 8 . If one of the rows of a determinant is a linear combi
nation of the other rows, then the determinant is zero.

For example, let the ith row be a linear combination of s other 
rows, 1 ^  s ^  n — 1. Then every element of the ith row will be 
a sum of s summands, and for this reason, using Property 7, we can 
represent our determinant in the form of a sum of determinants in 
each of which the ith row will be proportional to one of the other 
rows. By Property 6 , all these determinants are zero; hence the 
given determinant is zero as well.

This property is a generalization of Property 6 and, as will be 
proved in Sec. 10, it provides the most general case of a zero deter
minant.

Property 9. A determinant remains unchanged if to the elements 
of one of its rows we add corresponding elements of another row mul
tiplied by the same number.

Suppose to the ith row of determinant d we add the /'th row, 
/ =t̂= i, multiplied by the number k\ that is, in the new determinant 
every element of the ith row will be of the form ais -f- kajs, s =  
=  1, 2, . . ., n. Then, by Property 7, this determinant is equal 
to the sum of two determinants, the first of which is d and the second 
of which contains two proportional rows and is therefore zero.

Since the number k may also be negative, the determinant does 
not change even if we subtract from one of its rows a tow multiplied 
by some number. Generally, a determinant remains unchanged if to 
one of its rows we add any linear combination of the other rows.

Let us consider an example. A determinant is called skew-symmetric if the 
elements symmetric about the principal diagonal differ in sign alone, that 
is, if for all i and j it is true that aji =  — aij, whence it follows that for all 
i it is true that an — — an — 0. Thus, the determinant is of the form

0 «12 ®13 • • • a ln

— ®12 0 023 • • • a2n
d  = — ®13 — a 23 0 . . • «3n

a l n — fl2n a3n ‘ • . 0



5. MINORS AND THEIR COFACTORS 43

Multiplying each row of this determinant by —1, we obtain the transpose of the 
determinant, which is again equal to d, whence, by Property 5, it follows that

( _ l)n d =  d
It then follows, for odd n, that —d =  d, or d — 0. Thus any skew-symmetric 
determinant of odd order is equal to zero.

5. Minors and Their Cofactors
We have already pointed out that it would be difficult to com

pute an nth-order determinant by applying the definition directly, 
that is every time writing out all n\ terms, determining their signs, 
etc. There are simpler methods for evaluating determinants. They 
are based on the fact that a determinant of order n may be expressed 
in terms of a determinant of lower order. For this purpose we intro
duce the following notion.

Let there be a determinant d of order n. Take an integer k which 
satisfies the condition 1 ^  k ^  n — 1 , and in the determinant d 
choose arbitrary k rows and k columns. The elements which lie at 
the intersection of these rows and columns, that is, which belong 
to one of the chosen rows and to one of the chosen columns will 
obviously form a matrix of order k. The determinant of this matrix 
is called a minor of order k of the determinant d. We can also say 
that the Tcth-order minor is a determinant obtained by striking out 
n — k rows and n — k columns in d. In particular, after striking 
out one row and one column in the determinant we obtain a minor 
of (n — l)th order; on the other hand, separate elements of deter
minant d will be minors of the first order.

Let us take a minor M  of order k in a determinant d of order n. 
If we strike out the rows and columns at the intersection of which 
this minor stands, we obtain the minor M' of order (n — k) which 
is called the complementary minor of the minor M. If, on the con
trary, we strike out the rows and columns which contain elements of 
the minor M ', then what remains is obviously minor M. Thus, we 
can speak of a pair of complementary minors of the determinant. In 
particular, the element atj and the minor of order (n — 1) obtained 
by striking out the ith row and the 7'th column in the determinant 
will form a pair of complementary minors.

If a Zcth-order minor M  is located in rows with the position num
bers (indices) i l5 i2, . . ., ih and in columns with the position num
bers / l5 / a, . . ., j h, then we use the term cofactor of the minor M 
for the supplementary minor M' taken with a plus or minus sign 
according as the sum of the position numbers of all rows and columns 
in which M  is located is even or odd, that is, the sum

Sm — h +  i» +  • • • +  h  +  7i +  72 +  • • • +  Jh 
In other words, the cofactor of M  is the number (—1 Y mM'.

( 1 )
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The product of any minor M of order k by its cofactor in a determi
nant d is the algebraic sum, whose summands, which are obtained by 
multiplying the terms of the minor M by the terms of the supplementary 
minor M' taken with the sign (—l ) SAr, are certain terms of the determi
nant d; their signs in this sum coincide with the signs they have in 
the determinant.

We begin the proof of this theorem with the case when the minor 
M  is located in the upper left corner of the determinant;

CLn . . .
. . .  M

al, k+l • • • â n

a î . . . akk &k, k+l • • • &kn

ak+1, i • • ■ &h+1, k ak+i, k+l • • • &h+i,' n
M' . . .

ani • . . ®nk @n, k+l ■ • • &nn
that is, in rows with position numbers 1 , 2 , . . k and in columns 
with the same position numbers. Then the minor M' will occupy 
the lower right corner of the determinant. The number sM will then 
be even;

sm  — 1 +  2 +  . . .  + & + 1  +  2 +  . . .  +  & — 2(1 +  2 +  . . .  +  /c)
therefore, the minor M' itself will serve as the cofactor of M. 

Take an arbitrary term
* • ' ahak

of minor M\ its sign in M  is (— 1)* if 
inversions in the permutation

1 2 . . .  k
«i a2 • • •

In this minor, the arbitrary term

(2)
I is the number of

(3)

a>-+i, Pft+1aM-2, 0fe+2 • • * anfin (4)
of minor M' has the sign (— i )1' where I' is the number of 
inversions in the permutation

/  A: + 1  & +  2 . . .  n \
\Pfe+i fht+ 2  • • • fW ^

Multiplying the terms (2) and (4), we obtain a product of n 
elements

«ia1«2a2 • • • akajah+ 1, £k+ak+2> pft+2 . .  . anpn (6)
located in different rows and different columns of the determinant. 
It is therefore a term of determinant d. The sign of term (6) in the
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product MM' is a product of the signs of terms (2) and (4), i.e., 
(—i ) l -(—l ) 1' =  (—i ) l+1’. However, term (6) has the same sign in 
the determinant d as well. Indeed, the lower row of the permutation

/ I  2 . . .  k k -\-1 k - \ - 2   n
\ 0&i 0&2 • • • Ctft Pft+1 Pft+2 • • • Pn

made up of the subscripts of this term contains only I +  V inver
sions, since no a can form an inversion with any one of the |3; all a 
do not exceed k, all |3 are not less than k +  1 .

This proves the particular case of the theorem that we have 
considered. Let us now take up the general case. Suppose that the 
minor M  lies in the rows with position numbers i1} i2, . . ., ih and 
in the columns with position numbers j u / 2, . . ., j h, with the 
condition that

ii <  h <  • • • <  hi h  <  hi <  • • •  <  h
Let us attempt, by interchanging rows and columns of the determi
nant, to move the minor M  to the upper left corner and let us try 
to do this so that the complementary minor is not changed. For 
this purpose, interchange the i*th row with the (it — l)th, then 
with the (ii — 2)th and so on until the iith row occupies the first 
row; this requires interchanging the rows ij — 1 times. Then we 
successively interchange the i^th row with rows located above it 
until it lies directly under the ^th row (that is, in the position of 
the original second row); this, as can readily be verified, will require 
interchanging the rows i% — 2 times. Similarly, we move the i3th 
row to the third row, and so on, until the ihth row takes up the 
position of the &th row. In all, we will have to perform
(h — 1) +  (h ~  2 ) +  . . . +  (ih — k)

=  (ii +  h • • • +  ih) — (1 +  2 -j- . . . + & )
transpositions of rows.

The minor M  is thus located in the first k rows of the new deter
minant. We will now successively interchange the columns of 
the determinant, the ]\ih column with all preceding ones, until it 
occupies first place, then the / 2th column until it occupies second 
place, and so forth. In all, the columns will be interchanged

Ui +  72 +  • • • +  ih) — (1 +  2 +  . . . -f- k)
times.

All these transformations lead us to a new determinant d' in which 
the minor M  occupies the upper left corner. Since each time we 
interchanged only adjacent rows or columns, the mutual positions of 
the rows and columns containing the minor M' in the determinant d 
remain without change, and so the minor M' remains complementary 
to the minor M  in the determinant d'\ however, it now occupies the
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lower right corner. As was proved above, the product MM' is the 
sum of some number of terms of the determinant d! taken with the 
same signs as they had in df. However, the determinant d' is obtained 
from the determinant d by means of
[(*i +  h  +  • • • +  ik) —  (1 +  2  +  . . . -f- &)]

~f~ l(ji +  7*2 +  • • • +  jk) — (1 +  2  -f- • • • +  &)1

=  s m  — 2 (1 -f- 2 -f- . . . -f- k)

transpositions of rows and columns, and so, as we know from Sec. 4, 
the terms of determinant d! differ from the corresponding terms of 
determinant d in sign alone, (—l ) SAf [naturally, the even number 
2 (1 +  2 +  . . . +  k) will not affect the sign]. From this it follows 
that the product (—1)8m M M r consists of a certain number of terms 
of the determinant d taken with the same signs as they have in that 
determinant. The theorem is proved.

Note that if the minors M  and M f are complementary, then 
the numbers sM and sM> have the same parity. Indeed, the position 
number of any row and any column enters as a summand in one and 
only one of these numbers, and therefore the sum sM +  sMf is equal 
to the total sum of the position numbers of all rows and columns of 
the determinant, i.e., it is equal to the even number 2 (1 -j- 2 -\- 
+  . . . +  n).

6 . Evaluating Determinants
The results of the preceding section enable us to reduce computing 

an nth-order determinant to the computation of several determi
nants of order (n — 1). Let us first introduce notation: if atj is an 
element of determinant d, then M tj denotes the complementary minor, 
or, simply, the minor of that element, that is, the minor of order 
(n — 1) obtained by striking out the ith row and the 7th column of 
the determinant. A tj will denote the cofactor of the element thus,

=  ( - 1  )u iM iS
As was proved in the preceding section, the product aijAtj is 

the sum of several terms of the determinant d which enter into this 
sum with the same signs as they have in the determinant d. It is 
easy to count these terms: the number is equal to the number of 
terms in the minor M tj, or (n — 1)!.

Let us now choose any ith row of the determinant d and take 
the product of each element of the row by its cofactor:

G ' H - A - i h  2 - 4  j 2? • • •> & i n  A  i n  ( 1 )

No term of the determinant d can be in two different products of 
those given in (1): all the terms of the determinant which enter 
into the product atiAii  contain the element an of the ith row and
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for this reason differ from the terms which enter into the product 
ai2A i2, that is, those which contain the element ai2 of the ith row, 
and so on.

On the other hand, the total number of terms of determinant d 
which appear in all the products of (1) is equal to

(ra — 1)! *ra =  ra!
Generally, this exhausts all the terms of the determinant d. We have 
thus proved that there is an expansion of the determinant d in terms 
of the ith row:

d =  aiiA ii +  +  • • • +  O'inAin (2)
The determinant d is thus equal to the sum of the products of all the 
elements of an arbitrary row by their cofactors. A similar expansion 
of the determinant can also be obtained about any column.

By replacing the cofactors in the expansion (2) by corresponding 
minors with a plus or a minus sign, we reduce computation of an 
rath-order determinant to the computation of several determinants 
of order (ra — 1). Note that if some of the elements of the ith row 
are zero, then naturally the corresponding minors need not be 
evaluated. It is therefore useful, first, to transform the determinant, 
using Property 9 (see Sec. 4), so that a large enough number of 
elements in one of the rows or in one of the columns are replaced 
by zeros. Actually, Property 9 enables us to replace all elements, 
except one, by zeros in any row or 'any column. Indeed, if aih =£ 0, 
then any element atj, j =̂= k, of the ith row will be replaced by
a zero after subtracting the &th column multiplied by —  fromaik
the / th column. Thus, evaluating a determinant of the rath order 
may be reduced to computing a single determinant of order (ra — 1).

Example 1. Evaluate the fourth-order determinant

d =

3 1 - 1 2
—5 1 3 —4

2 0 1 —1 
1 —5 3 —3

Expand it about the third row by using the zero in that row:

d =  (_ l)3 + i.2
1 - 1  2
1 3 - 4

—5 3 —3
3 1 2 3 . 1 —1

+  ( _ l ) 3+3.1- - 5  1 - 4  
1 —5 —3

+  (-1)3+4. (_ 1 ) . —5 1 3 
1 —5 3

Evaluating the third-order determinants thus obtained, we get
d =  2 • 16 — 40 +  48 = 40
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Example 2. Evaluate the fifth-order determinant

d =

—2 5 0 —1 3
1 0 3 7 —2
3 —1 0 5 —5
2 6 - 4 1 2
0 —3 —1 2 3

Adding three times the fifth row to the second and subtracting four times the 
fifth row from the fourth row, we get

-2 5 0 —1 3
1 —9 0 13 7
3 - 1 0 5 —5
2 18 0 —7 —10
0 - 3 - 1 2 3

Expanding this determinant in terms of the third column, which contains only 
one nonzero element (with the sum of subscripts, 5 +  3, being even), we get

d =  ( - 1 ) .

—2 5 —1 3
1 —9 13 7
3 —1 5 —5
2 18 —7 —10

We now transform this determinant by adding two times the second row to 
the first row and subtracting three times the second from the third row, and two 
times the second from the fourth:

0 --1 3 25 17
1 —9 13 7
0 26 - 3 4 - 2 6
0 36 —33 - 2 4

and then expand it in terms of the first column. Noting that the only nonzero 
element of this column is associated with an odd sum of subscripts, we get

d --
—13 25 17

26 —34 —26 
36 —33 —24

Let us compute this third-order determinant after expanding it in terms of the 
third row:

d =  36 ■ 25
-34

17
-26

- ( - 3 3 )
-13 17
26 —26

+  (—24)
-13 25
26 —34

=  -36-(—72) — (—33)-(—104) +  (—24) *(-208) =  —1032
Example 3. I f  all the elements of a determinant located on one side of the 

principal diagonal are equal to zero, then the determinant is equal to the product 
of the elements on the principal diagonal.

This assertion is obvious for a second-order determinant. We therefore 
prove it by induction, that is, we assume that for determinants of order (n — 1)
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it has been proved, and then we consider the rath-order determinant

an «12 fll3 • • ° l  ra
0 022 023 • ■ 0271

d = 0 0 033 • • a3n

0 0 0 . ■ °nn

Expanding it in terms'of the first column, we get

022 023 • • fl2n

d  =- Oil •
0 033 • • 037!

0 0 . * 0;m

But the induction hypothesis is applicable to the minor on the right-hand side: 
it is equal to the product 022033 • • • (hm, and so

d  =  011022033 . . . fl7in

Example 4. The V a n d e r m o n d e  d e te r m in a n t is the determinant

1 1 1 .. . 1

a t o2 03 .. a n
d  = 0? o| o§ .. • un

a * - 1 o?-1 o r 1 •• a V r1• 71

We shall prove that f o r  a n y  n  th e  V a n d e r m o n d e  d e te r m in a n t  i s  e q u a l  to  th e  
p r o d u c t  o f  a l l  p o s s ib le  d if fe re n c e s  a% —  a j ,  w h ere 1 7 << i <; n. Indeed, for
ra =  2 we have

1 1
o.i a%

o 2 — Oi

Suppose our assertion has already been proved for Vandermonde determinants 
of order (ra — lj. We transform determinant d  as follows: subtract from the 
rath (last) row the (ra — l)th row multiplied by oi, then from the (ra — l)th  
row subtract the (ra — 2)th also multiplied by ai( etc. Finally, from the second 
row subtract the first multiplied by a*. We obtain

i 1 1 1
0 1COS3 • On Oj

d  = 0 o| — Oia2 o| —Oifl3 .. • a \ — a xa n

0 a£-1 — ojâ -2 â -1 — a ^ -2 . . O^1 — OiÔ"2

Expanding this determinant in terms of the first column, we arrive at a deter
minant of order (ra — 1); after factoring out common factors from all columns,

4—5760
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it will take the form
1 1 . , i

*3 • • a n
d =  (a2—fll) (a3—aj) ... (on —Oi)- a \ 4  . . On

a?"2 ••
The last factor is the Vandermonde determinant of order (n — 1), that is, by 
hypothesis, it is equal to the product of all the differences a t  —  a j  for 2 ^  /  <  
<  i <; n. Using the symbol II to denote a product, we can write

d = ( a 2 —  a i ) ( a 3 —  a l ) . . . ( a n  —  a i ) [ ]  (a* — a j )  =  [ ]  (o{ — a j )

Using the same method, we can prove that the determinant
r 1 ® 2 « r 4 . a n ~ i  ■ • a n

4 4 4  ■■1 • n
Oi a 2 o3 .. a n

i 1 1 .. . 1
is  e q u a l  to  th e  p r o d u c t  o f  a l l  p o s s i b l e  d i f fe r en ces  a t — a j ,  where 1 <  i <  /  <  », 
that is,

d ' =  [ ]  (®i —a j )

Generalizing the above-obtained expansions of a determinant 
about a row or a column, we prove the following theorem which 
has to do with the expansion of a determinant in terms of several rows 
or columns.

Laplace's theorem. Let there be arbitrarily chosen, in a deter
minant d of order zt, k  rows (or k  columns), 1 <  k  ^  n  — 1. Then 
the sum of the products of all /cth-order minors contained in the 
chosen rows by their cofactors is equal to the determinant d.

Proof. Suppose, in determinant d, we choose rows with position 
numbers ij, iz, . . ., We know that the product of any minor M  of 
order k  located in these rows by its cofactor consists of a certain 
number of terms of the determinant d taken with the signs they 
have in the determinant. The theorem will consequently be proved 
if we demonstrate that by making M  run through all ftth-order 
minors located in the chosen rows we obtain all the terms of the 
determinant, none being repeated.

Let
®lai 2̂a2 • ■ • ®nan (3)

be an arbitrary term of the determinant d. We separately take 
the product of those elements of the term which belong to the rows 
we have chosen with position numbers ii, i2, . . ., This is the
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product
a h<Hxa iz<Hz * * • a i ha ik  (4)

The Jc factors of this product lie in k  distinct columns, namely, 
in the columns with position numbers a^, a i2, . . ., a ift. These 
position numbers of the columns are consequently determined by 
specifying the term (3). If by M  we denote the &th-order minor 
lying at the intersection of the columns with these position numbers 
a ix, a i21 . . ., a ift and of the earlier chosen rows with the position 
numbers it, i2, . . ife, then the product (4) is one of the terms 
of the minor M , and the product of all the elements of the term (3) 
not in (4) is a term of its complementary minor. Thus, any term 
of the determinant enters into the product of a certain (quite definite) 
minor of order k  made up of the chosen rows multiplied by its comple
mentary minor, and is a product of quite definite terms of these 
two minors. Finally, in order to obtain the term that we took of 
the determinant with the sign which it has in the determinant, 
it remains, as we know, to replace the complementary minor by the 
cofactor. This completes the proof of the theorem.

It is possible to give a slightly different proof, namely, 
the product of any feth-order minor M  located in the chosen rows 
by its cofactor consists of k\ (n — k)\ terms, since the Arth-order 
minor M  consists of A:! terms and its cofactor, differing possibly 
from the minor of order n  — k  in sign alone, contains (n — A;)! 
terms. On the other hand, the number of Arth-order minors contained 
in the chosen rows is equal to the number of combinations of n taken 
k  at a time, that is, it is equal to the number

n \
k\ (n —k) I

Multiplying out, we find that the. sum of the products of all 
&th-order minors of the chosen rows by their cofactors consists 
of n\ summands. Such, however, is the total number of terms of the 
determinant d. The theorem will thus be proved if we demonstrate 
that any term of the determinant d appears at least once (and, 
in that case, exactly once) in the sum at hand of the products 
of the minors by their cofactors. It is left to the reader to repeat 
(with slight simplifications) the reasoning given in the first proof.

The Laplace theorem enables one to reduce the computation 
of an nth-order determinant to the computation of several deter
minants of orders k  and n — k. Generally speaking, there are very 
large number of such new determinants and so it is advisable to 
apply the Laplace theorem only when it is possible to choose k rows 
(or columns) in the determinant so that many of the &th-order 
minors located in these rows are zero.
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Example 1. Suppose we have a determinant, all elements of which in the 
first k  rows and the last n  — k  columns are zero:

d =

«ii •

a h l  • 
a h + i ,  1

a ih

°fcft
a k + l ,  ft a h + l , ft+1 ah+ i, n

d j i i • • ■ a n k  a n i ft+1 • • • a n ii 

This determinant is then equal to the product of two of its minors:
a h +1, ft+1 • • • aft+l, n

d--

an • • • «ift

flftl • • aftft an,ft+1

To prove this, it suffices to expand the determinant about the first k  rows. 
Example 2. Suppose we have a determinant d  of order 2n, in the upper 

left corner of which is an nth-order minor composed entirely of zeros. If the 
nth-order minors lying in the upper right and lower left and lower right corners 
of the determinant are denoted, respectively, by M , M '  and M " ,  so that
the determinant may be written symbolically as d  =

M '  M "
then d

=  (— i)nMM'.
To prove this, expand the determinant in terms of the first n rows and 

note that
bM == (1 +  2 +  . . . +  n) +  [(n 4* 1) +  (n +  2) +  . . . -j- 2n] =  n -f- 2n2

that is, sM  and n are of the -same parity. 
Example 3. Evaluate the determinant

d  =

-4 1 2 —2 1
0 3 0 1 —5
2 —3 1 —3 1
1 - 1  3 - 1 0
0 4 0 2 5

Expanding it about the first and third columns which contain nicely located 
zeros,, we get

3 1 —5
d —  ( —1)1+3+1+3 -4 2 

2 1

_|-  ̂ J )1 +4 +1 +3

_j_ ( 1)3+4+1+3

—4 
—1

1 —5 
1 
5

- 3  - 3  
4 2

1 — 2 1
3 1 —5
4 2 5

8) •(—20) — (—10) •(

2 1 
—1 3

-62) — 7 -87 -1069
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7. Cramer's Rule

The foregoing theory of determinants of order n allows us to show 
that these determinants, which were introduced only by analogy 
with second- and third-order determinants, may, like the latter, 
be used to solve systems of linear equations. Let us first make one 
additional remark regarding expansions of determinants in terms 
of a row or a column; this remark will often come in handy in the 
sequel.

Expand the determinant
an . . au  . . • &ln

d =
#21 • . a2j . . • &2n

1 • . anj . . &nn
about the /th  column:

d UijAij -f* a2jA2j ~f~ * * • 4~ 0,njAnj
Then, in this expansion, replace the elements of the /th  column by 
a set of n arbitrary numbers 6t, b2, . . ., bn. The expression

biA u  -T b2A 2j +  . . . +  bnA nj

which you obtain w ill obviously serve as an expansion about the 
/ th column for the determinant

a\i • . 6, . * n

d' =
<Z2i . • b2 . • n

1 • . bn . * ann

Which is obtained from the determinant d by replacing its /th  column 
by a column of the numbers bu &2, . . ., bn. Indeed, replacing the 
/th column of d does not affect the minors of the elements of the 
column, and for this reason does not affect their cofactors.

Let us apply this to the case when for the numbers bu b2, . . ., bn 
we take elements of the kih  column of the determinant d when 
k ^  /. The determinant resulting from such a replacement will 
contain two identical columns (/th and Mh) and therefore will be 
zero. Hence, the expansion of this determinant about its /th column 
will also be zero, that is

aikA u  +  a2hA %j -f- . . . +  a.nhA nj — 0 for j

Thus, the sum of the products of all elements of a certain column 
of a determinant by the cofactors of the corresponding elements of
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another column is zero. The same result of course holds true for the 
rows of a determinant.

Let us now examine systems of linear equations; we will confine 
ourselves for the time being to systems in which the number of equations 
is equal to the number of unknowns, i.e ., systems of the form

® 11*̂ 1 —1~ H- • • * Q'In'En bfa
®2i*̂ l "I- rt22X2 ~f- • • • H- 2̂n̂ n ?̂2’

@ni%i ~f~ 7̂12*̂2 H- ■• • • “t” finnan bn
We also assume that the determinant d made up of the coeffi

cients of the unknowns of the system (called, for short, the deter
minant of the system) is nonzero. Given these assumptions, we will 
prove that the system (1) is consistent and even determinate.

In Sec. 2, when we solved a system of three equations in three 
unknowns, we multiplied each of the equations by a factor, and 
then added the equations; the coefficients of two of the unknowns 
proved to be zero. We now see immediately that the factors which 
we used were cofactors, in the determinant of the system, of the 
element which was the coefficient of the desired unknown in the 
given equation. We now use this device to solve system (1).

First suppose that system (1) is consistent and oti, a 2, . . ., a n 
is one of its solutions. Hence, the following equations hold true:

a11Cii -f- ®i2a 2 ~T • • • ~b &ina n == b 1, ^
& 2 H- 2̂2^2 +  • • • ®2?î 7i b2f

®n2®̂2 ~f~ ■ • • thin&n bn J
Let / be any one of the numbers 1, 2, . . ., n. Multiply both sides 

of the first equation of (2) by A ij, that is, by the cofactor of the 
element aXj in the determinant d of the system. Multiply both 
sides of the second equation by A 2j, and so on* Finally, multiply 
both sides of the last equation by A nj. Adding together separately 
the left and right sides of all equations, we arrive at the following 
equation:

(an A ij  -f- a2lA 2j +  . . . - ( -  aniA nj) ai
(a^Aij <z22A2j -j- . . . ~f~ Q'ni-Anj) cl2

T  ifl\jA \j ^27^27 O'njAnj) &j

a27l-̂ 27 +  • • • ~b finnan j) &n
—  b i A i j  ~ r  b 2A 2 j  +  . .  . 4 -  b n A n j

> ( 1 )

j
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The coefficient of aj in this equation is d, the coefficients of 
all other a  will, due to the remark made above, be zero, and the 
constant term will be the determinant obtained from the determinant 
d after replacing the ;th column in it by a column of the constant 
terms of system (1). If, as in Sec. 2, we denote this latter determinant 
by dj, then our equation takes the form

da.j =  dj
whence, because d =£ 0 ,

This proves that if system (1) is consistent, then it possesses the 
unique solution

(3)

We will now show that the set (3) of numbers actually satis
fies system (1) of equations, that is, that (1) is consistent. We will 
make use of the following commonly employed symbolism.

Any sum of the form a± +  aa +  . . . +  an will be denoted
n

briefly by 2  at. But if we consider a sum whose terms atj are labelled
i = i

with two subscripts, and i — 1 , 2 , . . ., n, j =  1 , 2 , . . ., m, 
then we can first take the sums of the elements with fixed first

m

subscript, that is, the sums S aU» where i =  1 , 2 , . . ., n, and
3=1

then add all the sums. We then obtain the following notation for 
the sum of all elements ajj:

n to2 .2 a U
i = l  3=1

However, we could first add the summands atj with fixed second 
subscript and then combine the resulting sums. Thus

n m m  n

S  2  aij =  S  2  0,13
i = i  j = l  3=1 i = l

i.e., in a double sum the order of summation may be reversed.
Now put the values of the unknowns (3) into the ith equation 

of system (1). Since the left side of the ith equation may be written
n n

as 2  ai3 x 3 and since dj — 2  bhA kj, we get
3=1 fc=i

2  a i j - - j - = -j 2  ati ( 2  h ^ k j )  =  -j  2  bh ( 2  auAhj)
3=1 3=1 h = l fe=l j = l
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With regard to these manipulations, note that the number - j  turned
out to be a common factor in all summands and w;as therefore taken 
outside the summation sign; besides, after changing the order of 
summation, the factor bk was factored out of the inner sum since 
it is not dependent on the subscript j  of the inner summation.

n
We know that the expression 2  au ^ k j  — +  ai2.Aft2 +  • • •

3=1
. . . -f- ainAhn will be equal to d for k  =  i and to 0 for all other 
k's. Thus, in our outer sum with respect to k  there will be only 
one summand left, namely, btd; i.e.,

n dj
2  aii *~ d~ ~ ~ d 'b id= b i
3=1

This is proof that the set (3) of numbers is indeed a solution to the 
system (1) of equations.

We have obtained the following important result.
A system of n linear equations in n unknowns, the determinant 

of which is nonzero, has a unique solution. This solution is obtained 
from formulas (3), that is by means of Cramer's rule. The formula
tion of this rule is the same as in the case of a system of two equa
tions (see Sec. 2).

Example. Solve the system of linear equations 
2Xi  -)- Xz  — 52:3 +  x4 =  8,

Xj — 3x2 — 6x4 =  9,
2x2 — X3 -j- 2x4 =  —5,

Xi -f- 4x2 — 7x3 +  6x4 =  0
The determinant of the system is different from zero:

2 1 - 5 1
1 —3 0 —6
0 2 —1 2
1 4 —7 6

and so Cramer’s rule is applicable. The values of the unknowns will have as 
numerators the determinants

di =

00 1 - 5 1
9 - 3 0 —6

-5 2 —1 2
0 4 —7 6
2 1 8 1
1

CO1 9 CO1

0 2 —5. 2
1 4 0 6

=  81, dz —

=  -2 7 , d4 =

2 00 1 CJI 1
1 CO 0 1-6

0 1-5 —1 2
1 10

6
2 1 - 5
1 0CO1

0 2 - 1 —

1 4 —7

=  -  108,

=  27
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Thus,
xj =  3 , X2 = — 4 , X3 =  —1, 

will be the unique solution set of our system.
X4 =  4

We did not consider the case when the determinant of a system 
of n linear equations in n unknowns (1) is zero. It will be discussed 
in Chapter 2, where it will find its place in the general theory of 
systems involving any number of equations in any number of 
unknowns.

One more remark is in order with respect to systems of n linear 
equations in n unknowns. Given a system of n  homogeneous linear 
equations in n  unknowns (see Sec. 1):

“I” ®12^2 * • • H~ >
®21^1 I ®22'̂ '2 I • - • I ®2?i‘̂'7i 0 ,

(4)

®7i2*̂2 ~t- ■ * " Q'nn'̂ n .0 s
In this case, all determinants dj, j  =  1, 2, . . n, contain 

a column made up of zeros and are therefore equal to zero. Thus, 
if the determinant of system (4) is nonzero, that is if Cramer’s rule 
is applicable, then the only solution of system (4) will be the trivial 
solution

0 , X2 — 0 , . . ., Xfi 0 (5)
Whence follows the result:
I f  a system of n homogeneous linear equations in n unknowns has 

nontrivial solutions, then the determinant of the system is necessarily 
zero.

In Sec. 12 it will also be shown that, conversely, if the determi
nant of such a system is indeed equal to zero, then the system will 
have solutions other than the trivial solution, the existence of 
which is obvious for every system of homogeneous equations.

Example. For what values of k  can the system of equations
kxi -f- X2 =  0 , 1
Xj +  kxz = 0  J

have nontrivial solutions?
The determinant of this system

will be zero only when k  =  ±  1. It is easy to see that for each one of these 
two values of k  the given system will indeed have nontrivial solutions.

The significance of Cramer’s rule lies mainly in the fact that 
for cases when it is applicable it offers an explicit expression of
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the solution of the system in terms of the coefficients of the system. 
However, Cramer’s rule involves very unwieldy computations; in 
the case of a system of ra linear equations in ra unknowns, one has 
to compute ra +  1 determinants of the rath order. The method of 
successive elimination of unknowns given in Sec. 1 is much more 
convenient in this respect since the computations involved here 
are actually equivalent to those required in the evaluation of a single 
determinant of the rath order.

In applications, we often encounter systems of linear equations 
whose coefficients and constant terms are real numbers obtained 
in measurements of physical quantities and as such are known only 
approximately, to within a specified accuracy. The foregoing methods 
are then sometimes rather inconvenient because they lead to results 
with poor accuracy. A variety of iterative procedures have taken 
their place. These are methods which yield solutions of systems 
of equations via successive approximations of the unknowns. The 
interested reader will find such methods described in texts dealing 
with the theory of approximate calculations.



CHAPTER 2

SYSTEMS OF LINEAR 
EQUATIONS 

(GENERAL THEORY)

8. n-Dimensional Vector Space

To construct a general theory of systems of linear equations 
we will need more than the apparatus that sufficed with such success 
in the solution of systems to which Cramer’s rule was applicable. 
Besides determinants and matrices we will need a new concept, 
which, perhaps, is of still greater general mathematical interest— 
that of multidimensional vector spaces.

First a few preliminary remarks. From the course of analytic 
geometry we know that any point in a plane is determined (for 
specified coordinate axes) by its two coordinates, which is to say, 
by an ordered set of two real numbers. Any vector in a plane is 
determined by its two components, which again is an ordered set 
of two real numbers. Similarly, a point in three-dimensional space 
is determined by three coordinates, a vector in space, by three 
components.

In geometry and also in mechanics and physics we often encoun
ter objects whose specification requires more than three real numbers. 
For instance, let us consider a collection of spheres in three-dimen
sional space. To specify a sphere completely we need the coordinates 
of its centre and the radius; this amounts to an ordered set of four 
real numbers, of which, incidentally, the radius can only assume 
positive values. On the other hand, let us consider various positions 
of a solid in space. The position of a solid will be fully defined if 
we indicate the coordinates of its centre of gravity (this requires 
three real numbers), the direction of some fixed axis passing through 
the centre of grayity (two numbers—two out of three direction 
cosines), and, finally, the angle of rotation about this axis. Thus, 
the position of a solid body in space is determined by an ordered 
set of six real numbers.

These examples suggest considering collections of all possible 
ordered sets of n  real numbers. After introducing the operations 
of addition and multiplication by a scalar (this will be done later
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on by analogy with appropriate operations involving vectors in 
three-dimensional space expressed in terms of components), we call 
this collection an rc-dimensional vector space. Thus, ra-dimensional 
space is only an algebraic structure which retains certain of the 
simplest properties of collections of vectors of three-dimensional 
space emanating from a coordinate origin.

An ordered set of n numbers (an ordered n-tuple)
Ct (cii, U2, • * ®n) (1)

is called an n-dimensional vector. The numbers af, i — 1, 2, . . ., n, 
will be called the components of the vector a. The vectors a and

P =  (bu b2, . . ., bn) (2)

will be considered equal if their components, in the same places, 
coincide, that is, if at — bt , i =  1, 2, . . n. Lower-case Greek 
letters will be used to denote vectors and lower-case Latin letters to 
denote scalars.

Examples of vectors are: (1) Vector segments (directed line- 
segments) emanating from the coordinate origin in a plane or in 
three-dimensional space will, given a fixed, system of coordinates, 
be two- and three-dimensional vectors in the meaning of the definition 
given above. (2) The coefficients of a linear equation in n unknowns 
constitute an n-dimensional vector. (3) Any solution of a system 
of linear equations in n unknowns is an n-dimensional vector.
(4) If an s by n matrix is given (s rows and n columns), then its 
rows are n-dimensional vectors, its columns, s-dimensional vectors.
(5) The s by n matrix itself can be regarded as an sn-dimensional 
vector: all we need to do is read the elements of the matrix one 
after the other, row by row; in particular, any square matrix of 
order n may be regarded as an n2-dimensional vector, and it is 
quite obvious that any n2-dimensional vector may be obtained 
in this way from a matrix of order n.

The sum of vectors (1) and (2) is the vector

a  -f- fl =  (at -f- &i, n2 -f- b2, . . On +  bn) (3)

whose components are sums of the corresponding components of the 
vectors being added. Addition of vectors is commutative and associa
tive because of the commutativity and associativity of the addition 
of numbers.

The role of zero is played by the zero vector:
0 =  (0 , 0 , . . ., 0) (4)

Indeed,
a +  0 =  (<Zi -f- 0 , a2 +  0 , . . an +  0)

=  (<Zj, a2i • • •, an) =  ot
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We use the same symbol 0 for the zero vector as for the number 0. 
There is never any difficulty in deciding whether it is the number 
zero or the zero vector we are talking about at any time. However, 
from now on the reader should bear in mind the possibility of diffe
rent interpretations of the symbol 0 .

We use the term opposite vector (negative) of the vector (i) for 
the vector

—CL — ( flj, — & 2 1 . . ®n) (5)

It is obvious that a  -f- (—a) =  0. It is now easy to see that for 
the addition of vectors there is an inverse operation—subtraction: 
the difference between the vectors (1) and (2) is the vector a  — (J =  
=  a +  (—P), or

a — p =  (fli — bu a2 — b2, . , ., an — bn) (6)

The addition of n-dimensional vectors defined by formula (3) 
arose out of the geometric addition of vectors in the plane or in 
three-dimensional space performed by the parallelogram rule. In 
geometry we have to do with the multiplication of a vector by a real 
number (“scalar”): the multiplication of a vector a  by a scalar k  
signifies, for k >  0 , a stretching of a  by a factor k  (it is compression 
if k  <  1), and for k  <C 0 a stretching by a factor | k  | and reversal 
of direction. Expressing this rule in terms of the components of the 
vector a  and passing to the general case at hand, we obtain the 
following definition.

The product of a vector (1) by a scalar k  is the vector
ka  =  ak  =  (kau kav  . . ., kan) (7)

whose components are equal to the product of the corresponding 
components of the vector a  by k.

From this definition there follow important properties which
may be verified by the reader:

k (a ±  P) =  ka  ±  &p, (8)
(k ±  I) a  =  ka  ±  la, (9)

k (la) =  (kl) a , (10)
1-a  =  a  (11)

The following properties are just as easy to verify but they may 
also be obtained as corollaries to Properties (8)-(ll):

0 -a =  0 , (12)
(—l ) - a  =  —a, (13)

k ‘0 =  0, (14)
if ka =  0 , then either k  =  0 , or a  =  0 . (15)
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The collection of all w-dimensional vectors with real components 
regarded in conjunction with the operations of addition of vectors 
and multiplication of a vector by a scalar is called an n-dimensional 
vector space.

Note that the definition of an w-dimensional vector space does 
not include multiplication of a vector by a vector. It would be 
easy to define multiplication of vectors—assume, say, that the 
components of a product of vectors are equal to the products of the 
corresponding components of the factors. However, such multiplica
tion would not find any serious applications. Thus, vector segments 
emanating from a coordinate origin in the plane or in three-dimen
sional space constitute (for a fixed system of coordinates) a two- 
dimensional and, respectively, a three-dimensional vector space. 
The addition of vectors and the multiplication of a vector by a scalar 
are, as we have pointed out above, geometrically important, whereas 
it is impossible to give any reasonable geometrical interpretation 
to the componentwise multiplication of vectors.

Let us consider another example. The left side of a linear equation 
in n  unknowns, that is, an expression of the form

f  a,\Xi -j- —f- . . .  “f“ 0 ^X11

is called a linear form  in the unknowns x u x 2, • • •» xn. The linear 
form /  is obviously defined completely by the vector (otj, a2, . . ., an) 
of its coefficients; conversely, any n-dimensional vector uniquely 
determines some lineaT form. The addition of vectors and the multi
plication of a vector by a scalar become corresponding operations 
involving linear forms; these operations were extensively used 
in Sec. 1. Componentwise multiplication of vectors in this instance 
is meaningless.

9. Linear Dependence of Vectors

A vector p of n-dimensional vector space is proportional to 
vector a  if there exists a number k  such that p =  ka  [see formula (7) 
of the preceding section]. In particular, the zero vector is propor
tional to any vector a  due to the equality 0 =  0-a.  But if p =  ka  
and p 0 , whence k =7̂  0 , then a  =  Zr^p, that is, for nonzero 
vectors, proportionality possesses the property of symmetry.

A generalization of the concept of proportionality of vectors 
is the following concept which we have already (in the case of rows 
in a matrix) encountered in Sec. 4; a vector p is called a linear 
combination of the vectors a i, a 2, . . a s if there exist numbers 
Z4, Z2, . . . »  Is such that

P  =  Z1OS1 +  Z2a 2 +  . . . +  lsccs
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Thus the ;'th component of the vector {J, j  — 1, 2, . . ., n, is equal 
(because of the definition of a sum of vectors and a product of a vector 
by a scalar) to the sum of the products of the ;th components of 
the vectors a 4, a 2, . . . .  a 8, by Zlt Z2, . . .  , Z8, respectively.

A system of vectors
a lt a 2, . . a r_i, a r (r >  2) (1)

is linearly dependent if at least one of the vectors is a linear combi
nation of the remaining vectors of the system; it is called linearly 
independent otherwise.

We give another form of this extremely important definition: 
a system of vectors (1) is linearly dependent if there exist numbers 
k it k 2, . . ., k rt at least one of which is nonzero, such that the equation

&!<*! - f  k2a 2 +  . . . +  k Ta T =  0 (2)
holds true.

Proof of the equivalence of these two definitions is not difficult. 
For example, let the vector a r of system (1) be a linear combination 
of the remaining vectors:

a r =  ItCLi -f- Z2a 2 +  . . . -f- Zj._jOtj._i

From this there follows the equation
ZiOti +  Z2a 2 +  . . . -f- Zj._i0tj._i — a r =  0

which is like (2), where k t — l t for i =  1, 2 , . . ., r —- 1 and 
kr =  —1 that is kT ^ 0 .  Conversely, let the vectors (1) be connected 
by the relation (2) in which, say, kr ^=0. Then

=  ( - 1 7 ) “* + ( - T r )  “« + • • •  +  ( — t t )
Vector otj. has proved to be a linear combination of the vectors
Cti, 0t2, . . ., Otr-i-

Example. The system of vectors
a t =  (5, 2, 1), a2 =  (—1, 3, 3), a3 =  (9, 7, 5), ct4 =  (3, 8, 7)

is linearly dependent, since the vectors are connected by the relation
4oti — a2 — 3cts +  2a4 =  0

In this relation all the coefficients are different from zero. However, there are 
other linear dependences between the vectors, dependences in which some of 
the coefficients are zero, for instance

2oCi +  a2 — a3 =  0, 3a2 -f- a3 — 2a4 =  0

The latter definition of a linear dependence given above is also 
applicable to the case of r — 1 , that is, to the case of a system 
consisting of one vector a: this system is linearly dependent if and 
only if a  =  0. Indeed, if a  =  0, then, say, for k =  1 we will have 
ka  =  0. Conversely, if ka  =  0 and k  #  0, then a  =  0.
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Note the following property of the concept of linear dependence.
I f  some subsystem of the system (1) of vectors is linearly dependent, 

then the whole system (1) is linearly dependent.
Indeed, let the vectors a u  a 2, . . a ,  of system (1), where 

s ■< r, be connected by the relation
k ia i  +  &2a 2 +  • • ; +  k 8a 8 =  0 

in which not all coefficients are zero. It then follows that the relation 
footi +  ^2a 2 +  • • • 4 “ k 8a 8 -f- 0 -as+i -j- . . . -f- 0 *ar =  0

or system (1) is linearly dependent.
From this property follows the linear dependence of any system  

of vectors containing two equal or, generally, two proportional 
vectors and also of any system containing the zero vector. The 
property we have just proved can also be stated as follows: if a system
(1) of vectors is linearly independent, then any subsystem of (1) is also 
linearly independent.

The question arises as to how many vectors a linearly indepen
dent system of rc-dimensional vectors can contain and, in particular, 
whether there exist systems with an arbitrarily large number of 
vectors. To answer this question, let us consider the following 
vectors in an w-dimensional vector space:

=  (1, 0, 0, . . 0), >1
=  (0, 1, 0, . . 0),

► (3)

=  (0, 0, 0, . . 1) J
They are called unit vectors of that space. The system of un it vectors 
will be linearly independent: let

&i8i +  &2e2 +  . . . +  knen =  0

Since the left side of this equation is equal to the vector (&4, k%, . . .
. . ., kn), it follows that

(&i, /c2, ■ • kn) =  0

or k t =  0 , i =  1 , 2 , . . ., n , since all the components of the zero 
vector are zero, and equality of vectors is equivalent to equality 
of their corresponding components.

Thus, in n-dimensional vector space we have found one linearly 
independent system consisting of n  vectors. The reader will learn 
later on that there actually exist an infinite number of distinct 
systems of that kind in this space.

On the other hand, let us prove the following theorem.
For s >  n, any s vectors of an n-dimensional vector space constitute 

a linearly dependent system.
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Let there be given the vectors
=  ( îl» * • •» re)>

s Ctj • (®2i» ®22> * • •»' n)»

0^8 — (®jii ®s2» * • •»■ ®8/l)
WiB have to choose scalars• &t, fc2, . . ., A;,, not all zero, such that

k ia i  +  &2a 2 +  . . . +  k sa a =  0 (4)
Passing from (4) to the corresponding equations between the compo
nents, we get

e^nki ~f~ 2̂1̂ 2 ~if- • • • "I- ^sik a 0 ,
attk\ +  <z22^2 +  • • • +  ®S2̂ S =  0 , ^

^inki “I- ®2râ 2 ~f~ • • • ~t~ ®snks — 0 >
However, equations (5) constitute a system of n homogeneous 
linear equations in s unknowns k u &2, . . k s. The number of
equations in this system is less than the number of unknowns, and 
therefore, as proved at the end of Sec. 1, the system has nontrivial 
solutions. We can thus choose scalars k u k 2, . . ., k a (not all 
zero) which will satisfy requirement (4). The theorem is proved.

Let us call a linearly independent system of w-dimensional 
vectors

a lt a 2, . . ., ccr (6)

a maximal linearly independent system if by adjoining to this 
system any n-dimensional vector p we obtain a linearly dependent 
system. Since in every linear dependence relating the vectors 
a lv a 2, . . ., a r, p, the coefficient of p must be nonzero—otherwise 
system (6) would be linearly dependent—it follows that the vector 
P is expressed linearly in terms of the vectors (6). Therefore the 
system (6) of vectors is a maximal linearly independent system if 
and only if the vectors (6) are linearly independent and any n-dimen- 
sional vector P is a linear combination of them.

From the results obtained above it follows that in an n-dimensional 
space any linearly independent system consisting of n vectors is maximal 
and also that any maximal linearly independent system of vectors of 
this space consists of at most n vectors.

Every linearly independent system of n-dimensional vectors is 
contained in at least one maximal linearly independent system. Indeed, 
if a given system of vectors is not maximal, then one vector may 
be added to it so that the resulting system remains linearly inde
pendent. If this new system is still not maximal, then another vector
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may be added to it, and so on. However, this process cannot continue 
endlessly because every system of rc-dimensional vectors consisting 
of n  +  1 vectors is linearly dependent.

Since every system consisting of one nonzero vector is linearly 
independent, we find that any nonzero vector is contained in some 
maximal linearly independent system, and for this reason there are 
infinitely many different maximal linearly independent systems of 
vectors in an n-dimensional vector space.

The question arises: do there exist, in this space, maximal 
linearly independent systems with a smaller number of vectors 
than n or is the number of vectors in any such system invariably 
equal to nl The answer to this important question will be given 
below after a few preliminary investigations.

If vector p is a linear combination of the vectors

a 1? a 2, . . ., a r (7)

it is often said that P is expressed linearly in terms of system (7). 
Naturally, if vector J5 is linearly expressed in terms of some subsystem 
of this system, then it will be linearly expressed in terms of (7) 
as well—it would be sufficient to take the remaining vectors of the 
system with coefficients equal to zero. Generalizing this terminology, 
we say that the system of vectors

Pi, P2, • • Ps (8)

is expressed linearly in terms of system (7) if every vector pif i =  1, 2,
. . ., s, is a linear combination of the vectors of (7).

We prove the transitivity of this concept: if system (8) is expressed 
linearly in terms of (7), and the system of vectors

Vi, ?2> • • •'» y* (9)
is expressed linearly in terms of (8), then (9) is expressed linearly in 
terms of (7) as well.

Indeed,
8

y j ~  2  ĵiP», j — 2 , . . . ,  t (io)
i=l

r
but Pi== S  kimOLm, i =  1, 2 , . . . ,  s. Substituting these expressions

m=l
into (10), we get

s r r s

Yy =  2  ĵi ( 2  kim&m) — 2  ( 2  &mi=l m=l m= 1 i=l

In other words, every vector y/, f  =  i ,  2, . . ., t, is a linear com
bination of vectors of system (7).
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Two systems of vectors are termed equivalent if each one of them 
can he expressed linearly in terms of the other. From the proof 
given here of the transitivity of the property of systems of vectors 
to be expressed linearly in terms of each other there follows the 
transitivity of the concept of equivalence of systems of vectors and 
also the following assertion: if two systems of vectors are equivalent 
and if some vector is expressed linearly in terms of one of these systems, 
then it will be expressed linearly in terms of the other too.

One cannot assert that if one of two equivalent systems of vectors 
is linearly independent, then the other system also possesses this 
property. But if both systems are linearly independent, then an 
important statement can be made with respect to the number of 
vectors entering into them. First let us prove the following theorem 
which, because of the role it will play in the future, it will be con
venient to term a fundamental theorem.

If in an n-dimensional vector space we have two systems of vectors’.
(I) G&j, CL2, • . CLt ,

(II) Pi, p2, • . Ps
the first being linearly independent and expressible linearly in terms 
of the second, then the number of vectors in the first system does not 
exceed that in the second system, or r ^  s.

Let r > s .  By hypothesis, each vector of system (I) can be expressed 
linearly in terms of system (II):

a l — #uPl 4* ®i2?2 4* • • • 4- îsPs>
a 2 =  a2iPl 4" fl22P2 4- • • » 4” ®2«Ps> ^

clt =  &ripi -f- aT2P2 4" • • * 4~ #rsPs j
The coefficients of these linear expressions constitute a system of 
r s-dimensional vectors:

Yi =  ®i2? • • •» «)>
Y2 == (®2i’ ®22> • • •» ®2s)»

Yr (®ri* ^r2 » • • •» **rs)

Since r >  s, these vectors are linearly dependent, that is,

fciYi +  * 2Y2 +  • • • +  k rVr =  0  
where not all coefficients kiy kz, . . ., kr are zero. Whence we arrive 
at certain equations between the components:

r
2  ^i^ij — 0 , 7 =  1 , 2 , . . . ,  st=l

o*

(12)
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Let us now consider the following linear combination of vectors 
of system (1):

ktai +  k2a 2 -j- . . . -f- kra r
r

or, more compactly, 2  k ia i-  Utilizing (11) and (12), we get
i= l

2  k ia i =  2  M  2  a i & j )  =  S  ( S  k ta i j )  P/ =  0i= l  i==l j= l 3=1 i= l

But this runs counter to the linear independence of system (1).
From the fundamental theorem just proved we have the following 

result.
Any two equivalent linearly independent systems of vectors contain 

an equal number of vectors.
Any two maximal linearly independent systems of n-dimensional 

vectors are evidently equivalent. They therefore consist of one and 
the same number of vectors, and since (as we know) there exist 
systems of that kind consisting of n vectors, we finally get the answer 
to the earlier posed question: every maximal linearly independent 
system of vectors of an n-dimensional vector space consists of n vectors. 

Some corollaries follow.
If in a given linearly dependent system of vectors we take two 

maximal linearly independent subsystems, that is, subsystems to 
which no vector of our system can be adjoined without spoiling the linear 
independence, then these subsystems contain an equal number of vectors. 

Indeed, if in the system of vectors
at, a 2, . . ar (13)

the subsystem
a 4, a 2, • • css, s <  r (14)

is a maximal linearly independent subsystem, then any one of the 
vectors a 8+i, . . ., a r is expressible linearly in terms of system (14). 
On the other hand, any vector a* of system (13) is linearly expressible 
in terms of this system: it is only necessary to take the coefficient 
1 for the vector a*, and the coefficient 0 for all the other vectors. 
It is now easy to see that systems (13) and (14) are equivalent. From 
this it follows that (13) is equivalent to any one of its maximal 
linearly independent subsystems, and therefore all the subsystems are 
equivalent; i.e., being linearly independent, they contain the same 
number of vectors each.

The number of vectors in any maximal linearly independent 
subsystem of a given, system of vectors is termed the rank of the 
system. Taking advantage of this concept, we derive yet another 
corollary from the fundamental theorem.
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Suppose there are two systems of n-dimensional vectors:
«i» «2> • • «r (15)

and
Pi, P» • • Ps (16)

which are not necessarily linearly independent', the rank of system (15) 
is equal to the number Jc, the rank of system (16), to the number I. I f  
the first system is expressed linearly in terms of the second, then k  ^ . l .  
B ut if these systems are equivalent, then k  =  L 

In fact, let
• • *» (1 )̂

and
Pj?X» Pj?2 Pjj (16)

be, respectively, any maximal linearly independent subsystems 
of (15) and (16). Then systems (15) and (17) are equivalent and 
the same holds true for (16) and (18). From the fact that (15) is 
linearly expressible in terms of (16) It now follows that (17) is 
also linearly expressible in terms of (16) and therefore in terms of the 
equivalent system (18). It then remains, utilizing the linear indepen
dence of system (17), to apply the fundamental theorem. The second 
assertion of the corollary being proved follows directly from the 
first.

10. Hank of a Matrix

If we are given a system of ^-dimensional vectors, it is natural 
to ask whether this system of vectors is linearly dependent or not. 
One cannot hope to find that in every specific instance the question 
will be resolved without difficulty: a superficial examination of the 
system of vectors

a =  (2, - 5 ,  1, - 1 ) ,  p =  (1, 3, 6, 5), 7  =  ( - 1 ,  4, 1, 2)

fails to reveal any linear dependences in it, though in reality these 
vectors are connected by the relation

7a — 3p +  l ly  =  0

One way of settling this issue is given in Sec. 1. Since the com
ponents of the given vectors are known, we consider as unknown 
the coefficients of the desired linear dependence and obtain a system 
of homogeneous linear equations, which we solve by the Gaussian 
method. In this section we suggest a different approach, which will 
also bring us closer to our principal objective—the solution of arbitra
ry systems of linear equations.
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Suppose we have an s by n matrix (s rows and n columns)

the numbers s and n not being related in any way. Regarded as 
s-dimensional vectors, the columns of this matrix may, generally 
speaking, be linearly dependent. The rank of the system of columns, 
that is the maximal number of linearly independent columns of 
matrix A (more precisely, the number of columns in any maximal 
linearly independent subsystem of the system of columns) is called 
the rank of the matrix.

Naturally, in the same way the rows of matrix A may be regarded 
as n-dimensional vectors. It appears that the rank of the system  
of rows of the matrix is equal to the rank of the system of its columns, 
that is, it is equal to the rank of the matrix. The proof of this extre
mely unexpected assertion will be obtained after we point out 
yet another way of defining the rank of a matrix (which at the same 
time indicates a practical method of evaluation).

Let us first generalize the concept of a minor to the case of rectan
gular matrices. In matrix A we choose arbitrary k rows and k columns, 
k ^  min(s, n). The elements at the intersection of these rows and 
columns constitute a square matrix of order k, the determinant of 
which is called the kth-order minor of matrix A. We will now be 
interested in the orders of those minors of A which differ from zero, 
namely, the highest one of these orders. In searching for it, it is well 
to bear in mind the following: if all kth-order minors of matrix A 
are zero, then so also are all minors of higher order. Indeed, expanding 
any minor of order k +  /, k <  k f ^  min (s, n), by the Laplace 
theorem in terms of any k rows, we represent this minor as a sum 
of minors of order k multiplied by certain minors of order f, thus 
proving that it is zero.

Let us now prove the following theorem on the rank of a matrix.
The highest order of nonzero minors of matrix A is equal to the 

rank of the matrix.
Proof. Let the highest order of nonzero minors of matrix A 

be r. Let us assume—there is no loss of generality— that the rth-order 
minor D  in the upper left corner of the matrix

&r+1, i • • • &r+1 , r &r+1 , r+ 1 v* • n

/ I . . a** a. __ a.n /
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is different from zero, D =#= 0. Then the first r columns of A will 
be linearly independent: if the dependence were linear, then, since 
corresponding components are combined in the addition of vectors, 
this same linear dependence would exist among the columns of 
minor D and therefore D would be zero.

Now let us prove that each Zth columfi of A, r <C I ^  re, is a linear 
combination of the first r columns. We take any i, 1 ^  i ^  s, and 
construct an auxiliary determinant of order (r +  1):

d ' i i  ■ • a l r d i t

a T i  • . d TT d - r l

® i l  • • d>iT a n

obtained by “bordering” the minor D by appropriate elements of the 
I th column and the ith row. Determinant A* is zero for any i. I n d e e d ,  
if i >» r, then A t is a minor of order (r -J- 1) of our matrix A and 
therefore is zero due to the choice of the number r. But if ^  r, 
then Aj can no longer be a minor of matrix A since it cay ot be 
obtained by deleting from this matrix certain of its rows and columns; 
however, determinant A . now has two equal rows and, hence, is 
again zero.

Let us examine the cofactors of the elements of the last row 
of determinant A*. Obviously, the cofactor of the element ait is 
minor D. But if 1 ^ ; < r ,  then for the cofactor of element atj 
in A . we have the number

Aj =  (— i)(r+i)+i
'11 • • al, j-1 al, j+1 * . f l j r d i l

ri • • ar, j - l a T,  j+1 • .  d r r d r l

It is not dependent on i and therefore is denoted by Aj. Thus, expand
ing determinant Â  about its last row and equating this expansion 
to zero, since Aj =  0 , we get

aaAi +  di^Az +  . . . dirA r +  duD =  0 
whence, because D =£ 0,

Af Az Ardn =  jy  dii — diz . . . jj- dir

This equation holds true for all i, i =  1, 2, . . ., s, and since 
its coefficients are not dependent on i, we find that the entire Zth 
column of A is a sum of the first r columns taken, respectively, with
the coefficients — — , — ~ , A  

D  '* • 1
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In the system of columns of matrix A we have thus found a maxi
mal linearly independent subsystem consisting of r columns. This 
is proof that the rank of matrix A is equal to r, and it completes the 
proof of the rank theorem.

This theorem provides a practical method for computing the 
rank of a matrix and therefore for settling the question of the exi
stence of linear dependence in a given system of vectors; forming 
a matrix for which the given vectors serve as columns and computing 
the rank of the matrix, we find the maximum number of linearly 
independent vectors of our system.

The method of finding the rank of a matrix based on the rank 
theorem requires computing a finite but perhaps very large number 
of minors of the matrix. The following remark suggests a way of 
substantially simplifying this procedure. If the reader will again 
look through the proof of the rank theorem, he will notice that in 
the proof we did not take advantage of the fact that all minors of 
order (r +  1) of matrix A are equal to zero; actually, we used only 
those minors of order (r +  1) which border the given nonzero rth- 
order minor D (that is, those which contain it completely within 
themselves); for this reason, from the fact that only these minors 
are equal to zero it follows that r is the maximum number of linearly 
independent columns of matrix A; this implies that all minors of 
order (r +  1) of this matrix are zero. We arrive at the following 
rule for evaluating the rank of a matrix.

In computing the rank of a matrix, move from minors of smaller 
order to minors of greater order. If a nonzero kth-order minor D has 
already been found, then only the (k +  1 )th-order minors bordering 
minor D need be computed; if they are all zero, the rank of the matrix 
is k.

Example 1. Find the rank of the matrix

The second-order minor in the upper left corner of this matrix is zero. Howe
ver, the matrix also contains nonzero minors of order two, for instance,

d = —4 3 
- 2  1 ¥* 0

The third-order minor

d‘
2 - 4  3
1 — 2 1 
0 1 —1
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bordering minor d is different from zero, d' =  1, but both fourth-order minors 
bordering minor d' are zero:

2 - 4 3 1 2 - 4  3 0
1 - 2  1 —4 =  0, 1 - 2  1 2
0 1 - 1  3 0 1 —1 1
4 - 7  4 - 4 4 —7 4 5

Thus, the rank of matrix A is three.
Example 2. Find the maximal linearly independent subsystem in the system 

of vectors
a, =  (2, - 2 ,  - 4 ) ,  a2 =  (1, 9, 3), a3 -  ( - 2 ,  - 4 ,  1), a4 =  (3, 7, - i )

Form the matrix
/ 2 1 - 2  3x
- 2  9 - 4  7

1 - 4  3 1 - 1 /
in which the given vectors are columns. The rank of this matrix is two: the 
second-order minor in the upper left corner is nonzero, but both third-order 
minors bordering it are zero. From this it follows that the vectors a t, a z form 
in the given system one of maximal linearly independent subsystems.

As a corollary to the rank theorem, we now prove an assertion 
that was stated earlier.

The maximum, number of linearly independent rows of any matrix 
is equal to the maximum number of its linearly independent columns, 
which means that it is equal to the rank of the matrix.

To prove this, take the transpose of the matrix (that is, inter
change rows and columns retaining the subscripts of the elements). 
In taking the transpose, the maximal order of nonzero minors of 
the matrix cannot change since taking transposes does not change 
the determinant, and for any minor of the original matrix the minor 
obtained from it by taking the transpose is in the new matrix, and 
conversely. Whence it follows that the rank of the new matrix is 
equal to the rank of the original matrix; it is also equal to the maxi
mum number of linearly independent columns of the new matrix 
(or the maximum number of linearly independent rows of the ori
ginal matrix).

Example. In Sec. 8 we introduced the concept of a linear form in n un
knowns and defined addition of linear forms and their multiplication by a sca
lar. This definition permits extending to linear forms the concept of linear 
dependence with all its properties.

Let there be a system of linear forms
fi — +  2x2 +  *3 +  3z4,
/2 =  4xi — x2 — 5x3 — 6x4,
U  =  * i  — 3x2 — 4x3 — 7x4, 
fi =  2xi +  x2 — x3 

In it we have to choose a maximal linearly independent subsystem.
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Form the matrix of the coefficients of these forms:

1 2  1 3
4 _ i  _ 5  —6
1 —3 —4 —7
2 1 — 1 0

and find its rank. The second-order minor in the upper left corner is nonzero, 
but, as can easily be verified, all four third-order minors bordering it are zero. 
Whence it follows that the first two rows of our matrix are linearly independent, 
and the third and fourth are linear combinations of them. Hence, the system 
/i, /2 is the desired subsystem of the given system of linear forms.

There is yet another important consequence of the rank theorem.
A n  nth-order determinant is equal to zero if and only if there is 

a linear dependence among its rows.
This assertion has already been proved in one direction in Sec. 4 

(Property 8 ). Now let there be given an reth-order determinant equal 
to zero; in other words, suppose we have a square matrix of order 
n whose only minor having maximal order is zero. It then follows that 
the highest order of the nonzero minors of this matrix is less than n, 
that is, the rank is less than n, and so, on the basis of the foregoing 
proof, the rows of this matrix are linearly dependent.

Quite naturally, this corollary can be stated with columns taken 
instead of rows.

There is yet another way to compute the rank of a matrix which 
is not connected with the rank theorem and does not require evaluat
ing determinants. Incidentally, it is only applicable when we wish 
to know only the rank itself and are not interested in precisely which 
columns (or rows) comprise the maximal linearly independent system. 
The procedure is this.

We use the term elementary transformations of a matrix A  for the 
following transformations:

(a) interchange (transposition) of two rows or two columns;
(b) multiplication of a row (or a column) by an arbitrary non

zero scalar;
(c) addition of a multiple of one row (or column) to another row 

(column).
Clearly, elementary transformations do not change the rank of a 

matrix. Indeed, if these transformations are applied, say, to the 
columns of a matrix, the system of columns (regarded as vectors) is 
replaced by an equivalent system. We prove it for transformation (c) 
since for (a) and (b) it is obvious. Let the /th column multiplied by 
a number k  be added to the ith column. If, prior to the manipulation, 
the vectors

O&i , • • CC-i, .» • ., OCj, > • ., csn ( 1 )
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served as columns of the matrix, then after the manipulation the 
vectors

«i, • • •» ctj == ocj ka}, . • ., ccj, . . • ., otn (2)

will form the columns of the matrix. System (2 ) is expressible 
linearly in terms of system (1), and the equation

a t =  a'i — kaj

shows that (1), in turn, is linearly expressible in terms of (2). Conse
quently, these systems are equivalent and for this reason their maxi
mal linearly independent subsystems consist of the same number of 
vectors.

Thus, when computing the rank of a matrix, the matrix may 
first be simplified by means of a combination of elementary trans
formations.

We say that an s by n matrix has diagonal form if all its dements 
are zero except the elements a l l 5  a22> • • •* a r r  [where 0 ^  r <  
<  min (s, «)], which are equal to unity. The rank of this matrix 
is obviously r.

Using elementary transformations, it is possible to reduce any 
matrix to diagonal form.

Indeed, suppose we have a matrix

If all the elements are zero, then it already has diagonal form. But 
if there are nonzero elements, then an interchange of rows and 
columns will change element an to a nonzero element. Then by 
multiplying the first row by a f̂, we convert element an to unity. 
And if we now subtract from the / th column, / >  1, the first column 
multiplied by al7-, then element au will be replaced by a zero. 
Manipulating in similar fashion all columns beyond the first, and 
also all rows, we arrive at a matrix of the form

Performing the same manipulations with the submatrix that remains 
in the lower right corner, and so on, we finally—after a finite number 
of manipulations—arrive at a diagonal matrix with the same rank 
as the original matrix A.
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Thus, to find the rank of a matrix it is necessary to convert the 
matrix , by means of elementary transformations, to diagonal form and 
count the number of units in the principal diagonal.

Example. Find the rank of the matrix

Interchanging the first and second columns and multiplying the first row

by the number , we get the matrix

Adding two times the first column to the third column and then adding some 
multiple of the new first row to each of the remaining rows, we get the matrix

Finally, multiplying the second row by —1, subtracting from the third column 
three times the second column, and then subtracting from the third and fifth 
rows certain multiples of the new second row, we arrive at the desired diagonal 
form

The rank of the matrix A is thus two.
In Chapter 13 we will again encounter elementary transformations and 

diagonal matrices; true, these will be matrices in which the elements are poly
nomials, not numbers.

11. Systems of Linear Equations
We now begin the study of arbitrary systems of linear equations 

without any assumptions concerning the number of equations of 
a system being equal to the number of unknowns. Incidentally, the 
results we achieve will be applicable to the case (not considered 
in Sec. 7) when the number of equations is equal to the number of 
unknowns, but the determinant of the system is zero.
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Suppose we have a system of linear equations

allXi +  «i2^2 +  • • • +  ain%n ~
“i~ ®22*^2 ~i~ • • • +  Q'2n'En ~  ^2»

( 1 )

~t~ ®S2^"2 • • * ~f~ 8̂71*̂71 ~  ^

As we know from Sec. 1, the first thing is to decide whether the 
system is consistent or not. For this purpose, take the coefficient 
matrix A of the system and the augmented matrix A obtained by 
adjoining to A a column made up of the constant terms,

and evaluate the ranks of these matrices. It is easy to see that the 
rank of matrix A is either equal to the rank of matrix A or exceeds the 
latter by unity. Indeed, take a certain maximal linearly independent 
system of columns of matrix A. It will also be linearly independent 
in matrix A. If it also retains the property of maximality, that is, 
the column of the constant terms is expressible linearly in terms of it, 
then the ranks of matrices A and A are equal; otherwise, adjoining 
to this system a column made up of constant terms yields a linearly 
independent system of columns of matrix A, which is maximal in it.

The question of consistency of a system of linear equations is fully 
resolved by the following theorem.

Kronecker-Capelli theorem. A system of linear equations (1) is 
consistent if and only if the rank of the augmented matrix A is equal 
to the rank of the matrix A.

Proof. 1. Let system (1) be consistent and let k u k 2, . • ., kn 
be one of its solutions. Substituting these numbers, in place of the 
unknowns, into (1), we get s identities, which show that the last 
column of A is the sum of all the remaining columns taken, respecti
vely, with the coefficients k u k 2, . . ., kn. Any other column of A is 
also in A and therefore is expressible linearly in terms of all the 
columns of this matrix. Conversely, any column of matrix A is 
a column of A as well, that is, it is linearly expressible in terms of 
the columns of this matrix. From this it follows that the systems 
of columns of matrices A and A are equivalent and therefore, as
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proved at the end of Sec. 9, both these systems of s-dimensional 
vectors have one and the same rank; in other words, the ranks of 
the matrices A and A are equal.

2. Now suppose that the matrices A and A have equal ranks. 
It then follows that any maximal linearly independent system of 
columns of A remains a maximal linearly independent system in 
matrix A as well. For this reason, the last column of A can be expres
sed linearly in terms of this system and therefore, generally, in terms 
of the system of columns of matrix A. Consequently, there exists 
a system of coefficients ku &2, . . ., kn such that the sum of the 
columns of A taken with these coefficients is equal to the column of 
constant terms, and therefore the numbers kt, k2, . . ., kn constitute 
a solution of system (1). Thus, coincidence of the ranks of matrices A 
and A implies that system (1) is consistent.

The proof is complete. In practical situations, it is first necessary 
to compute the rank of matrix A; to do this, find one of the nonzero 
minors of the matrix such that all the minors bordering it are zero. 
Let it be the minor M. Then compute all the minors of matrix A 
bordering M  but not contained in A [the so-called characteristic 
determinants of system (1)]. If they are all zero, then the rank of 
matrix A is equal to the rank of matrix A and therefore system (1) 
is consistent, otherwise it is not consistent. Thus, the Kronecker- 
Capelli theorem may be stated as follows: a system of linear equations
(1) is consistent if and only if all its characteristic determinants are 
equal to zero.

Let us now suppose that system (1) is consistent. The Kronecker- 
Capelli theorem which we used to establish the consistency of this 
system states that a solution exists. However, it does not give us 
any practical method for finding all the solutions of the system. We 
shall now investigate this problem.

Let matrix A have rank r. As was proved in the preceding section, 
r is equal to the maximum number of linearly independent rows 
of matrix .4. To be specific let the first r rows of A be linearly indepen
dent, and let each of the remaining rows be a linear combination 
of them. Then the first r rows of A will also be linearly independent: 
any linear dependence between them would also be a linear depen
dence among the first r rows of A (recall the definition of addition 
of vectors!). From coincidence of the ranks of matrices A and A it 
follows that the first r rows of A constitute, in it, a maximal linearly 
independent system of rows; in other words, any other row of this 
matrix is a linear combination of them.

It follows, then, that any equation of system (1) can be represent
ed as a sum of the first r equations taken with certain coefficients 
and therefore any general solution of the first r equations will satisfy
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all the equations of (1). Consequently, it suffices to find all the solu
tions of the system

1 ^12̂ 2 1 * . -(- ainxn —
^21̂ 1 “1“ ^22̂ 2 • • ~b a,2nxn — b2y ^

arl%l +  a,r2x2 -j- . . "I- arnxn =  hT J

Since the rows of coefficients of the unknowns in equations (2) 
are linearly independent, that is the matrix of the coefficients has 
rank r, it follows that r ^  n and, besides, that at least one of the 
minors of order r of this matrix is nonzero. If r =  n, then (2) is 
a system with an equal number of equations and unknowns and 
with a nonzero determinant; that is, it, and for this reason system (1) 
as well, has a unique solution, namely, that which is calculable 
by the Cramer rule.

Now let r <C. n and, for definiteness, let the rth-order minor 
made up of the coefficients of the first r unknowns be different from 
zero. In each of the equations of (2), transpose to the right side all 
terms with the unknowns x r+l, . . ., xn and for these unknowns 
select certain values cr+i, . . ., cn. We obtain a system of r equations:
® ll# i  “f~ 012̂ 2 • • """" | CL̂-ptJCy* ®I, r +  l^r+1 • • n^m
fl2i # i  +  a,22x2 +  . . ~j~ a2rxr =  h2 ^2. r + l^r + i • • ®2 n̂ m ^

a rl^ l  +  ^r2̂ 2 +  • . “I- arrxr =  br — a r,  r +  lc r +  l — • • n^n >
(3)

in the r unknowns x 2, . . x r. Cramer’s rule is applicable and 
therefore the system has a unique solution ci, c2, . . . »  cr; it is 
obvious that the set of numbers c i, c2, . . . »  cr, cT+i, . . . , cn will 
serve as a solution of system (2). Since the values cr+1, . . ., cn 
for the unknowns x T+u • . xn, called free unknowns, can be cho
sen in arbitrary fashion, we obtain an infinity of distinct solutions 
of system (2).

On the other hand, any solution of (2) may be obtained in the 
indicated way: if some solution cly c2, . . . »  cn of (2) is given, then 
we take the numbers cr+1, . . ., cn for the values of the free unknowns. 
Then the numbers el5 c2, . . ., cT will satisfy system (3) and there
fore will constitute the only solution of the system, which solution 
is computed by Cramer’s rule.

The foregoing may be combined into a rule for the solution of 
an arbitrary system of linear equations.

Let there he a consistent system of linear equations (1) and let the 
matrix A  of the coefficients have rank r. In  A  we choose r linearly inde
pendent rows and leave in (1) only those equations whose coefficients
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lie in the chosen rows. In  these equations we leave in the left members 
r unknowns such that the determinant of their coefficients is nonzero, 
the remaining unknowns are called free and are transposed to the right 
sides of the equations. Assigning arbitrary numerical values to the free 
unknowns and computing the values of the remaining unknowns by 
Cramer's rule, we obtain all the solutions of system (1).

We also state the following result that we have obtained.
A consistent system (1) has a unique solution if and only if the rank 

of matrix A  is equal to the number of unknowns.

Example 1. Solve the system
5xj — Xz -f- 2 x3 ~i" X4 =  7, ^
2xt -f- xz ~j~ 4x3 — 2 x4 == If /

Xi — 3 x2 — 6 x3 -j- 5x4 =  0 J
The rank of the coefficient matrix is two: the second-order minor in the upper 

Left corner of this matrix is nonzero, but both third-order minors bordering it 
are zero. The rank of the augmented matrix is three, since

5 —17  
2 1 1 
1 - 3  0

—35 =/= 0

The system is thus inconsistent.
Example 2. Solve the system

7xj -j- 3x2 =  2 , "j
x t — 2 x2 =  —3, >

4xi + 9x2 — 11 J
The rank of the coefficient matrix is two, i.e., it is equal to the number 

of unknowns; the rank of the augmented matrix is also two. Thus, the system 
is consistent and has a unique solution. The left-hand sides of the first two 
equations are linearly independent; solving the system of these two equations, 
we get the values

5 23
X i~  1 7 ’ *2=517

for the unknowns. It is easy to see that this solution also satisfies the third 
equation.

Example 3. Solve the system
Xi +  xz — 2xs — Xi -f- x5 =  1, "j

3xj — *2 ~t“ x3 4xi -}- 3x5 =  4, >
Xj -}- 5x2 — 9xg ~  8X4 + Xg = 0 J

The system is consistent since the rank of the augmented matrix (like
the rank of the matrix of coefficients) is two. The left members of the first and 
third equations are linearly independent since the coefficients of the unknowns 
xt and x2 constitute a nonzero minor of order two. Solve the system of these 
two equations, the unknowns X3, X4, X5 being considered free; transpose them 
to the right members of the equations and assume that they have been given
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. certain numerical values. Using Cramer’s rule, we get
5 , 1  . 3xl ---X3 ®5»

1 7 7
x 2 =  —  j - + j  X3 + - 4  *4

These equations determine the g e n e r a l  s o lu t io n  of the given system: assign
ing arbitrary numerical values to the free unknowns, we obtain all the solu
tions of our system. Thus, for example, the vectors (2, 5, 3, 0, 0), (3, 5,
2, 1, —2), ^0, — , —1, 1,-^-j and so on are solutions of our system. On the
other hand, substituting the expressions fora:! and *2 from the general solution 
into any one of the equations of the system, say the second, which was earlier 
rejected, we obtain an identity.

Example 4. Solve the system
4xi -j- xz — 2x$ -f- *4 =  3, 'j
Xi — 2z2 — *3 -J- 2*4 =  2 , 1

2 x t -f* 5*2 —  *4 =  — 1, I
3*! +  3*2 — * 3  — 3*4 =  1 J

Although the number of equations is equal to the number of u inowns, 
the determinant of the system is zero and, therefore. Cramer’s rule is nut appli
cable. The rank of the coefficient matrix is equal to three—in the upper right 
corner of this matrix is a nonzero third-order minor. The rank of the augmented 
matrix is also three, so the system is consistent. Considering only the first 
three equations and taking the unknown *1 as free, we obtain the general solu
tion in the form

1 2 8 . 9  a
*2-------g 5~Xl X3 S= 5 'IT  3’1’ X* — ̂

Example 5. Suppose we have a system consisting of n  +  1 equations in n  
unknowns. The augmented matrix A  of this system is a square matrix of order 
n  +  1. If our system is consistent, then, by the Kronecker-Capelli theorem, 
the determinant of A  must be zero.

Thus, let there be a system
*1 — 8*2 =  3, 1

2*j -f- * 2 =  1, >
4*t 7*2 =  —4 J

The determinant of the coefficients and the constant terms of these equations 
is different from zero:

1 —8 3
2 1 1  
4 7 - 4

=  —77

The system is therefore inconsistent.
The_converse, generally speaking, is not true: from the determinant of 

matrix A  being zero it does not follow that the ranks of matrices A  and A  
coincide.

6—5760
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12. Systems of Homogeneous Linear Equations

Let us apply the findings of the preceding section to the case of 
a system of homogeneous linear equations:

From the Kronecker-Capelli theorem it follows that this system 
is always consistent, since adding a column of zeros cannot raise 
the rank of the matrix. This incidentally is evident by a simple 
inspection—system (1) definitely has a trivial solution (0 , 0 , . . 0 ).

Let the coefficient matrix A of system (1) have rank r. If r — n, 
then the trivial solution will be the only solution of (1); for r < n ,  
the system has also nontrivial solutions', to find all these solutions, use 
the same technique as above in the case of an arbitrary system of 
equations. In particular, a system of n homogeneous linear equations 
in n unknowns has nontrivial solutions if and only if the determinant 
of the system is zero.* Indeed, the fact that the determinant is zero 
is equivalent to the assertion that the rank of matrix A is less than n. 
On the other hand, if in a system of homogeneous equations the number 
of equations is less than the number of unknowns, then the system must 
definitely have solutions different from zero, since in that case the rank 
cannot be equal to the number of unknowns. This was already 
obtained in Sec. 1 by other reasoning.

Let us, for example, examine the case of a system consisting of 
n — 1 homogeneous equations in n unknowns; assume that the left 
members of these equations are linearly independent among them
selves. Let

be the matrix of the coefficients of this system. Denote by Mt the 
minor of order n — 1 obtained by deleting the ith column from A, 
i =  1, 2, . . ., n. Then for one of the solutions of our system we have 
the set of numbers

auXi +  al2x2 +  . . . +  alnxn — 0, ' 
a2\X\ “I- a22x2 ~t~ . . . -f- a2nxn 0,

( 1 )

a$\X\ —)- as2x2 ~i > • • ~i nsnxn 0

M u - M 2, M 3, —M4.......... (_ l)« -W B

and any other solution is proportional to it.
(2)

* One half of this assertion was already proved in Sec. 7.
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Proof. Since, by hypothesis, the rank of matrix A is n — 1, 
one of the minors M t must be nonzero; let it be Mn. Assume the 
unknown xn to be free and transpose it to the right side of each of the 
equations. We then get

1̂1^1 4" ^12^2 4~ • • • 4“ a l ,  n - l x n - l  =  a l n x rr>

&2 i X l  4~ ®22*̂2 4” * • • 4- ®2> 7l - l Xn - i  ® 2n x ni

d n —i ,  1*̂1 4“ ®n—1, 2^2 4~ • • • 4~ &n-i, n —\ x n - V  &n - l , n x n

Applying Cramer’s rule, we obtain the general solution of the given 
system of equations, which, after simple manipulations, becomes

* i - ( - l y ' - T T * . .  i =  l .  2..........B - 1 (3)
1Y1 n

Setting xn =  (—l)n-1Mn, we obtain: xt =  i =  1,
2 , . . ., n—1 , or, since the difference (2n — i — 1) — (i — 1) =  
=  2n — 2 i is an even number, xt =  (— that is, the set 
of numbers (2 ) will indeed be a solution of our system of equations. 
Any other solution of this system is obtained from formulas (3) 
for a different numerical value of the unknown xn and so is propor
tional to solution (2). This assertion clearly holds true for the case 
when Mn =  0, but one of the minors M x, 1 ^  i ^  n —_ 1, is nonzero.

Solutions of a system of homogeneous linear equations have 
the following properties. If the vector ji =  (6 t, 6 2, . . ., bn) is 
a solution of system (1), then for any scalar k the vector =  
=  (kbi, kb2, . . ., kbn) is also a solution of the system. This is veri
fied directly by substitution into any one of the equations (1). If the 
vector y =  (ct, c2, . . cn) is another solution of (1) then the vector 
P -f- y =  (bi -j- cit b2 4 - c2, . . ., bn 4- cn) is also a solution of the 
system:

n n  n

S  aij (bj 4- c}) =  2  aifij 4- 2  O'ijCj =  0 i =  1 , 2 , . . . , s
3=1 3—1 3=1

Thus, generally, any linear combination of solutions of the homogeneous 
system (1) is a solution of the system. Note that in the case of a non- 
homogeneous system, that is, a system of linear equations whose 
constant terms are not all equal to zero, no such assertion is true: 
neither the sum of two solutions of a system of nonhomogeneous 
equations nor the product of a solution of the system by a scalar can 
serve as solutions of the system.

From Sec. 9 we know that any system of w-dimensional vectors 
consisting of more than n vectors will be linearly dependent. Whence 
it follows that from a number of solutions of the homogeneous system 
(1), which solutions, as we know, are rc-dimensional vectors, it is

6
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possible to choose a finite maximal linearly independent system, 
that is, maximal in the sense that any other solution of system (1) 
will be a linear combination of the solutions that enter into the chosen 
system. Any maximal linearly independent system of solutions of 
the homogeneous system of equations (1) is called its fundamental 
system of solutions.

Let us once again stress the fact that an n-dimensional vector is 
a solution of system (1) if and only if it is a linear combination of vectors 
comprising the given fundamental system.

Quite naturally, the fundamental system exists only if system (1) 
has nontrivial solutions, that is, if the rank of its matrix of coeffi
cients is less than the number of unknowns. Then system (1) can 
have many different fundamental systems of solutions. All these 
systems are equivalent however, since each vector of any one of the 
systems is linearly expressible in terms of any other system, and 
for this reason the systems consist of one and the same number of 
solutions.

The following theorem is valid.
If the rank r of the coefficient matrix of the system of homogeneous 

linear equations (1 ) is less than the number of unknowns n, then any 
fundamental system of solutions of (1) consists of n — r solutions.

To prove this, note that n — r is the number of free unknowns 
in system (1); let the unknowns xr+i, xT+2, . . ., xn be free. We 
consider an arbitrary nonzero determinant d of order n — r, which 
we write as follows:

Ci ,  r+i» J"+2» • • i Cln

d  = c2» r + U ^2. r +  2» * • • j 2̂ n

C n - r ,  r+l> c n - r ,  r + 2> • • • i C n - r ,  n

Taking elements of the ith row of this determinant, 1 ^  i  ^  n — r, 
for the values of the free unknowns, we get unique values for the 
unknowns xu a2, . . ., xT. In other words, we arrive at a quite defi
nite solution of the system (1) of equations. Let us write the solution 
in the form of a vector:

CCi —  (Cjt, * ‘ ’’ î» r+l» ^ i ,  r+2’ • ■ ■’ Cin)

The set of vectors a t, a 2, . . ., an _r that we have obtained 
serves as a fundamental system of solutions for the system (1) of 
equations. Indeed, this set of vectors is linearly independent since 
the matrix made up of them (as rows) contains a nonzero minor d 
of order n — r. On the other hand, let

P — (bj, b2, . . . »  brJ br+i, &r-[_2, • • bn)
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be an arbitrary solution of system (1). We will prove that the vector p 
can be expressed linearly in terms of the vectors oci, oc2, . . an _r.

Denote by a'u i — 1, 2, . . n — r, the ith row of the determi
nant d\ regard this row as an (n — r)-dimensional vector. Then set

P =  (̂ r +1’ t̂+2•> • • n̂)
The vectors a[, i — 1, 2, . . ., n — r, are linearly independent 
since d =£0. However, the system of (n — r)-dimensional vectors

a i> * ’ •» a n -r ’ P
is linearly dependent since the number of vectors in it is greater than 
their dimensionality. Hence there are scalars ku k2 , . .  A v i - r  such 
that

P' =  +  k2a'2 +  . . . +  K-r^n-r (4)
Now consider the ^-dimensional vector

6  =  A i a i  - f -  k2a 2 +  .  .  .  +  kn_ran-r —  P
Since the vector 8 is a linear combination of the solutions of the 
system (1) of homogeneous equations, it will be a solution of the 
system. From (4) it follows that in the 8 solution the values of 
all the free unknowns are zero. However, the unique solution of 
system (1) which is obtained for zero values of the free unknowns 
will be a trivial solution. Thus, 8 =  0, that is,

P  =  kiCLi ~ j -  k2cc2 +  . .  .  ~ f-  kn_T<xn_T
which proves the theorem.

Note that the foregoing proof permits us to assert that we will 
obtain all the fundamental systems of solutions of the system (1) 
of homogeneous equations by taking for d all possible nonzero deter
minants of order n — r.

Example. Given the following system of homogeneous linear equations:
3#! 4* X2 — 8x3 -)- 2x* -f- X5 =  0, ^
2xj -— 2x2 — 3x3 — 7x4 4~ 2x5 = 0 ,  1
x i -f- i lx 2 — 12xs +  34x4 — 5x5 =  0, j
xj — 5x2 +  2 x3 — 16x4 -+■ 3x5 = 0 J

The rank of the coefficient matrix is two, the number of unknowns is equal 
to five; therefore every fundamental system of solutions of this system of equa
tions consists of three solutions. We solve the system confining ourselves to the 
first two linearly independent equations and considering X3, X4, x5 as free un
knowns. We obtain the general solution in the form

19 , 3 1
x l — g *3 1 g *4 2

7 25 , 1
*2 =  -g *3—g *4+2- *5

Then we take the next three linearly independent three-dimensional vectors 
(1, 0, 0), (0, 1, 0), (0, 0, 1). Substituting the components of each of them



86 CH. 2. SYSTEMS OP LINEAR EQUATIONS

into the general solution as values for the free unknowns and computing the 
values for xi and x2y we get the following fundamental system 01 solutions 
of the given system of equations:

O l = ( j ,  1, o, o), *,= (■§•, - f  , 0 , 1, o),

a3= ( —y ,  y ,  0 , 0 , l )
We conclude this section by considering the relationship between 

the solutions of nonhomogeneous and homogeneous systems. Suppose 
we have a system of nonhomogeneous linear equations

flii^i 4~ a\2x2 +  . • 4” &ln%n
®2l^l 4~ Q'%2X2 4~ • • 4- ®2n^n b2, ^

asix i 4~ ns2x 2 +  . • 4- nsnxn =  bs J
The system of homogeneous linear equations

aii%\ 4" ^12̂ 2 4~ • • • +  alnX.n ~  0 , 
®21“̂1 4~ ®22'̂ '2 4~ • • • 4~ 0?

Q’sl'X'l 4“ ®s2*̂ 2 4~ • * • 4~ ^sn^n ^
obtained from (5) by replacing the constant terms by zeros is called 
the reduced system of (5). There is a close connection between the 
solutions of (5) and (6), as the following* two theorems indicate.
I. The sum of any solution of system (5) and any solution of the 
reduced system (6) is again a solution of system (5).

Indeed, let cl5 c2, . . ., cn be a solution of (5), and du d2, . . ., dn 
a solution of (6). Take any one of the equations of system (5), say 
the kth, and substitute into it the numbers +  dlt c2 -{■ d2, . . .  
. . ., cn +  dn in place *of the unknowns. We get

n  n n
2  ahj (cj -f- df) =  2  akjcj 4~ 2  ahjdj =  bh -f- 0 =  ft*
j=l 3=1 j=i

II. The difference between any two solutions of (5) is a solution of (6). 
Indeed, let cu c2, . . ., cn and c[, c'2, . . ., c'n be solutions of

system (5). Take any one of the equations of (6), say the Zeth, and 
substitute into it in place of the unknowns the numbers 

Ci Cj, c2 c2, . . ., cn cn
This yields

n  n  n

2  Q'kj (cj =  2  ®hjCj 2  Q'hjCj =  bh bh =  0
3=1 3=1 3=1

It follows from these theorems that by finding one solution of the 
system (5) of nonhomogeneous linear equations and adding it to every 
solution of the reduced system (6), we obtain all solutions of (5).



CHAPTER 3

THE ALGEBRA 
OF MATRICES

13. Matrix Multiplication

In the preceding chapters the concept of a matrix was utilized 
as an essential auxiliary tool in the study of systems of linear equa
tions. Numerous other applications have made it the subject of a 
large independent theory, many branches of which go beyond the 
limits of this course. We shall now discuss the fundamentals of this 
theory which starts with the fact that two algebraic operations, 
addition and multiplication, are defined in the set of all square matri
ces of a given order in a very peculiar but fully motivated fashion. 
We begin with the multiplication of matrices; addition will be intro
duced in Sec. 15.

From the course of analytic geometry we know that when the 
axes of a rectangular coordinate system in the plane are rotated 
through an angle a , the coordinates of a point are transformed accord
ing to the following formulas:

x =  x ' cos a  — y* sin a,

y — x ' sin a  +  y* cos a

where x  and y  are the old coordinates of the point, and x f, y ' are the 
new coordinates. Thus, x  and y are expressed linearly in terms of 
x  and y' with certain numerical coefficients. There are also many 
other instances of the substitution of unknowns (or variables) in 
which the old unknowns are linearly expressed in terms of the new 
ones. Such a substitution of unknowns is ordinarily called a linear 
transformation (or linear substitution). We thus arrive at the follow
ing definition.

A  linear transformation of unknowns is a transition from a set 
of n unknowns Xu x 2, . . ., xn to a set of n unknowns y if y 2, . . ., yn 
such that the old unknowns are expressed linearly in terms of the
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new ones with certain numerical coefficients:
xi — duyi 4- di2y2 -j- • • • 4- ainyn,
x2 d2lyi 4  a22y2 ~b • • • 4~ a2nyn, > ( 1 )

%n d,n\y\ 4  dn2y2 “f- . . .  4 “ annyn
The linear transformation (1) is fully determined by its coef

ficient matrix
flll fl|2 • • • d\n
®2i ^22 • • ' dtf•'2TI

,dn1 dn2
since two linear transformations of the same matrix can differ only 
in the letters denoting the unknowns; we take it, however, that the 
choice of these designations is wholly in our own hands. Conversely, 
specifying an arbitrary matrix of order n, we can immediately write 
the linear transformation for which this matrix serves as the coef
ficient matrix. Thus, there is a one-to-one correspondence between 
the linear transformations of n  unknowns and the square matrices 
of order n. Therefore, every concept involving linear transformations 
and every property of these transformations must be associated with 
a similar concept or property involving matrices.

Let us examine the problem of a successive performance of two 
linear transformations. Suppose that following the linear transfor
mation (1) there is effected a linear transformation like

yi ~~ bn Zi 4  bi2z2 4  • • • 4~ binzni
y2 — b2lzi 4  b22z2 • • • 4" ^

yn ~  bnl%t 4" bn2Z2 4  • • • 4" bnnZn J
which takes the set of unknowns yl5 z/2, . . ., yn into the set 
zt, z3, . . ., Zn\ denote the matrix of this transformation by B. 
Substituting into (1) the expressions for yu y2r . . yn from (2), 
we get linear expressions for the unknowns xu  . . ., xn in terms 
of the unknowns zit z8, . . ., zn. Thus, the result of a successive 
execution of two linear transformations of unknowns will again be 
a linear transformation.

Example. The result of the successive performance of linear transformations 
xi — 3pt — Vii Vi — *i 4 *2>

Ifi 4 Vi = 4- 2z2
is the linear transformation

xi =  3 (zi 4  H) — (4zi 4  2z2) =  —zi 4  z2,
x% — fa 4  *2) 4  5 (4zi 4  2z2) =*» 21zi 4  f 1*2
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Denote by C the matrix of the linear transformation which 
is the result of the successive performance of transformations (1) 
and (2 ) and find the law by which its elements c i ,  k = i ,  2 , . . n 
are expressed in terms of the elements of the matrices A  and B. 
Writing down the transformations (1) and (2) succinctly in the form

n n

Xt =  2̂ &ij, yj ,  i — 1 , 2 ,  tv, y j  =  2  bj\Zh, /  == 1» 2 ,  . . , ,  n
7=1 fc=l

we obtain
n  n  n  n

Xi — 2  aH ( S  bjhZh) =  2  ( 2  Oijbjh) Zh, i =  1, 2, n
7=1 fc= 1 fc=l j = l

Thus, the coefficient of zk in the expression for xt (that is, the element 
cih of matrix C) is of the form

n

Cik =  2  • * • "I-  (3)
3=1

The element of matrix C in the ith row and kth column is equal to 
the sum of the products of the corresponding elements of the ith row 
of m atrix A  and the kth column of m atrix B.

Formula (3), which expresses the elements of matrix C in terms 
of the elements of matrices A  and B , permits us to write down C 
immediately, given A  and B , without having to examine the linear 
transformations corresponding to the matrices A  and B. In this 
fashion, a one-to-one correspondence is set up between any pair 
of square matrices of order n  and a definite third matrix. We can 
say that in the set of all square matrices of nth order we have 
defined an algebraic operation which is called matrix multiplica
tion, and matrix C is called the product of the matrix A  by the 
matrix B:

C =  A B
Let us once again formulate the relationship between linear 

transformations and matrix multiplication.
A  linear transformation of unknowns obtained as a result of the 

successive performance of two linear transformations of matrices A  and 
B  has as its coefficient matrix the m atrix A B .

Examples.

(1) ( 4 9 W  1 =  ( 4 ,1  + 9\ - l  3j V—2 i )  \ ( —1) -1 +  3
_  / —14 - 3  

V - 7  6
/  2 0 1\ / —3 1 0\  /  —6 1 3\

(2) [ - 2  3 2 ) . (  0 2 1 | =  ( 6 2 9 )
V 4 - 1 5 /  \  0 - 1 3 /  \ —12 - 3  14/

( 7  2 \2__/7  2\ ( 7  2\ _ / 5 l  16\
\1 i f  “ \1 l / ' U  1/  V 8 Sf(3)
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(4) Find the result of the successive performance of the linear transforma
tions

*i =  5pi — y2 +  3|/s, 
x2 — Vi —  2 y2, 
x a =  7 y z — ya

and
Vi — +  zs,
Vz — Z2 —• 5z3,
Ps =  2z2

Multiplying the matrices, we obtain
/5 - 1  3\  /2 0 1\ /10 5 10\
[ 1 - 2  0 ] • [ 0 1 - 5  I =  I 2 - 2  11 ]
\ 0  7 - 1 /  \ 0  2 0 /  V o 5 - 3 5 /

The desired linear transformation is therefore of the form
*i =  10zi +  5z2 +  lOzs, 
x2 — 2zi — 2z2 -f* llzs, 
xs — 5z2 — 35z2

Take one of the above examples of matrix multiplication, 
say (2), and find the product of the same matrices, but in reverse 
order:

/  —3 1 0 \  /  2 0 1 \  /  —8 3 - 1 \
0 2 1 1.1 —2 3 2 ) =  0 5 9 )

\  0 - 1 3 /  \  4 - 1 5 /  V 14 - 6  1 3 /
We see that the product of the matrices depends on the order 

of the factors; in other words, matrix multiplication is noncommuta- 
tive. Actually, this is something we should have expected, if only 
because the matrices A  and B  are not of equal status in the 
definition of matrix C given above by means of formula (3): in A 
we take the rows and in B  the columns.

Examples of noncommutative matrices of order n , that is, matri
ces whose product changes with an interchange of the factors, may 
be given for all n beyond n =  1 [second-order matrices in Example
(1) are noncommutative]. On the other hand, two given matrices 
may accidentally turn out to be commutative, as witness the follow
ing example:

/  7 —12\ /26  4 5 N / 2 6  45\ /  7 —12\ _  /2  3 \
V - 4  7 / V l 5  2 6 /" '  V15 2 6 / V—4 l )  ~  \ i  2 )

M atrix multiplication is associative; one can therefore speak of 
a uniquely defined product of any finite number of matrices of 
order n  taken in a definite order (because of the noncommutativity 
of multiplication).

Proof. Suppose we have three arbitrary matrices of order n , A , 
B  and C. In abbreviated notation (which indicates the general
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aspect of their elements) we have A — (a^), B =  (bu), C —
We also introduce the following designations:

AB =  U =  (vu), BC =  V =  (vu),
(AB) C — S =  (su), A (BC) — T =  (tu)

We have to prove the truth of the equations (AB) C — A (BC), that 
is, S =  T. However

n n
U ii=  2  aihbkl, Vhj— 2  bklCij 

fe=l i = l

and, therefore, because of the equations S — UC, T — AV,
n  n n

&ij— 2  U'ilClj==: S  2  ̂ ihbkl l̂jj
1=1 1=1  fc=l
n n n

t i j— 2  GihVkj — 2  S  QihbhlCljk=l h= 1 /=1
That is to say, =  ttJ for i, j  =  1, 2, . . ., n.

To go deeper into the properties of matrix multiplication we 
have to study their determinants. For the sake of brevity, we agree 
to denote the determinant of matrix A by | A |. If in each of the
above examples the reader will take the pains to count the deter
minants of the matrices being multiplied and to compare the product 
of these determinants with the determinant of the product of the 
given matrices, he will detect an extremely curious regularity 
which is expressed as the following very important theorem on the 
multiplication of determinants.

The determinant of a product of several matrices of order n is equal 
to the product of the determinants of these matrices.

It will suffice to prove this theorem for the case of two matrices. 
Let there be given the wth-order matrices A =  (atj) and B =  (btj) 
and let AB =  C =  (c^). Construct the following auxiliary deter
minant A of order 2n: in the upper left corner put matrix A, in the 
lower right corner, matrix B, the entire upper right corner will be 
occupied by zeros, finally, put the number — 1 along the principal 
diagonal of the lower left corner and zeros elsewhere. Determinant 
A will then look like this:

a il al2 . . . 0 0 . . .  0

a21 a22 •  • &2n 0 0 . . .  0

O'Tl J an2 •  • ® n n 0 0 . . .  0
- 1 0  . . . 0 fell fel2 . . .  b^n

0 - 1  . . 0 b2i b22 • • •  b2n

0 0  . . . - 1 fenl bn2 . . .  bnn
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Applying the Laplace theorem to the determinant A—expansion 
about the first n rows—we get the following equation:

A =  \A  \ - \ B I (4)
Now let us attempt to transform the determinant A, without 

changing its value, so that all elements by, i, j  =  1, 2, . V n, 
are replaced by zeros. To do this, add to the (n +  l)th column 
of A its first column multiplied by bti, the second multiplied by b2l 
and so on, and finally, the nth column, multiplied by bni. Then 
add to the (n -f- 2)th column of determinant A the first column 
multiplied by b12, the second multiplied by b22, and so on. Gene
rally, we add to the (n +  ;)th column of the determinant A, where 
7 =  1 , 2 , . . ., n, the sum of the first n columns taken, respectively, 
with the coefficients by, b2j, . . ., bn}.

It is easy to see that these manipulations do not change the 
determinant and actually result in the replacement of all ele
ments btj by zeros. At the same time, in place of the zeros in the 
upper right corner of the determinant there appear the following, 
numbers: at the intersection of the ith row and the (n -{- ;)th column 
of the determinant, i, j  =  1 , 2 , . . ., n, will stand the number 
&nbi} - f  ai2b2j -f- . . . +  dinbnj equal [because of (3)] to the element 
ctj of matrix C =  AB. The upper right corner of the determinant 
is now occupied by matrix C:

a ll a  1 2  • # 1 7 1 C 11 # 1 2  • • #171

« 2 1 « 2 2  • • • # 2 7 1 # 2 1 # 2 2  •  • #271

a nz  • •  •  #7171 c m # 7 1 2  • • #7171

—  1 0  . 0 0 0  . . 0

0 - 1  . . .  0 0 0  . . 0

0 0  . . .  — 1 0 0  . . . 0

Apply the Laplace theorem once again, expanding the deter
minant about the last n columns. The complementary minor of 
the minor | C | is equal to (—l) n, and since the minor | C | is located 
in rows with position numbers 1 , 2, . . ., n and in columns with 
position numbers n +  1 , n +  2 , . . ., 2n, and 
l  +  2 - f : . . . - | - »  +  (w +  l) +  (rc +  2) +  . . . + 2n =  2 n2 -f  n 

i t  follows that

A =  ( -  l ) 2n2+n ( — 1)” | C | =* ( -  l ) 2<n2+n> | C | 

or, due to the evenness of the number 2 («2 -f- n),
A =  1C | (5)
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Finally, from (4) and (5) follows the equation we set out to prove: 
\C  \ =  \A  \ - \ B j

The multiplication theorem for determinants could he proved 
without invoking the Laplace theorem. One such proof is given 
at the end of Sec. 16.

14. Inverse Matrices
A square matrix is called singular if its determinant is zero, 

otherwise it is nonsingular. Accordingly, a linear transformation 
of unknowns is called singular or nonsingular depending on whether 
the coefficient determinant of this transformation is zero or not. 
The following assertion follows from the theorem proved at the 
end of Sec. 13.

The product of matrices, at least one of which is singular, is a singu
lar matrix.

The product of any nonsingular matrices is a nonsingular matrix.
From this there follows the assertion (because of the relationship 

existing between matrix multiplication and the successive perfor
mance of linear transformations): the result of a successive perfor
mance of several linear transformations is a nonsingular transforma
tion if and only if all the given transformations are nonsingular.

The role of unity in matrix multiplication is played by the unit 
(iidentity) matrix

It commutes with any matrix A of a given order,
AE =  EA =  A (1)

These equalities are proved either by direct application of the 
rule for multiplying matrices or on the basis of the remark that the 
unit (identity) matrix corresponds to an identical linear transfor
mation of unknowns:

*i =
x* =  y2»

xn yn

the performance of which, either prior to or following any other 
linear transformation, obviously does not alter that transformation.
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Note that matrix E is the only matrix which satisfies condition (1) 
for any matrix A. Indeed, if there were also matrix E' with this 
property, we would have

E’E =  E \ E'E =  E
whence Ef =  E.

The question of whether a given matrix A has an inverse turns 
out to be more complicated. Since matrix multiplication is not 
commutative, we will now speak of the right inverse matrix, that 
is a matrix A~x such that postmultiplication of A by this matrix 
yields the identity matrix:

AA~X = -E  (2)

Suppose matrix A is singular; then if matrix A~x existed, the product 
on the left of (2 ) would, as we know, be a singular matrix, whereas 
in actual fact the matrix E in the right member of this equation 
is nonsingular since its determinant is equal to unity. Thus a singular 
matrix cannot have a right inverse matrix. Similar reasoning shows 
that it cannot have a left inverse matrix either, and for this 
reason, a singular matrix has no inverse at all.

Passing to the case of a nonsingular matrix, let us first introduce 
the following auxiliary concept. Suppose we have an rath-order 
matrix

A

The matrix

A *

011 a i2 . . n \

^2l O- 22 • • a 2n 1

, ®ni O'nl • • • O n n )

-4 il -4.21 . • • -4 ni
Ai% -4 22 •

A  in A  2n • • • Ann

which consists of the cofactors of the elements of A (note that the 
cofactor of element an lies at the intersection of the ;th row and 
the ith column) is called the adjoint of matrix A.

Let us find the products .4^4* and A*A. Using the familiar for
mula (see Sec. 6) for the expansion of a determinant about a row 
or column, and also the theorem (see Sec. 7) on the sum of the pro
ducts of the elements of any row (column) of a determinant by the 
cofactors of the corresponding elements of another row (column) 
and denoting by d the determinant of the matrix A ,

d =  \A  |
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we get the following equations: 

AA* =  A* A =

d 0  . . . 0

0  d . . . 0 (3)

\ 0  0  . . . d j
From this it follows that if matrix A is nonsingular, then its 

adjoint A* will also be nonsingular; note that the determinant d* 
of matrix A* is equal to the (n — 1 )th power of the determinant d of 
matrix A.

Indeed, passing from (3) to the equality between the determi
nants, we get

dd* — dA
whence, because d =£ 0 ,

d* =  dn~x
(We could prove that if matrix A is singular, then its adjoint 

A* is also singular and has rank which does not exceed 1.)
It is now easy to prove the existence of an inverse matrix for 

any nonsingular matrix A and to find its form. Note first that if 
we consider the product of two matrices AB and if we divide all 
the elements of one of the factors, say B, by one and the same 
number d, then this number also divides all elements of the product 
AB: to prove this all we need to do is recall the definition of matrix 
multiplication. Thus, if

d =  \A  | # 0
then from (3) it follows that the inverse of A is a matrix obtained from 
the adjoint A* by means of division of all its elements by the number d:

r ^ii A z l ■™nl \
d d * ' d

A12 A 22 A n z
d d ‘ ’ d

A in A z n ^nn«»in * *zn * * 7i7i
\  d d ' * * d J

Indeed, from (3) follow the equalities
A A -1 =* A -XA =  E (4)

We stress once again that the ith row of matrix A~x contains 
the cofactors of the elements of the ith column of determinant j A | 
divided by d =  | A |.

It is easy to prove that matrix A~x is the only matrix which 
satisfies condition (4) for a given nonsingular matrix A. True enough,
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if matrix C is such that

then
AC =  CA =  E 

C A A '1 =  C (AA-i) =  CE =  C,
C A A '1 =  {CA).A~X =  tf.4- 1 =

whence C =  4 ' 1,
From (4) and the multiplication theorem for determinants it

follows that the determinant of matrix A~x is equal to j-̂ -j so that
this matrix is also nonsingular; its inverse is the matrix A.

Now, if we have square matrices A and B of order n, of which A 
is nonsingular and B is arbitrary, then we can perform the right 
and left divisions of B by A, that is, we can solve the matrix equations

A X  — By YA =  B (5)
To do this, it will suffice (because of the associativity of matrix 

multiplication) to set
X  =  A ~XB, Y  =  B A -1

These solutions of equations (5) will, in the general case (because 
matrix multiplication is not commutative), be distinct.

Example 1. Given a matrix
/  3 —1 O'

A =  I - 2  1 1
\  2 - 1

Its determinant | A | =  5, and so the inverse matrix A~x exists:
4 1

A -1 =

Example 2. Given the matrices

The matrix A is nonsingular, and

—  ( -
Therefore the following matrices are solutions of the equations A X

B

3 —2\
4 3 /

B,
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Multiplication of rectangular matrices. Although in the preceding 
section matrix multiplication was only defined for square matrices 
of the same order, it carries over to the case of rectangular matrices A  
and B, provided it is possible to apply formula (3) of the preceding 
section, i.e., if any row of matrix A contains as many elements 
as there are in any column of matrix B. In other words, one can 
speak of the product of rectangular matrices A  and B  if ike number 
of columns of matrix A  is equal to the number of rows of matrix B y 
the number of rows of matrix A B  being equal to the number of rows 
of A , and the number of columns of matrix A B  to the number of columns 
of B.

Multiplication of rectangular matrices may be related to a 
successive performance of linear transformations of the unknowns, 
provided only that in the definition of the latter we give up the 
assumption that the number of unknowns is preserved under the 
linear transformation.

It is also easy to verify, by repeating word for word the proof 
given above for the case of square matrices, that associativity holds 
true also for the multiplication of rectangular matrices.

We now take advantage of the multiplication of rectangular 
matrices and of properties of the inverse matrix for a new deriva
tion of Cramer’s rule, which does not require the involved compu
tations that were carried out in Sec. 7. Let there be given a system 
of n linear equations in n unknowns:

«ll^i +  +  • • • +  &lnZn — bu >
#21*^1 ""f~ ®22^2 ®2n % n  ^  ^2» ̂ (6)

&r> 1^1 ^n2*^2 ""t-  • • • “}” Unn*^n b n w

The determinant of this system is different from zero. Denote by A  
the coefficient matrix of system (6 ); this matrix is nonsingular

7—5760
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since, by hypothesis, d =  | A | 0. Denote by X  the column of
unknowns, by B the column of constant terms of (6); thus

The product A X  is meaningful since the number of columns of 
matrix A is equal to the number of rows of matrix X; this product 
will be a column composed of the left-hand sides of the equations 
of system (6 ). Thus, (6) may be written in the form of a single matrix 
equation

A X  = B  (7)
Multiplying both sides of (7) on the left by the matrix A -1, the 

existence of which follows from the nonsingular nature of the square 
matrix A, we get

X =  A ~XB (8 )
The product on the right is a matrix of one column; its jfth 

element is equal to the sum of the products of the elements of the 
7th row of matrix A~x by the corresponding elements of matrix B, 
that is, it is equal to the number

~1T b iJr~ ^ ~ b 2-\- • • • H— bn =  - j iA i jb i  +  AzjbzA- • • .  A-^-njbn)

The parenthesis on the right is, however, an expansion about the 
7'th column of determinant dj, which is obtained by replacing the 
;th column of d by the column B. Thus, formulas (8 ) are equivalent 
to formulas (3), Sec. 7, which express the solution obtained by 
Cramer’s rule to system (6 ).

It remains to show that the values of the unknowns thus obtained 
are indeed the solution of system (6). To do this, put expression (8 ) 
into the matrix equation (7); it obviously yields the identity B =  B.

The rank of a product of matrices. In the case of singular matrices, 
the multiplication theorem for determinants does not lead to any 
utterance beyond the fact that their product will also be singular, 
although singular square matrices can be distinguished according 
to rank as well. Note that there is no completely definite relation
ship between the ranks of the factors and the rank of the product, 
as is evident from a glance at the following examples:

/2  0 \ /3  0 \ _  / 6  0 \
Vo oj Ao oj VO 0/
/2  0\ /0  0\ _ / 0  0\
Vo oj vo 3/“ Vo oj
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In both cases, matrices of rank 1 are multiplied, but in one case 
the product has rank 1, in the other, rank 0. It is only the following 
theorem which holds true (and not only for square but for rectangular 
matrices as well).

The rank of a product of matrices does not exceed the rank of each 
of the factors.

It will suffice to prove this theorem for the case of two factors. 
Suppose we have matrices A  and B  for which the product A B  is 
meaningful: A B  — C. We consider formula (3), Sec. 13, which 
yields an expression for the elements of matrix C. Taking this 
formula for the given k  and for all possible i (i =  1 , 2 , . . .), 
we find that the Zcth column of matrix C is the sum of all the columns 
of matrix A  taken with certain coefficients (namely, with the coef
ficients bih, b2h> • • •)• This is proof that the system of columns of 
matrix C is expressed linearly in terms of the system of columns 
of matrix A  and, therefore, as shown in Sec. 9, the rank of the first 
system is less than or equal to the rank of the second system; in 
other words, the rank of matrix C does not exceed the rank of matrix 
A . On the other hand, since from this same formula (3), Sec. 13, 
there follows, for a given i and for all k, that each ith row of matrix 
C is a linear combination of the rows of matrix B , we find by analo
gous reasoning that the rank of C is not greater than the rank of B.

A more precise result is obtained in the case when one of the 
factors is a nonsingular square matrix.

The rank of the product obtained by pre- or postmultiplication 
of an arbitrary matrix A  by a nonsingular square matrix Q is equal 
to the rank of matrix A .

For example, suppose
AQ =  C (9)

From the preceding theorem it follows that the rank of matrix C 
is not greater than the rank of matrix A . However, multiplying (9) 
on the right by Q~x, we arrive at the equation

A  =  CQ-1

and for this reason, again on the basis of the preceding theorem, 
the rank of A  does not exceed that of C. A comparison of these two 
results proves the coincidence of the ranks of matrices A  and C.

15. Matrix Addition and Multiplication 
of a Matrix by a Scalar '

For square matrices of order n , addition is defined as follows.
The sum A  +  B  of two square matrices A  =  (aiy) and B — (bif) 

of order n is the matrix C =  (cij), each element of which is equal

7
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to the sum of the corresponding elements of matrices A and B:
cu — au +  bij*

The addition of matrices thus defined will obviously be 
commutative and associative. The inverse operation also exists; 
the difference between the matrices A and B is a matrix composed 
of the differences of the corresponding elements of the given matrices. 
The role of zero is played by the zero matrix, composed entirely 
of zeros; this matrix will from now on be denoted by the symbol 0 . 
There is no real danger of confusing a zero matrix and the number 
zero.

The addition of square matrices and their multiplication as defined 
in Sec. 13 are related by the distributive laws.

Indeed, suppose we have three matrices of order n, A =  (ai7), 
B =  (bij), C =  (ctj). Then for any i and f we have the obvious 
equality

n n n
2  (®is "f“ b i t )  Cs j  — 2  Qi s Cs j  2  b t s C s j

8 = 1  8 = 1  8=1

However the left side of this equation is an element in the ith row 
and /th column of the matrix (̂ 4 +  B) C, the right side is an element 
in the same position in the matrix AC -j- BC. This proves the 
equation

(A +  B) C =  AC +  BC
The equation C (A -f- B) — CA +  CB is proved in exactly the 
same way: the noncommutativity of matrix multiplication quite 
naturally requires proof of these two distributive laws.

Let us introduce the following definition of multiplication of 
matrices by a scalar.

The product kA of a square matrix A =  (at j) by a scalar k is the 
matrix A ' — (arij) obtained by multiplying all elements of the 
matrix A by k:

flij — katj
We have already encountered (Sec. 14) one such example of 

multiplication of a matrix by a scalar: if matrix A is nonsingular, 
and | A | =  d, then its inverse, A~l, and the adjoint A* are connect
ed by the equation

A - 1 =  d~1A*
As we know, any square matrix of order n may be regarded 

as an n2-dimensional vector: this correspondence between matrices

* Of course, one could define the matrix product in just as natural a way 
multiplying the corresponding elements. However, such multiplication, 
unlike that defined in Sec. 13, would not find any serious applications.
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and vectors is one-to-one. The addition of matrices and the multi
plication of a matrix by a scalar defined here are then converted 
into the addition of vectors and the multiplication of a vector 
by a scalar. Thus, the collection of square matrices of order n may be 
regarded as an n2-dimensional vector space.

From this follows the truth of the following equations (here, 
A and B are matrices of order n\ k, I are scalars and 1 is the number 
unity):

k (A +  B) =  kA +  kB, (1)
(k +  I) A = k A  +  IA, (2)

k (IA) — (kl) A, (3)
1 A = A  (4)

Properties (1) and (2) connect multiplication of a matrix by 
a scalar with addition of matrices. At the same time, there is a very 
important relationship between the multiplication of a matrix by 
a scalar and multiplication of the matrices alone, namely,

(kA) B =  A (kB) =  k (AB) (5)
In words, if one of the factors in a product of matrices is multiplied 
by a scalar k, then the whole product is multiplied by k.

Let there be matrices A — (atj) and B =  (btj) and a scalar k. 
Then for any i and /',

n n

(ka%s) bsj == k aisbsj 
6=1 8= 1

The left side of this equation, however, is an element in the ith 
row and the ;th column of matrix (kA) B , the right side is an element 
in the same place in matrix k (AB). This proves the equation

(kA) B =  k (AB)

The equation A (kB) =  k (AB) is proved in the same way.
The operation of multiplication of a matrix by a scalar permits 

introducing a new mode of matrix notation. Denote by Etj the 
matrix in which unity lies at the intersection of the ith row and 
the/th column, all other elements being zero. Setting i =  1, 2, . . . 
. . ., n, and / =  1 , 2 , . . ., n, we obtain n2 such matrices Etj, 
which are connected, as may easily be verified, by the following 
multiplication table:

EisESj =  Eij, EisEtj =  0 for s =£t
The matrix kEu differs from the matrix Eu solely in the fact 

that it has the scalar k at the intersection of the ith row and the 
/'th column. Taking this into consideration and using the definition
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of matrix addition, we get the following notation for an arbitrary 
square matrix A:

A =

a l l al2 . .,. ain
a Zl a ZZ • •• • n

O'Tli a 7i2 • ■■ • & n n

— 2  2
i = l  j = l

(6)

The matrix A obviously possesses only the notation (6 ).
The matrix kE, where E is the unit matrix, has, by the defini

tion of multiplication of a matrix by a scalar, the following form:
/ h  0\

I k  \
kE =

\ 0  k j
that is to say, one and the same scalar k on the principal diagonal 
and all other elements zero. Such matrices are called scalar matrices.

The definition of matrix addition leads to the equation
. kE +  IE =  (k +  I) E (7)

On the other hand, using the definition of matrix multiplication 
or proceeding from (5), we get

kE-lE — (kl) E (8 )
Multiplication of matrix A by a scalar k may be interpreted as 

multiplication of A by a scalar matrix kE in the meaning of multi
plication of matrices. Indeed, by (5),

(kE) A =  A (kE) =  kA

The conclusion to be drawn here is that every scalar matrix 
commutes with any matrix A. It is very important to point out that 
scalar matrices are the only ones with this property.

If a matrix C =  (ctj) of order n commutes with any matrix of the 
same order, then C is a scalar matrix.

Indeed, set i f and consider the products CEa and EtjC 
(which by hypothesis are equal; see above definition of the matrix 
Eh). It is clear that all columns of matrix CEa, except the /th, 
consist of zeros, and the /th column coincides with the ith column 
of matrix C\ in particular, element ca  lies at the intersection of 
the ith row and the /th column of matrix CEa. Similarly all the 
rows of matrix EaC, except the ith, consist of zeros, and the ith 
row coincides with the /th row of matrix C; at the intersection of 
the ith row and the /th column of matrix Etj C lies the element Cjj.
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Using the equality CEtj =  EijC, we find that cit =  cjj (as elements 
in the same positions of equal matrices), which is to say that all 
elements of the principal diagonal of matrix C are equal. On the 
other hand, element cjt lies at the intersection of the ;'th row and 
the ith column of matrix CEij\ but in matrix EaC  we have a zero 
at this site (because i =5̂  7), and therefore cjt =  0 , or every off-diago
nal element of matrix C is zero. The theorem is proved.

16. An Axiomatic Construction
of the Theory of Determinants

An Nth-order determinant is a number which is uniquely defined 
by a given square matrix of order n. The definition of this concept 
given in Sec. 4 points to a rule by which a determinant can be 
expressed in terms of the elements of the given matrix. This construc
tive definition may, however, be replaced by an axiomatic definition. 
In other words, it is possible to point out, among the properties 
of a determinant that were established in Secs. 4 and 6 , such ’ roper- 
ties that the determinant is the sole function of a real matrix aving 
these properties.

The simplest definition of this kind consists in utilizing the 
expansion of a determinant in terms of a row. Let us consider square 
matrices of any order and let us assume that any such matrix M  
is associated with a number dM and the following conditions hold.

(1) If the matrix M  is of order one, that is, if it consists of 
a single element a, then dM — a.

(2) If the first row of a matrix M  of order n is made up of the 
elements alu al2, . . ., aln and if 'Mu i =  1, 2, . . ., n, denotes 
a matrix of order n — 1 which remains after deleting from M  the 
first row and the ith column, then

& M =  flildjifx +  «13̂ M3 — • . . +  (— 1 )n~1dlndMn

Then for any matrix M, the number dM is equal to the determinant 
of that matrix. We leave it to the reader to carry out the proof of 
this assertion, which is done by induction with respect to n and 
utilizes the results of Sec. 6 .

Much more interesting are some other forms of an axiomatic 
definition of a determinant which refer solely to the case of a given 
order n and have for a basis some of the simplest determinant pro
perties that were established in Sec. 4. Let us examine one of these 
definitions.

Let any square matrix M  of order n be associated with a number 
dM, and let the following conditions hold true.

I. If one of the rows of matrix M is a multiple of k, then the number 
dM is also a multiple of k.
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II. The number dM is not changed if to one of the rows of M we 
add another row of this matrix.

III. If E is the unit matrix, then dE =  1 .
We shall prove that for any matrix M the number dM is equal 

to the determinant of the matrix.
Let us first derive from the conditions I to III certain properties 

of the number dM that are analogous to the corresponding properties 
of a determinant.

(1) If one of the rows of matrix M consists of zeros, then dM =  0.
Indeed, by multiplying a row consisting of zeros by the number 0,

we do not change the matrix, but because of Condition I, the number 
dM acquires the factor 0. Therefore

dm =  0  dM =  0

(2) The number dM does not change if to the ith row of matrix M
we add its jth row, j =£ i, multiplied by a scalar k.

If k — 0, then that is the proof. If k 0, then we multiply
the ;th row by k and obtain a matrix M' for which, because of
Condition I, du' =  kdM. Then to the ith row of matrix M' we 
add the ;th row and obtain the matrix M", and, because of Condi
tion II, dM* — dM>- Finally, we multiply the ;th row of matrix M" 
by the scalar k~x. We arrive at matrix Mm, which is actually 
obtained from M  by the transformation indicated in the formula
tion of the property being proved; note that

dMm — k~ldM" =  k~xdM> — k~x • kdM ~
(3) If the rows of matrix M are linearly dependent, then dM — 0.
Indeed, if one of the rows, say the ith, is a linear combination

of the other rows, then, applying transformation (2) several times, 
it is possible to replace the ith row by a row of zeros. Transforma
tion (2) does not change the number dM and so, by Property (1), 
dM =  0 .

(4) If the ith row of matrix M is a sum of two vectors P and y and 
if matrices M' and M" are obtained from M by replacing its ith row 
by the vectors p and y, respectively, then

dM — djif' dM”
Let S be the system of all rows of matrix M, except the ith. 

If there is a linear dependence in S, then the rows of each one of 
the matrices M, M ', M " are linearly dependent, and therefore, 
by Property (3), dM — dM’ =  dM* =  0, whence in that case 
follows the truth of the property being proved. Now if a system S 
consisting of n — 1 vectors is linearly independent, then as the 
results of Sec. 9 show, a vector a may be adjoined to form a maximal 
linearly independent system of vectors of n-dimensional vector 
space. It is possible to express the vectors p and y linearly in terms
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of this system. Let vector a  enter these expressions with the coef
ficients & and Z, respectively; vector a  will then enter the expression 
for the vector p +  y, that is, for the ith row of matrix M,  with 
the coefficient k +  Z. Matrices M, M '  and M "  can now be transformed 
by subtracting from their ith rows certain linear combinations of 
other rows so that the vectors {k I) a, ka and la will serve respec
tively as their ith rows. Therefore, denoting by M° the matrix 
obtained from matrix M  by replacing its ith row by the vector a 
and taking into account Properties (2) and I, we arrive at the equa
tions

diif =  (k-\-l) d/ifo, dw  — kdjtfo, dM* =  Id mo

The proof of Property (4) is complete.
(5) If matrix M is obtained from matrix M by interchanging 

two rows, then djj =  —dM.
Suppose it is necessary in matrix M  to interchange the rows 

with subscripts i and /. This can be achieved by a chain of trans
formations: first add to the ith row of M  its /th row and get matrix 
M'; by Condition II, dM> =  dM. Then from the /th row of M' sub
tract its ith row and arrive at the matrix M", for which, by Property
(2 ), we have dM* =  dM'\ the /th row of ilf* will differ in sign from 
the ith row of M. Now add to the ith row of M" its /th row. For 
matrix M m, which this manipulation yields, we have, by Condi
tion II, d M =  dMK, and the ith row of this matrix coincides with 
the /th row of matrix M. Finally, multiplying the /th row of Mm 
by —1, we arrive at the desired matrix M. Therefore, by Condition I,

djg — — d}̂ " =  — djtf
(6 ) If matrix M f is obtained from matrix M by interchanging rows, 

the ai~th row of matrix M  serving as the ith row of matrix M ', i =  
=  1 , 2 , . . ., n, then

dw  =  do.dM
The plus sign corresponds to the case when the permutation 

2 . . . n \  
a 2  .  .  .  a n)

is even; the minus sign, to the case when it is odd.
Indeed, matrix M' may be obtained from matrix M  by a number 

of transpositions of two rows, and for this reason we can take advan
tage of Property (5). The parity of the number of these transposi
tions determines, as we know from Sec. 3, the parity of the above
given permutation.

Now let us consider the matrices M — (aIi7), N  =  {bn) and 
their product Q =  MN  in the meaning of Sec. 13. We find the 
number dQ. We know that any ith row of matrix Q is the sum of
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all the rows of matrix N  taken, respectively, with the coefficients 
aiU ai2, . . ain (see, for example, Sec. 14). Replace ail the rows 
of Q by their indicated linear expressions in terms of the rows of 
matrix N  and take advantage of Property (4) several times. We 
find that the number dq will equal the sum of the numbers dT for 
all possible matrices T of the following kind: the ith row of T, 
i =  1, 2, . . ., n, is equal to the th row of matrix N  multiplied 
by a scalar aiai. Here, because of Property (3), we can disregard 
all matrices T for which there exist subscripts i and j, i ^  ;, such 
that =  a j\ in other words, what remain are only matrices T 
for which the subscripts cti, a 2, . . ., an constitute an arrangement 
of the numbers 1, 2, . . ., n. Because of Properties I and (6), the 
number dT for such a matrix is of the form

dj< ~  zfcfliai®2a2 • • • n̂an̂ N

where the sign is determined by the parity of the permutation formed 
from the subscripts. Whence we arrive at the expression for the 
number after factoring the common factor dN out of all summands 
of the type dT, what we obviously have left in the parentheses is the 
determinant | M  | of the matrix M  in the sense of the constructive 
definition as given in Sec. 4, i.e.,

d q = \ M \ - d N (*)
If we now take the unit matrix E for the matrix N,  then Q =  M , 
and, by Property III, dN — dE =  1, that is for any matrix M we 
have the equality

dM = \ M \
which is what we set out to prove*- At the same time, once again, 
and without the use of the Laplace theorem, we have proved the 
multiplication theorem for determinants: all that needs to be done 
is, in equation (*), to replace the numbers dq and dN by the deter
minants of the respective matrices.

We conclude these axiomatic considerations with proof of the 
independence of Conditions I to III, that is proof that none of 
these conditions is a consequence of the other two.

To prove the independence of Condition III, assume that dM — 0 
for any matrix M  of order n. Conditions I and II will obviously 
be fulfilled, but III breaks down.

To prove the independence of Condition II assume that for 
any matrix M  the number dM is equal to the product of the elements 
in the principal diagonal of the matrix. Conditions I and III are 
fulfilled, Condition II breaks down.

Finally, to prove the independence of Condition I, assume that 
dM =  1 for any matrix M.  Conditions II and III will be fulfilled 
but Condition I fails.



CHAPTER 4

COMPLEX NUMBERS

17. The System of Complex Numbers

During the course of elementary algebra the range of numbers 
is expanded several times. The beginning student of algebra brings 
with him from arithmetic a knowledge of positive integers and 
fractions. Algebra actually begins with the introduction of negative 
numbers, thus establishing the first of the important number 
systems, the system of integers, which consists of all the positive 
and all the negative integers and zero, and the broader system of 
rational numbers consisting of all integers and all fractions (both 
positive and negative).

A further extension of the number realm is the introduction 
of the irrational numbers. The system consisting of all rational and 
all irrational numbers is the system of real numbers. A university 
course of mathematical analysis usually contains a rigorous construc
tion of the system of real numbers; however, for our purposes in this 
course the knowledge of the real numbers that the reader has when 
he takes up the study of higher algebra will suffice.

Finally, at the very end of the course of elementary algebra, 
the system of real numbers is extended to the system of complex 
numbers. Of course this system of numbers is less common than the 
system of real numbers, though actually it possesses many very 
good properties. In this chapter we recapitulate with sufficient 
completeness the theory of complex numbers.

Complex numbers are introduced in connection with the following 
problem. We know that the real numbers do not suffice for us to 
solve every quadratic equation with real coefficients. The simplest 
of the quadratics that does not have any roots in the class of real 
numbers is

+  1 =  0  (1)
We will only be interested in this equation for the present. The 
problem confronting us is: to extend the system of real numbers to 
a system of numbers that will supply us with, a root for equation (1).
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As construction material for this new system of numbers, let 
us take advantage of points in a plane. It will be recalled that the 
depicting of real numbers by points of the straight line (this is 
based on the fact that we obtain a one-to-one correspondence between 
the set of all points of the line and the set of all real numbers if, for 
a given origin of coordinates and a scale unit, every point of the 
line is associated with an abscissa) is systematically utilized in all 
divisions of mathematics and is so customary that ordinarily 
we do not make any distinction between a real number and the 
point that depicts it.

Thus, we wish to define a system of numbers correlated with all 
points in the plane. Up till now we have not had to add or multiply 
points of a plane, and so we can define the operations involving 
points, taking care only that the new system of numbers should 
possess all the properties intended for it. These definitions, parti
cularly for products, will at first appear to be rather artificial. 
In Chapter 10, it will be shown however that no other definitions 
of operations, which at first glance may seem more natural, would 
give us what we want; that is, they would not result in the construc
tion of an extension of the system of real numbers containing the 
root of equation (1). It will also be demonstrated there that replacing 
the points of a plane by any other material would not have led 
to a system of numbers whose algebraic properties differ from the 
system of complex numbers which we will construct below.

We have a plane and we choose a rectangular system of coordi
nates. Let us agree to denote points of the plane by the letters 
a, p, y, . . . and write a point a with abscissa a and ordinate b 
as (a, b), that is, departing somewhat from what is accepted in 
analytic geometry, and write a — (a, b). If we have points a  =  (a, b) 
and p =  (c, d), then the sum of these points will be a point with 
abscissa a +  c and ordinate b +  d, or

(a, b) +  (c, d) =  (a +  c, b +  d) (2)
For the product of the points a =  (a, b) and |3 =  (c, d) we will have 
the point with abscissa ac — bd and with ordinate ad +  be, or

(a, b) (c, d) =  {ac — bd, ad -f  be) (3)
We have thus defined two algebraic operations on the set of 

all points in the plane. We will show that these operations have 
all the basic properties possessed by operations in the system of real 
numbers or in the system of rational numbers’, both are commutative 
and associative, connected by the distributive law, and have inverse 
operations—subtraction and division (except by zero).

Commutativity and associativity of addition are obvious (more 
precisely, they follow from the corresponding properties of the 
addition of real numbers) since in the process of adding points of
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the plane we separately add their abscissas and their ordinates. 
The commutativity of multiplication is based on the fact that the 
points a  and p enter the definition of a product symmetrically. 
The following equations prove associativity of multiplication:
[(a, b) (c, d)\ (e, /) =  (ac — bd, ad +  be) (e, f)

=  (ace — bde — adf — fee/, acf — bdf +  &de -f- bee), 
(a, b) [(c, d) (e, /)] =  (a, b) (ce — df, cf +  de)

=  (ace — adf — bef — bde, acf +  ade -f- bee — bdf) 
The distributive law follows from the equations 

[(a, b) +  (c, d)] (e, f) =  (a +  c, b +  d) (e, /)
=  (ae -f- ce — bf — df, af +  cf +  be +  de), 

(a, b) (e, f) +  (c, d) (e, f) =  (ae — bf, af +  be) +  (ce — df, cf +  de)
— (ae — bf +  ce — df, af +  be +  cf +  de)

Let us examine the inverse operations. If we have the points 
a  =  (a, b) and |3 =  (c, d), then their difference is a point (x, y) 
such that

(c, d) +  (x, y) =  (a, b)
Whence, by (2),

c -\- x =  a, d +  y — b

Thus, the difference of the points a  =  (a, b) and j3 =  (c, d) is the 
point

a — P =  (a — c, b — d) (4)

and this difference is defined in unique fashion. In particular, zero 
is the coordinate origin (0 , 0 ); the opposite point of a — (a, b) 
is the point

—a — (—a, —b) (5)

Now, suppose we have the points a  =  (a, b) and fi =  (c, d), 
and suppose point |5 is nonzero; that is, at least one of coordinates c, 
d is nonzero, and therefore, c2 +  d* 0. The quotient of a  divided 
by p must be a point (x, y) such that (c, d) (x, y) — (a, b). Whence,
by (3),

cx — dy — a, 
dx +  cy =  b 

Solving this system of equations, we obtain
^ _ a c - \ - b d  b e — a d
X~  c2-j-da ’ y ~  c*-fd2
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Thus, for (3 =5 ^ 0  the quotient -—-exists and is unambiguously defi
ned :

ct   /  a c - \ - b d  b e —a d  \  //?x
P “  \  c2 +  d2 ’ C2 +  rf2 )  (O)

Assuming p =  a, we find that in our multiplication of points unity 
is a point (1 , 0 ) lying on the axis of abscissas at a distance 1 to the 
right of the origin. Also assuming in (6 ) that a  =  1 =  (1, 0), 
we find that for p 0 , the inverse of p is

P 1 =  ( c2  +  rf2» a  +  d * )

We have thus constructed a system of numbers that can be depicted 
by points in the plane, and the operations on these numbers are 
defined by formulas (2) and (3). This system is called the system 
of complex numbers.

Let us now show that the system of complex numbers is an extension 
of the system of real numbers. To do this, we consider points lying 
on the axis of abscissas, or points of the form (a, 0 ); associating 
a real number a with the point (a, 0 ), we evidently get a one-to-one 
correspondence between the set of points under consideration and 
the set of all the real numbers. Applying to these points formulas
(2) and (3), we get

(a, 0 ) 4 - (b, 0 ) =  (a +  b, 0 ),
(a, 0 ) • (h, 0 ) =  (ab, 0 )

i.e., points (a, 0 ) may he added and multiplied in the same way 
as the corresponding real numbers. Thus, the set of points on the 
axis of abscissas, considered as a part of the system of complex numbers, 
does not differ in its algebraic properties from the system of real numbers 
as ordinarily depicted by points on a straight line. This will enable 
us, in the future, to equate the point (a, 0 ) and the real number a, 
i.e., we will always assume (a, 0) =  a. In particular, zero (0, 0) 
and unity (1 , 0 ) of the system of complex numbers turn out to be 
the real numbers 0  and 1 .

We now have to demonstrate that the complex numbers contain 
the root of equation (1), that is, a number whose square is equal 
to the real number —1. This is the point (0, 1), i.e., a point lying 
on the axis of ordinates at a distance 1 upwards from the origin. 
Indeed, using (3), we get

(0 , 1) *(0 , 1) =  (—1 > 0 ) =  —1

Let us agree to denote this point by the letter i , so that i2 =  —1.
Finally, let us show how the customary notation of the complex 

numbers we have constructed can be obtained. First find the product
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of a real number b and the point i:
bi =  (b, 0 ) *(0 , 1) =  (0 , b)

This is a point, consequently, which lies on the ordinate axis and 
has ordinate 6; all points of the ordinate axis may be represented 
by such products. Now if (a, b) is an arbitrary point, then because 
of the equation

we get
(a, b) — (a, 0 ) +  (0 , b) 

(a, b) =  a - f  bi
In other words we have arrived at the customary notation of complex 
numbers; the product and sum in the expression a -f- bi are to 
be understood, of course, in the sense of operations defined in the 
system of complex numbers we have constructed.

Now that we have constructed the complex numbers, the reader 
will have no difficulty in verifying that all the preceding chapters 
of this book—the theory of determinants, the theory of systems of 
linear equations, the theory of the linear dependence of vectors, 
and the theory of matrix operations—carry over without any restric
tions from real numbers to all complex numbers.

Note, in conclusion, that the foregoing construction of the system 
of complex numbers raises the following question. Is it possible 
to define addition and multiplication of points in three-dimensional 
space so that the collection of these points becomes a system of num
bers containing within it the system of complex numbers or at 
least the system of real numbers? This question goes beyond the 
scope of the present text, but the answer is no.

On the other hand, noting that the addition of complex numbers 
as defined above actually coincides with the addition of vectors 
(in a plane) emanating from a coordinate origin (see following 
section), it is natural to pose the question: is it possible, for a cer
tain n , to define the multiplication of vectors in an n-dimensional 
real vector space so that, relative to this multiplication and to 
ordinary addition of vectors, our space proves to be a number system 
containing the system of real numbers? It may be demonstrated 
that this cannot be done if we require the fulfillment of all the proper
ties of the operations which are valid in the systems of rational, 
real and complex numbers. However, if we reject commutativity 
of multiplication, then such a construction is possible in four-dimen
sional space; the resulting system of numbers is called the system 
of quaternions. A similar construction is also possible in eight
dimensional space. This yields what is called the system of Cayley 
numbers. In this case, however, we have to give up not only the 
commutativity of multiplication but also associativity, and replace 
the latter by a weaker requirement.
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18. A Deeper Look at Complex Numbers
In keeping with historically evolved traditions, we call the 

complex number i the imaginary unit, and numbers of the form 
bi, pure imaginaries, although we have no doubt about the existence 
of such numbers and we can indicate points of the plane (points 
on the axis of ordinates) which depict these numbers. In the complex 
notation of the number a, as a  =  a +  bi, the a is called the real part 
of a and bi is called its imaginary part. A plane with points identified 
with complex numbers as indicated in Sec. 17 is called the complex 
plane. The axis of abscissas (z-axis) is called the axis of reals since 
its points depict the real numbers, and the axis of ordinates (y-axis) 
of the complex plane is termed the axis of imaginaries.

The addition, multiplication, subtraction and division of complex 
numbers written in the form a +  bi are performed in the following 
manner, as follows from formulas (2), (4), (3) and (6) of the preceding 
section:

(a -f- bi) -f- (c -j- di) =  {a -4- c) -f- (b +  d) i,
(a +  bi) — (c +  di) — (a — c) +  (b — d) i,

(a +  bi) (c +  di) =  (ac — bd) +  (ad +  bc)i,
a - \ - b i    a c  +  b d  , b e — a d  .
c +  d i  ~~ c2-fd2 +  c2 +  d2 1

In the addition of complex numbers, add separately the real parts and 
the imaginary parts. Similarly for subtraction. The formulas for 
multiplication and division would be too involved if given verbally. 
The last formula need not be memorized; simply bear in mind that 
it may be derived by multiplying the numerator and denominator 
of the given fraction by a number different from the denominator 
solely in the sign of the imaginary part. Indeed,

a  +  b i  (a  +  b i ) ( c —d i )  (a c  +  bd)  +  ( b c —a d )  i a c  +  b d  . b e —a d .
c +  d i  ~  c2 -t-<*2 c~q^ 2  +  c2 +  d2 *

Examples.
(1) (2 +  5 i )  +  (1 -  7i) -  (2 +  1) +  (5 -  7) i =  3 -  2i .

(2) (3 -  9i) -  (7 + i) = (3 -  7) + (-9 — 1) i = —4 — lOi.
(3) (1 +  2i) (3 — i) =  [1 -3 -  2 (-1)] +  [1 - ( -1 )  +  2-3] ( =  5 +  5i.

23-H (23+0(3-0 70-20*
K ) 3+i "(3+i)(3-i)“ 10 ' ■

The portrayal of complex numbers as points in a plane result 
in a natural desire to have a geometric interpretation of the opera
tions involving complex numbers. For addition, this interpretation 
is simple. Suppose we have the numbers a — a +  bi and (1 =  c +  di. 
Join the corresponding points (a, b) and (c, d) with line segments
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to the origin and construct a parallelogram on these segments, 
as sides, as shown in Fig. 2. The fourth vertex of the parallelogram 
will obviously be the point (a +  c, b d). Thus, the addition 
of complex numbers geometrically is accomplished in accord with 
the parallelogram rule, which is to say by the rule of addition of vectors 
emanating from the coordinate origin. Alsi 
to a =  a -f- bi is a point in the complex 
plane that is symmetric to a about the origin 
(Fig. 3). This gives the geometric interpre
tation of subtraction.

The geometric meaning of multiplica
tion and division of complex numbers will 
become clear only after we introduce a new 
notation for them that differs from that 
used heretofore. The notation of a  as 
a =  a +  bi makes use of the Cartesian 
coordinates of a point corresponding to that 
number. However, the position of a point 
in the plane is also completely defined by specifying its polar coor
dinates: the distance of r from the origin to the point and the angle 
ip between the positive #-axis (axis of abscissas) and the direction 
from the origin to the point (Fig. 4).

The number r is a nonnegative real number which is zero only 
at the point 0. For a on the real axis (that is to say, for a  a real

, the number opposite

Im

I m
it

-a

- a
~a Reals

Fig. 3

Im

number), the number r is the absolute value of a; for this reason, 
for any complex number a, the number r is sometimes called the 
absolute value of a; more often, however, the number r is called 
the modulus of the number a  and is denoted by | a  |.

The angle <p is called the argument of the number a  and is denoted 
by arg a [we thus dispense with the customary names of the polar 
coordinates of a point: the radius vector and the polar (or vectorial) 
angle]. The angle 9  can take on any real values (positive or nega
tive), the positive angles being reckoned counterclockwise. But 
if the angles differ by 2 ?t or a multiple of 2 rc, then the points they 
depict in the plane will be coincident.
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Thus, the argument of a complex number a has an infinity 
of values differing by integral multiples of the number 2k ; from 
the equality of two complex numbers specified by their moduli 
and arguments one can only conclude, consequently, that the argu
ments differ by an integral multiple of 2 rt, whereas the moduli are 
the same. It is only for the number 0 that the argument is not defined. 
However, this number is fully determined by the equation | 0 | =  0.

The argument of a complex number is a natural generalization 
of the sign of a real number. The argument of a positive real number 
is zero, the argument of a negative real number is jt. There are 
only two directions out of the origin on the axis of reals and they 
may be distinguished by two symbols: -f- and —. Now in the complex 
plane, there are infinitely many directions issuing from the point 0 , 
and they differ in the angle formed with the positive direction of 
the real axis.

The Cartesian and polar coordinates of a point are connected 
by the following relation which holds true for any position of points 
in the plane:

a =  r cos cp, b — r sin <p (1)
Whence

r =  +  +  b2 (2 )

Let us apply formulas (1) to an arbitrary complex number
a =  a -j- bi:

a =  a +  bi =  r cos cp -f (r sin cp) i
or

a =  r (cos <p -f- i sin cp) (3)

Conversely, let the number a =  a -f- bi admit a notation of the 
form a =  r0 (cos cp0 +  i sin<P0)> where r0 and <p0 are certain real 
numbers and r0 0. Then r0 cos<p0 =  a, r0 sin <p0 =  b, whence 
7"o = + l /r«2+ i s ,  by (2), r0= |  a |. Whence, using (1), we 
get cos <p0 =  cos (p, sin <p0 =  sin <p, that is <p0 =  arg a. Thus, any complex 
number a is uniquely defined by (3), where r — | a |, cp =  arg a 
(the argument cp being of course defined only to within multiples 
of 2 k) .  This notation of the number a  is called the trigonometric 
form and will be used very often in the sequel.

The numbers
o /  it . . . at \  o . . .  19a =  3 I co s-^ --|-ism -|-l, p =  cos- j  k  -f- 1 sin - j k

y =  V 3  [cos ( — -f i sin ( — ]

and
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are given in trigonometric form; here |a | =  3, |P| =  1, | y | =  J /3 ’»
3T 19 jx /  jx 13 varg a =  y , argp =  y  Jt, argv= — y- ôr arg p =  - y , argy =  y  i t ) . 

On the other hand, the complex numbers

«' =  ( - 2) / it , . . it \
r y + ,s m l )

/ 2 2 , p' =  3 (cos y  n — isin-g-jt

y ' =  2 (cos A  +  is in - ln ) , 3 3 8' =  sin-y Jt -)- i  cos y  jt

are not given in trigonometric form, although their notations resem
ble that of (3). In trigonometric form, these numbers look like

a' =  2 (cos ■— Jt-f- i sin y  n ) , P' =  3 (cos — Jt +  i sin — n j ,
7 7

6 ' =  cos -y- it +  i sin-r Jt 4 4

Finding the trigonometric form of a number y' involves difficulties 
that are almost always encountered when passing from the customary 
notation of a complex number to its trigonometric notation and 
vice versa: with the exception of a few cases, it is impossible to 
find the exact angle on the basis of given numerical values of the 
sine and cosine, and it is impossible for a given angle to write the 
exact values of its sine and cosine.

Let the complex numbers a  and p be given in trigonometric 
form: a — r (cos cp +  i sin cp), (J =  r' (cos<P' +  i sin q/). Multi
plying these numbers together, we get

== [r (cos <p -f i sin cp)] -[r' (cos cp' -j- i sin q/)l
=  rr' (cos cp cos cp' -f- i cos cp sin cp' +  i sin cp cos cp'—sin cpsin cp')

or
ap =  rr' [cos (cp +  cp') +  i sin (cp +  cp')] (4)

We have the product a|3 written in trigonometric form and so 
| a(3 | =  rr' or

I ' I =  I a I I P I (5)
In words, the modulus of a product of complex numbers is equal to the 
product of the moduli of the factors. Also, arg (ap) =  cp +  cp' or

arg (aP) =  arg a  +  arg p (6)
The argument of a product of complex numbers is equal to the sum 
of the arguments of the factors (note that equality here means to within 
a multiple of 2ji). These rules obviously carry over to any finite 
number of factors. As applied to real numbers, formula (5) yields 
the familiar property of absolute values of the numbers, and
(6 ), as can readily be verified, turns into the rule of signs in the 
multiplication of real numbers.
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Analogous rules are valid in the case of a quotient. Indeed, let 
a =  r (cos cp -f- z sin qp), p =  r' (cos qp' +  i sin qp'),- p 0 ; that is 
r’ =£ 0. Then

a  _  r (cos qp-j- i sin cp) _ r (cos qp-f-i sin <P) (cos qp'— i  sin qp')
P ~  r' (cos qp' +  i sinqp') r' (cos2 cp' -(-sin2 qp')

=  -  (cos qp cos q p ' -f i sin qp cos q p ' — i cos qp sin qp' -f- sin qp sin q p ')

or
— =  — [cos (qp — cp') +  i sin (qp — qp')]

Whence it follows that a_
I

r
V or

a
J

1 « 1 
I PI

(7)

(8)

The modulus of a quotient of two complex numbers is equal to the modu
lus of the dividend divided by the modulus of the divisor. Also, arg j =
=  qp — qp' or

arg ( y )  =  arg a —arg p (9)

The argument of a quotient of two complex numbers is obtained by 
subtracting the argument of the divisor from the argument of the dividend.

It is not difficult now to grasp the geometric meaning of multi
plication and division. Because of (5) and (6 ), we get a point depicting 
the product of the number a  by the number p =  r' (cos cp'-f isinq/) 
if the vector from 0 to a (Fig. 5) is rotated counterclockwise through 
an angle <p' =  argP and then stretched by a factor r' =  I P I (for
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0 ^  r' <M it will be a compression instead of a dilation). Also, 
from (7) it follows that for a — r (cos cp  +  i sin c p )  =̂= 0 we have

a " 1 =  r ' 1 [cos (—(p) -f- i sin (—cp)] (10)

i.e., | a -1 | =  | a |-1, arg (a-1) =  — arg a. We thus obtain point a -1 
if from point a we go to point a' at a distance r-1 from zero on the 
same half-line emanating from zero as is point a  (Fig. 6),* and then 
go to a point symmetric to a' about the real axis.

A sum and difference of complex numbers given in trigonometric 
form cannot be expressed by formulas similar to (4) and (7). However, 
for the modulus of a sum we have the following important inequa
lities:

l « | - I P I < | a  + P I < | a | + i P I  (H)
In words, the modulus of a sum of two complex numbers is less than 
or equal to the sum of the moduli of the terms but greater than or equal 
to the difference of these moduli. Inequalities (11) follow from the 
familiar theorem of elementary geometry concerning the sides of 
a triangle because | a +  p | is, as we know, equal to the diagonal 
of a parallelogram with sides | a | and | p |. Incidentally, the case 
for points a, P and 0  lying on one straight line requires a special 
investigation, which we leave to the reader. It is only in this case 
that the equalities are attained in formulas (1 1 ).

From (11), because a — p == a +  (—p) and

I - p  I =  I P I (12)
(this equation follows at the very least from the geometric inter
pretation of the number — P), also follow the inequalities

| c c ! - j p | < | a - p | < | a i + | p  | (13)

That is, the same inequalities hold for the modulus of a difference 
as for the modulus of a sum.

Inequalities (11) might be obtained in the following manner. 
Let a  =  r (cos cp -f  i sin cp), P =  r' (cos<p' -f- i sin<P') and let
the trigonometric form of the number a +  p be a - f  p =
=  R (cos aj) -j- i sin i|)). Adding the real and imaginary parts separa
tely, we obtain

r cos cp -j- r' cos c p ' =  R cos \ J ) ,

r sin cp  +  r* sin c p ' — R sin i|)

* |a'| =  | a ! if and only if | a |  =  1, that is, if the point a  lies on the 
circumference of the unit circle. If a  lies inside the unit circle, then a' will be 
outside it, and vice versa. In this way we obviously obtain a one-to-one cor
respondence between all points of the complex plane outside the unit circle 
and all nonzero points within the unit circle.
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Multiplying both sides of the first equation by cos -ij) and both sides 
of the second by sin and then adding, we get
r (cos <p cos + sin qp sin \Jj) + t ' (cos qp' cos + sin qp' sin

That is,
=  R (cos2 ijj +  sin2 tJ?)

r cos (q p  — xj?) -f- rf cos ( q p ' — ij)) =  R

Whence, since the cosine is never greater than unity, follows the 
inequality r +  r ^  R, or | a | +  | P | ^  | a +  P I- On the other 
hand, a =  (a +  P) — P =  (a -j- p) +  (—P), whence, by what has 
been proved and by virtue of (1 2 ),

| a | ^  | a +  p | +  | —p | =  | a -j- P I +  I P I 
From this, | a | — | p | ^  | a +  p |.

It is well to note that for complex numbers the concepts of 
“more than” and “less than” cannot be reasonably defined because 
these numbers, in contrast to the real numbers, are not located 
on a straight line, whose points are naturally ordered, but in a plane.

For this reason, complex numbers as such (not 
their moduli) can never be connected by an 
inequality sign.

Conjugate numbers. Suppose we have 
a complex number a =  a -f- bi. The number 
a — bi, which differs from a solely in the 
sign in front of the imaginary part, is called 
the conjugate of a and is denoted by a.

It will be recalled that when considering 
the division of complex numbers we resorted 
to conjugate numbers but did not introduce 
that term.

The conjugate number of a is obviously 
a; in other words, we can speak of a pair of 

conjugate numbers. The real numbers are the only numbers which 
are conjugate to themselves.

Geometrically, conjugate numbers are points symmetric about 
the real axis (Fig. 7). Whence follow the equations

| a | =  | a |, arg a =  — arg a (14)

Fig. 7

The sum and product of conjugate complex numbers are real numbers. 
Indeed,

a +  a  =  2a,
aa =  a2 +  fo2 =  | a |2

(15)
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The last equation shows that the number aa  is positive even 
for a =̂= 0. In Sec. 24 we will derive a theorem which shows that 
the property proved here is characteristic of conjugate numbers.

The equation
(a — bi) -f  (c — di) =  (a +  c) — (b +  d) i

shows that the conjugate of a sum of two numbers is equal to the sum 
of the conjugates of the numbers:

^~+~P “ a +  p (16)
Similarly, from the equation

{a — bi) (c — di) =  (ac — bd) — {ad +  be) i
it follows that the conjugate of a product is equal to the product of the 
conjugates of the factors:

ap =  a-p (17)
Direct verification also shows the following formulas to be valid:

a — p =  a — P, (18)

( f ) - f  (19>
We will now prove the following assertion: if a number a is in 

some way expressed in terms of the complex numbers P i, P2, • . P« 
by means of addition, multiplication, subtraction and division, then 
by replacing all the numbers pft in this expression by their conjugates, 
we obtain the conjugate of a; in particular, if a is a real number, it 
does not change when all the complex numbers pfe are replaced by 
their conjugates.

We shall prove this assertion by means of induction with respect 
to n, since for n =  2 it follows from formulas (16)-(19).

Let the number a be expressed by the numbers pt, p2, . . pn 
not necessarily distinct. This expression gives a definite order in 
which the operations of addition, multiplication, subtraction and 
division are applied. The last step will be to apply one of these opera
tions to the number yt expressed in terms of the numbers Pi, p2, . . .
. . ., pft, where 1 ^  k ^  n — 1 , and to the number y2 expressed 
in terms of the numbers P^+i, . . ., p„. By the induction hypothesis, 
replacement of the numbers Pi, p2, . . ., pft by their conjugates 
implies a replacement of the number Yi by the number Yi, and 
a replacement of the numbers P&+i, Pfc+2, . . ., pn by their conju
gates implies substitution of Y2 by Y2- However, by one of the for
mulas (16)-(19), the transition from Yi and Y2 to Vi an  ̂Y2 converts 
the number a to a.
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19. Taking Roots of Complex Numbers
Let us now examine the raising of complex numbers to a power 

and the taking of roots. To raise a number a — a +  bi to a positive 
integral power n, it suffices to apply Newton’s binomial theorem 
to the expression (a +  bi)n (this formula holds true for complex 
numbers as well, since its proof is based solely on the distributive 
law) and then take advantage of the equations i2 =  —1 , i3 =  —i, 
i4 =  1 , whence, generally,

If a number a is given in trigonometric form, then for a positive 
integral n, there follows from (4) of Sec. 18 the following formula 
called De Mowre's formula:

In raising a complex number to a power, raise the modulus to that power 
and multiply the argument by the exponent. Formula (1) holds true 
for negative integral exponents as well. Indeed, since a"” — (or1)”, 
it is sufficient to apply the De Moivre formula to the number a"1, 
the trigonometric form of which is given by (10), Sec. 18.

Examples.
(1) i3 7 =  i, i12a =  —1.
(2) (2 +  5i)3 =  23 +  3 *2a *5 i + 3 * 2  *5aia +  53*3

A special case of De Moivre’s formula, namely, the equation

permits finding with ease formulas for the sine and cosine of a mul
tiple angle. Indeed, expanding the left member of this equation 
by the binomial formula and equating the real and imaginary parts 
of both sides separately, we obtain

i4k =  1 , i4h+1 =  i, i4ft+2 =  - 1 , i4h+3 =  -  i

[r (cos cp +  i sin cp)]n =  r” (cos «(p +  i sin mp) (1 )

— 8 +  60i — 150 — 125i =  —142 — 65i.

(3) J^l/2 ( cos + i sin ] 4 =  (l /2 ) 4 (cos ji +  * sin Jt) =  - 4 .

(cos 9  -f i sin 9 )” =  cos 719 +  i sin 719

cos 779 =  cosn 9  — cos” " 2 9  *sin2 cos” -4 9  • sin4 9  —
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Here, is the usual notation for a binomial coefficient:
/ n \  n ( n —1) ( n —2) . . . ( »  — /e-j-l)
\& / 1-2-3 ... k

For 7i =  2 we arrive at the familiar formulas 
cos 2 <p =  cos2 cp — sin2 cp, 
sin 2 cp =  2 cos cp sin cp 

and for n =  3 we obtain the formulas
cos 3<p =  cos3 cp — 3 cos cp sin2 cp, 
sin 3cp =  3 cos2 cp sin 9  — sin3 9

Extracting roots of complex numbers is a far more difficult task. 
Let us start with the square root of the number a  =  a +  bi. As yet 
we do not know whether there exists a complex number whose 
square is equal to a. Let us assume that such a number u vi 
exists; that is, using conventional symbols, we can write

From the equation 

it follows that

y  a +  bi =  u +  vi

(u +  vi)2 — a +  bi

u2 — v2 =  a, 1

2 uv — b J (2)

Squaring both sides of each of the equations of (2) and then adding, 
we get

(u2 — v2)2 + 4 u 2u2 =  (u2 +  v2)2 =  a2 -f  b2
whence

11 2 v2 — Y a 2 b2
The plus sign is taken because the numbers u and v are real and 
therefore the left member of the equation is positive. From this 
equation and from the first of the equations of (2 ), we get

u2 =  y  (a-h y  a? +  b2) >

v2 =  ( — a +  y  a2 +  b2)

Thus, extracting the square roots we get two values for u which 
differ in sign and also two values for v. All these values will be real 
since the square roots are extracted from positive numbers for any 
a and b. The values obtained for u and v cannot be combined in arbi
trary fashion, since, by the second equation of (2 ), the sign of the
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product uv must coincide with the sign of b. This yields two possible 
combinations of values of u and v, that is, two numbers of the form 
u +  vi which can serve as values of the square root of the number a; 
these numbers differ in sign. An elementary though unwieldy check 
(squaring the resulting numbers separately for the case b >• 0  and 
b <  0 ) shows that the numbers we found are indeed the values of the 
square root of the number a. Thus, taking the square root of a com
plex number is always possible and yields two values which differ in sign.

In particular, it now becomes possible to extract the square root 
of a negative real number; the values of this root will be pure ima- 
ginaries. Indeed, if a <C 0 and b =  0, then Y  a% +  b2 =  —a, since 
this root must be positive, but then u2 =  y  (a — a) =  0 , that
is, u — 0 , whence Y a — dbin.

Example. Let a  =  21 — 20i. Then Y a2~\~ &2=  1/441 +  400 =  29. There
fore, u2 =  — (21 +  29) =  25, V* =  y  ( -2 1  +  29) =  4, whence u =  ±  5, 
v =  ±  2. The signs of u and v must be different since b is negative, therefore

1/21 — 20i =  ± (5  -  2i)

Attempts to extract higher (than second) roots of complex num
bers given in the form a +  bi encounter insuperable difficulties. 
Thus, if we wished to extract the cube root of a number a +  bi, 
we would first have to solve some auxiliary cubic equation, which 
we are as yet unable to do, and which in turn would require, as we 
shall see in Sec. 38, the extraction of the cube root of a complex 
number. On the other hand, the trigonometric form is extremely well 
suited to extracting roots of any degree. Using the trigonometric 
form we will now exhaust this problem completely.

Let it be required to extract the nth root of a number a  =  
=  r (cos (p +  i sin (p). Let us assume that this is possible and that 
we get the number p (cos 0 +  i sin 0), that is

[p (cos 0 +  i sin 0 )]n =  r (cos cp +  i sin cp) (3)

Then, by De Moivre’s formula, pn =  r, that is p =  JYr> where 
the right member contains a uniquely determined positive value 
of the nth root of the positive real number r. On the other hand, the 
argument of the left member of (3) is n0. We cannot assert, however, 
that n0 is equal to (p, since these angles may actually differ by some 
integral multiple of 2it. Therefore, n0 =  9  +  2/bt, where k is an 
integer, whence

0 __ cp +  2fcn
n

Conversely, if we take the number fY r {cos +  i sin j ,
then for any integral k , positive or negative, the nth power of
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this number is equal to a. Thus
r (cos 9  +  i sin <p) =  y /r  ( cos (p+ 2An i S in* ± ^ ) (4)n n

Assigning different values to k , we will not always get distinct 
values of the required root. Indeed, for

k =  0 , 1 , 2 , . . ., n — 1 (5)
we get n values of the root, all distinct, since increasing k by unity

2nimplies increasing the argument by — . Now let k be arbitrary.
If k — nq +  r, — 1, then

cp-(-2 (nq-\-r) n
n n n

In other words, the value of the argument for our k differs from the 
value of the argument for k — r by a multiple of 2jt. We thus obtain 
the same value of the root as for the value of k equal to r, that is, 
such as lies in the set (5).

Thus, extracting the nth root of a complex number a is always 
possible and yields n distinct values. A ll values of the nth root lie on 
a circle of radius | a \ with centre at zero and divide the circle into 
n equal parts.

In particular, the ?zth root of a real number a also has n distinct 
values, of which two, one, or none will be real, depending on the 
sign of a and the parity of n.

Examples.
3 . 3— Jt-f-2«n —

( 1 ) P =  j / ^  2 |  cos y  jx +  i sin jx j = ^ /2 <̂

P o= yA2 ( c o s y  +  i s in ^ -j  ;

+  i sin-
;4- 2/ck\ 
~3 /  ’

k =  0: 

1:

k =  2:

4
11Pi =  VA2 (cos j^n +  isin  — n ) ; 

p2 =  > 2̂ (cos +  oxj .

(2) P =  ~\/i =  y  cos y + i  sin y  =  cos -

V 2 . 1 /2  .

-f- 2kn +  2kn
■ i sin

p0 =  c o s ^ + i  sin 2 2

(3) P =  — 8 =  1/8 (cos j x i  sin ix) =  2

fV 5 . . . 5xos 7- jx+t sin it:

K-\-2kn , . jx +  2&:rx\
co s-----2------ b j sm -----2----- ) ;

Po =  2 ( c o s +  is in y j  =l-f-i 1/3;
= —2;

Vs.
Pi =  2 (cos ix -J- i sin jx) 

5jx
Tp2 =  2 ( cos +  i sin
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Roots of unity. Of particular importance is the case of extracting 
the rath root of unity. This root has n values, and, because of the 
equation 1 =  cos 0 4- i sin 0, and formula (4), all these values or, 
as we shall say, all the nth roots of unity, are given by the formula

The real values of the nth root of unity are obtained from formula (6 )
for the values k — 0, and ~ , if n is even, and for A: =  0 if n is odd.
In the complex plane, the nth roots of unity are located on the cir
cumference of the unit circle and divide it into n equal arcs: one 
of the division points is the number 1. From this it follows that 
those of the nth roots of unity which are not real are situated sym
metrically about the real axis (that is, are pairwise conjugate).

The square root of unity has two values: 1 and —1 ; the 
fourth root of unity has four values: 1, —1, i and —i. It is 
advisable for what follows to memorize the values of the cube
root of unity. By (6 ), the roots are cos “  +  i sin — , where k =
=  0 , 1 , 2 ; that is, besides unity, the conjugate numbers

A ll values of the nth root of a complex number a may be obtained 
by multiplying one of these values by all the nth roots of unity. Indeed, 
let fl be one of the values of the nth root of the number a, i.e., 
fi” =  a and let e be an arbitrary value of the nth root of unity, that 
is, en =  1. Then ({3e)n =  jinen =  a. Thus fie is also one of the 
values for ^ a .  Multiplying [3 by each of the nth roots of unity, we 
get n distinct values of the nth root of the number a, that is, all 
the values of this root.

Example 1. One of the values of the cube root of —8 is —2. The two others 
are, by (7), the numbers —2ei ’= i — i~[/3 and — 2e2 =  l - H  (see Example 3
above). _

Example 2. Y St has four values: 3, —3, 3i, —3i.

The product of two nth roots of unity is itself an nth root of unity. 
Indeed, if en == 1 and qn =  1 , then (erj)n =  enr\n =  1. Also, the 
reciprocal of an nth root of unity is itself that root. Let en =  1. Then 
from e*e_1 =  1 it follows that e” -(e-1)n =  1 , that is, (e-1)n =  1 . 
Generally, any power of the nth root of unity is also an nth root of 
unity.

as well.
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Any kth. root of unity will also be an Zth root of unity for any I 
that is a multiple of k. Whence it follows that if we regard the entire 
collection of nth roots of unity, then some of these roots will already 
be n'-th roots of unity for some n' which are divisors of the number n. 
However, for any n, there exist nth roots of unity such that they 
are not any lesser roots of unity. These roots are termed primitive 
nth roots of unity. Their existence follows from formula (6): if the 
value of a root corresponding to a given value of k is denoted by eh 
(so that so =  1), then on the basis of De Moivre’s formula (1),

ê  =  eft
Thus, no power of ei less than the nth will be equal to 1, that is

2n  . . .  2 n  . . . . .  ,Ei =  cos — +  i sin — is a primitive root.
An nth root e of unity is a primitive nth root if and only if its powers 

ek, k — 0 , 1 , . . ., n — 1 , are distinct, that is, if they exhaust all 
the nth roots of unity.

Indeed, if all the indicated powers of the number e are distinct, 
then e is obviously an nth primitive root. But if, for example, ek =  
— el for 0  ^  k <C I ^  n — 1 , then el~k =  1 ; that is, because of the 
inequalities i ^  I — k ^  n ~  1 , the root e will not be primitive.

The number 8! found above is not, in the general case, the only 
primitive nth root. The following theorem is used to find all of these 
roots.

If e is a primitive nth root of unity, then the number eh is a pri
mitive nth root if and only if k is relatively prime to n.

Let d be the largest common divisor of the numbers k and n. 
If A >  1 and k — dk’, n — dn', then

(efe)n’ =  Ehn' =  eft'n =  (en)*' =  1
that is, the root efe is an n'-th root of unity.

On the other hand, let d — 1 and at the same time let the number 
Eh be an mth root of unity, 1 ^  m <; n. Thus,

(efe)m =  ekm =  1

Since the number e is a primitive nth root of unity, that is, only its 
powers with exponents that are multiples of n can be equal to unity, 
it follows that the number km is a multiple of n. But since 1 ^  m «< 
<  n, the numbers k and n cannot be relatively prime; this con
tradicts the assumption.

Thus, the number of primitive nth roots of unity is equal to the 
number of positive integers k less than n and relatively prime to n. 
The expression for this number, which is ordinarily denoted by 
<p (n), may be found in any course of number theory.

If p is a prime number, then all these roots except unity itself 
will be primitive pth roots of unity. On the other hand, i and —i 
(not 1 and —1) will he among the primitive fourth roots of unity.



CHAPTER 5

POLYNOMIALS 
AND THEIR ROOTS

20. Operations on Polynomials

The content of the first two chapters of this hook—the theory 
of determinants and the theory of systems of linear equations— 
grew out of the elementary school course of algebra which proceeds 
from one equation of the first degree in one unknown to systems of 
two and three equations of the first degree in two and three unknowns 
respectively. The second branch of elementary algebra, which in that 
setting appeared to be the more important one, consisted in passing 
from first-degree equations in one unknown to an arbitrary quadratic 
equation again in one unknown, and on to certain special types 
of equations of the third and fourth degree. This trend is further 
developed into a very extensive and rich branch of higher algebra 
devoted to the study of arbitrary equations of the nth degree in one 
unknown. This division of algebra, which is historically the earlier 
one, is treated in the present chapter and in some of the later chap
ters of this text.

The general form of an reth-degree equation (n a positive inte
ger) is

a0xn -f- a1xn~1 +  &n—\x +  =  0 (1)

The coefficients aQ, ait . . ., i, an of this equation will be 
considered to be arbitrary complex numbers and the leading coef
ficient a0 must be nonzero.

If an equation like (1) is written, it is assumed that we have to 
solve it. In other words, we have to find numerical values for the 
unknown x that satisfy the equation, that is, values, which, when 
substituted in place of the unknown and after all indicated opera
tions have been carried out, reduce the left member of (1) to zero.

However, it is advisable to replace the problem of solving equa
tion (1) by the more general one of studying the left member of this 
equation:

a0xn - f -  a±xn~x +  . . . +  an_ix +  a , (2)
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which is called a polynomial of degree n in the unknown x. Remember 
that only expressions like (2 ) are polynomials, that is, only the sum 
of integral nonnegative powers of the unknown x taken with certain 
numerical coefficients, and not just any sum of monomials, as was 
the case in elementary algebra. In particular, we will not consider 
as polynomials expressions which contain negative or fractional

1powers of the unknown x, such as 2x2 —— +  3 or ax~z +  bx~2 +
l

+  cx~x d ex +  fx2 or x2 +  1. For brevity, we will denote 
polynomials by the symbols f (x), g (x), cp (x), and so on.

Two polynomials f  (x) and g (x) will be considered equal (or 
identically equal), f (x) — g (x), only when the coefficients of like 
powers of the unknown are equal. To be specific, no polynomial can 
be equal to zero if at least one coefficient is nonzero and for this 
reason, the equality sign used in the notation (1) of an rath-degree 
equation has no connection with the above-defined equality of poly
nomials. The =  sign connecting polynomials will always be under
stood in the sense of an identical equality of these polynomials.

Thus, we look upon the rath-degree polynomial (2) as a certain 
formal expression, fully defined by the set of its coefficients a0, 
au . . ., an, where a0 0. The exact meaning of these words will 
be explained in Chapter 10. Note that aside from the notation of 
a polynomial given in (2) (in descending powers of the unknown x), 
we may use other notations obtainable from (2 ) by a rearrangement 
of the terms, say, in ascending powers of the unknown.

There is of course the possibility of regarding the polynomial 
(2) from the viewpoint of mathematical analysis and of considering 
it to be a complex function of a complex variable x. However, we 
have to bear in mind that two functions are considered equal if 
their values for all values of the variable x are equal. It is clear 
that two polynomials which are equal in the above-mentioned formal 
algebraic sense will also be equal as functions of x. The converse 
will be proved only in Sec. 24 however. After that the algebraic 
and function-theoretic viewpoints on the concept of a polynomial 
with numerical coefficients will indeed be equivalent. For the time 
being, however, each time we have to indicate precisely which sense 
is meant. In the present section and the two following sections we 
will look upon the polynomial as a formal-algebraic expression.

Naturally, there are rath-degree polynomials for any natural 
number ra. We consider all possible polynomials of this kind: first- 
degree (or linear), quadratic, cubic, etc. We will also encounter 
polynomials of degree zero, which are nonzero complex numbers. The 
number zero will also be taken to be a polynomial. This is the 
only polynomial whose degree is not defined.

For polynomials with complex coefficients we now define the ope
rations of addition and multiplication. These operations will be
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introduced using the pattern of operations involving polynomials 
with real coefficients, which are familiar from the course of ele
mentary algebra.

If we are given polynomials /  (x) and g (x) with complex coef
ficients (written, for convenience, in ascending powers of x):

f (a:) ^  a0 -f- â x fln-i# ” -1 &n ¥= 0 ,
g (x) — 60'+  biX -f- . . . + ' 6s_i# s-1 +  bsxs, =£ 0

and if, for example, n s, then their sum is the polynomial
f (x) +  g (z) =  Co +  CiX . -h cn-iXn~x +  cnxn

whose coefficients are obtained by adding the coefficients of the 
polynomials /  (x) and g (x) of like powers of the unknown, i.e.,

ct =  at -H bi, i — 0, 1, . . n (3)
For n >  s, the coefficients b8+l, &8+a, . . . » bn are to be taken equal 
to zero. The degree of the sum will be equal to n if n is greater than 
s, but for n =  s it may accidentally prove less than n, namely, 
when bn =  —an.

The product of polynomials /  (x) and g (x) is the polynomial
/  (x) -g (x) == do +  dix +  • • • +  dn+s-Î n+S-1 +  4+s^n+s 

whose coefficients are determined as follows:

dt =  2  ahbi, i =  0, 1, — 1, n-\-s (4)h-\-/s=i
That is, the coefficient dt is the result of multiplying those coeffi
cients of the polynomials /  (x) and g (x) whose sum of indices is 
equal to i and of adding all such products; in particular, d0 — 
— a0bQi di =  a0bi +  a^o, . . dn + 8 =  anb8. From the latter 
equality follows the inequality d7l+8=̂= 0  and therefore the degree 
of the product of two polynomials is equal to the sum of the degrees 
of these polynomials.

From this it follows that the product of polynomials different 
from zero can never be equal to zero.

What properties do these operations that we have introduced 
for polynomials have? The commutative and associative laws for 
addition follow immediately from the validity of these properties 
for addition of numbers, since we add the coefficients of each power 
of the unknown separately. Subtraction is possible: the role of zero 
is played by the number zero, which we have included in the class 
of polynomials, and the opposite of /  (x) will be the polynomial

—/  (x) =  —a0 — atx — . . .  — an„iXn~l — anxn
The commutative law for multiplication follows from the com

mutativity of multiplication of numbers and from the fact that
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in the definition of a product of polynomials, the coefficients of 
both factors /  (x) and g (x) are of an equal status. The associativity 
of multiplication is proved as follows: if besides the above-written 
polynomials /  (x) and g (x), we are given the polynomial

h (x) =  Cq -f- Cix -f- . . . -f- ct-1#*-1 +  CfXt, Ct =7̂= 0
then the coefficient of xl, i =  0, 1, . . n +  s +  t, in the product 
[/ (x) g {x)]h (a;) is the number

2 ( 2  ^kbl) Cm — 2

and in the product f (x) [g (x) k (x)] the equivalent number

2  ( 2  Cm) ~  2  CLkbiCm

Finally, the validity of the distributive law follows from the 
equation

2  (ah +  bh) c i =  2  2  bkci
h+l=i k+l=i k+l=i

since the left-hand member of this equation is the coefficient of xl 
in the polynomial [/ (a;) -f g (x)] h (x) and the right-hand member 
is the coefficient of the same power of the unknown in the poly
nomial /  (x) h (x) g (a;) h (x).

It will be noted in the multiplication of polynomials that the 
role of unity is played by 1, which is regarded as a polynomial of 
degree zero. On the other hand, a polynomial f (x) has an inverse
f~x (z)>

/  (x) r  (x) =  1 (5)
if and only if f (x) is a polynomial of degree zero. Indeed, if /  (x) is 
a nonzero number a, then the inverse polynomial is the number a-1. 
But if /  (x) has degree n 1, then the degree of the left side of (5) 
would not be less than n if the polynomial f ' 1 (x) existed, whereas 
the polynomial on the right is a polynomial of degree zero.

Consequently, the multiplication of polynomials has no inverse 
operation (division). In this respect, the set of all polynomials with 
complex coefficients resembles the set of all integers. The analogy 
may be continued in that polynomials, like the integers, have 
a division algorithm (with remainder). Elementary algebra describes 
this algorithm for the case of polynomials with real coefficients. 
However, since we are dealing with polynomials with complex 
coefficients, it is well to review once again all the statements and 
to carry out the proofs.

For any two polynomials f (x) and g (x) we can find polynomials 
q (a:) and r (re) such that

f (x) =  g (x) q(x)  +  r (x) (6)

9—5760
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the degree of r (x) being less than the degree of g (x), or r (x) =  0. 
The polynomials q (x) and r (x) satisfying this condition are defined 
uniquely.

Let us first prove the latter half of the theorem. Let there also 
be polynomials q (x) and r (x) such that likewise satisfy the equation 

/  (x) =  g (x) q (x) +  r (x) (7)
the degree of r (x) again being less than the degree of g (x)*. Equa
ting the right sides of (6) and (7), we obtain

g (x) [q (x) — q (x)] =  r (x) — r (x)
The degree of the right side of this equation is less than the degree 
of g (x), but the degree of the left side would be greater than or equal 
to the degree of g (x) for q (x) —q {x) 0. Therefore, it must be
true that q (x) — q (x) — 0, that is, q (x) =  q (x), but then r (x) =
— r {x), which is what we set out to prove.

We now prove the first part of the theorem. Let the polynomials 
/ (x) and g (x) have degrees n and s, respectively. If n <  s, then we 
can put q (x) =  0, r (x) =  /  (x). But if n >• s, then we take advantage 
of the same method by which in elementary algebra we divide 
polynomials with real coefficients (in descending powers of the 
unknown). Suppose

f (x) =  aQxn +  <ZiXn-1 +  . . . +  #7i-iX +  aQ =7̂ 0 ,
g (x) =  b0xs +  bix*-1 +  . . . +  bs_ix +  b8, b0 =^0

Setting
f ( x ) - y QXn~sg{z) =  fi{x) (8 )

we get a polynomial whose degree is less than n. Denote this degree 
by nt and the leading coefficient of the polynomial fi (x) by ai0. 
Now, if we still have n* ^  s, set

fi (*) ~  ̂  g (*) =  h  (x) (8^
Denoting by n2 the degree and by a20 the leading coefficient of the 
polynomial / 2 (x), we set

/2 (x) xn"~s g (x) =  / 3 (x) (82)
and so forth.

Since the degrees of the polynomials f t (x), / 2 (x), . . . decrease, 
n >* nt >> n2 >  . . ., we finally arrive (after a finite number of steps) 
at the polynomial fh (x),

ftt—i (*) — xnk-t-*g (x) =  fk (x) (8ft_i)

* Or r(x) =  0. This case will not be specifically stated in the sequel.
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the degree of which, nh, is less than s. Our procedure has come to 
a halt. Now adding (8), (8i), . . ., (8ft_t), we get

/  (*) “  ("^ xn~* +  ^  xUl~s +  • • • +  n j jp  xnh-i~s  ̂g (x) =  / ft {x) 

Thus, the polynomials

q{x) =  ^ x n - s + ^ x ^ + . . . + ^ x ^ i - S7 

r(x) =  fk (x)
do indeed satisfy (6), and the degree of r (x) is in fact less than the 
degree of g (x).

Note that the polynomial q (x) is called the quotient obtained 
from the division of f (x) by g (a:), and r (x) is the remainder.

From this consideration of the division algorithm, it is easy 
to establish that if /  (a:) and g (x) are polynomials with real coefficients, 
then the coefficients of all polynomials fi (x), / 2 (x), . . .  and therefore 
also the coefficients of the quotient q (x) and the remainder r (x) will 
be real.

21. Divisors. Greatest Common Divisor

Suppose we have nonzero polynomials /  (a:) and <p (x) with com
plex coefficients. If the remainder after dividing /  (a:) by cp (x) is 
zero, we then say that /  (a:) is divisible (exactly divisible) by <p (x). 
Here, the polynomial cp (x) is called the divisor of the polynomial
/(*)•

The polynomial cp (x) is a divisor of the polynomial f (x) if and 
only if there exists a polynomial ip (x) such that satisfies the equation

f (x) =  q> (*) i|> (x) (1)
Indeed, if cp (x) is a divisor of /  (x), then for ip (x) we should take 

the quotient of /  (x) divided by (p (x). Conversely, let there be a poly
nomial ip (x) which satisfies (1). From the proof given in the pre
ceding section on the uniqueness of the polynomials q (x) and r (x) 
which satisfy the equation

/  (x) =  cp (x) q (x) +  r (x)
and the condition that the degree of r (x) be less than the degree 
of cp (x), it follows in our case that the quotient of /  (x) by cp (x) 
is equal to ip (x), and the remainder is zero.

Naturally, if equation (1) holds, then ip (x) is also a divisor 
of /  (x). Furthermore, it is obvious that the degree of cp (x) does not 
exceed the degree of /  (x).

Note that if the polynomial /  (x) and its divisor cp (x) both have 
rational or real coefficients, then the polynomial ip (x) as well will

9*
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have rational or. respectively, real coefficients since it is sought 
by means of the division algorithm. Of course, a polynomial with 
rational or real coefficients can also have divisors, not all the coef
ficients of which are rational (or real). This is shown for example 
by the equation

x2 -f- 1 =  (x — i) (x -f- i)
We indicate a few basic properties of divisibility of polynomials 

that will be very useful later on.
I. If f (a;) is divisible by g (x), and g (x) is divisible by h (x), then 

} (x) is divisible by h (x).
Since, by hypothesis, /  (x) =  g (x) <p {x) and g (x) =  h (a:) (x),

it follows that f (x) — h (x) hj) (x) q) (a:)].
II. If f (x) and g (x) are divisible by q) (x), then their sum and 

difference are also divisible by cp (a;).
Indeed, from the equations /  (x) =  q> (x) (x) and g (x) =

=  cp (a:) x (z) ^  follows that /  (a:) ±  g {x) — q) (x) [\J) (x) ±  % (x)J.
III. If f (x) is divisible by q) (a:), then the product of f (a;) by any 

polynomial g (x) is also divisible by q) (x).
True enough, if /  (x) =  q) (x) i|) (a:), then it follows that

/  {x) g (x) =  <P (̂ ) bp (%) g 0)1-
From II and III we have the following property.
IV. If each of the polynomials f t (x), f z (x), . . ., f k (x) is divi

sible by q) (x), then the following polynomial will also be divisible 
by q) (x):

fi (*) g% (x) +  f% ix) g2 (x) +  . . . +  fh (x) gh (x)
where gi (x), g2 (x), . . ., gh (x) are arbitrary polynomials.

V. Any polynomial f (x) is divisible by any polynomial of degree 
zero.

Indeed, if /  (a;) =  a0xn +  aixn~1 +  . . . +  â  and c is an arbit
rary number not equal to zero, that is, an arbitrary polynomial of 
degree zero, then

VI. If f (x) is divisible by q> (x), then f (x) is divisible by cq> (a;) 
as well, where c is an arbitrary number different from zero.

From the equation f (x) — q> {x) 1J3 (x) follows the equation 
/  (x) =  Icq) (x)l • [chj) (x)].

VII. The polynomials cf (x), c =#* 0, and only such polynomials 
are divisors of the polynomial f (x) that have the same degree as f (x).

Indeed, /  (x) =  c~x [cf (x)l, or /  (x) is divisible by cf (x).
If, on the other hand, /  (x) is divisible by q) (x), and the degrees 

of /  (x) and (x) coincide, then the degree of the quotient of /  (x) 
by w (x) must be zero, i. e., /  (x) =  dm (x), d =£ 0, whence q) (x) =  
=  d~xf  (x).
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From this we get the following property.
VIII. The polynomials f (x), g (x) are simultaneously divisible 

one by the other if and only if g (#) =  cf (x), c =f= 0.
Finally, from VIII and I we get the property
IX. Any divisor of one of two polynomials f (#), cf (x), where 

c =A= 0, is a divisor of the other polynomial as well.
Greatest common divisor. Suppose we have arbitrary polyno

mials /  (x) and g (a;). The polynomial cp (x) is called the common 
divisor of f (x) and g (x) if it is a divisor of each of them. Property V 
(see above) shows that the common divisors of the polynomials 
/ (a;) and g (x) include all polynomials of degree zero. If there are 
no other common divisors of these two polynomials, then the poly
nomials are called relatively prime.

But in the general case, the polynomials /  (x) and g (x) may have 
divisors which depend on x; we wish to introduce the concept of the 
greatest common divisor of these polynomials.

It would he inconvenient to take a definition stating that the 
greatest common divisor of the polynomials f {x) and g (a:) is their 
common divisor of highest degree. On the one hand, as yet we do 
not know whether /  (a;) and g (x) have many different common 
divisors of highest degree which differ not only in a zero-degree 
factor. In other words, isn’t this definition too indeterminate? 
On the other hand, the reader will recall from elementary arithme
tic the problem of finding the greatest common divisor of integers 
and also that the greatest common divisor 6 of the integers 12 
and 18 is not only the greatest among the common divisors of these 
numbers but is even divisible by any other of their common divi
sors; the other common divisors of 12 and 18 are 1, 2, 3, —1, —2, 
- 3 ,  - 6 .

That is why, for polynomials, we have the following definition.
The greatest common divisor of the nonzero polynomials /  (̂ ) 

and g (x) is a polynomial d (x), which is their common divisor and, 
also, is itself divisible by any other common divisor of these poly
nomials. The greatest common divisor of the polynomials /  (#) and 
g (x) is symbolized as (/ (x), g ( )̂).

This definition leaves open the question of whether there exists 
a greatest common divisor of any polynomials f {x) and g (.r). We 
will now answer this question in the affirmative. At the same time, 
we will give a practical method for finding the greatest common 
divisor of the given polynomials. Quite naturally, we cannot carry 
over the procedure used for finding the greatest common divisor 
of integers, since we do not as yet have anything analogous in poly
nomials to the decomposition of an integer into a product of prime 
factors. However, for integers there is also another method called 
the algorithm of successive division, or Euclid's algorithm. This pro
cedure is quite applicable to polynomials.
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Euclid’s algorithm for polynomials consists in the following. 
Let there be given the polynomials f (x) and g (x). We divide /  (a:) 
by g (x) and obtain, generally speaking, a remainder (x). Then
divide g (x) by r4 (x) and get a remainder r2 (a:), divide 7v (x) by 
r2 (x) and so on. Since the degrees of the remainders decrease con
tinuously, there will come a time in this sequence of divisions when 
the division is exact and the procedure terminates. The remainder 
rk (x) which divides exactly the preceding remainder rh_i (x) is the 
greatest common divisor of the polynomials f (a:) and g (a;).

By way of proof, let us write the contents of the preceding para
graph in the form of a chain of equations:

f (x) =  g (x) qi (x) +  (a:),
g (x) =  rt (x) q 2 (x) +  r2 (x), 

ri (x) =  r2 (x) q3 (x) +  r3 (x),
...........................................................................................  (2)

rh- 3 (x) =  rh_2 (x) qh-x (a:) +  rk_t (x),
rh-2 (*) =  rk„i (x) qh {x) +  rh (x), 
rk-i (x) =  rh (x) qk+ 1 (x)

The last equation shows that rh (x) is a divisor of (x). 
Whence it follows that both terms of the right member of the second 
last equation are divisible by rk (x) and so rh (x) is also a divisor 
of rh_2 (a:). Rising upwards in this fashion, we find that rk (x) is 
also a divisor of rft_3 (x),. . . ., r2 (a:), (a:). Whence, by virtue
of the second equation, it will follow that rk (x) is a divisor of g (x) 
and therefore, on the basis of the first equation, a divisor of /  (x) 
as well. Thus, rk (x) is a common divisor of /  (x) and g (a;).

Now let us take an arbitrary common divisor <p {x) of the poly
nomials /  (x) and g (x). Since the left side and the first term of the 
right side of the first of the equations (2) are divisible by (p (x), 
it follows that rt (x) is also divisible by q> (a:). Passing to the second 
and successive equations, we find in the same way that the polyno
mials r2 (a:), r3 (x), . . . are divisible by (p (x). Finally, if it is 
proved that rfe_2 (x) and rh_t (x) are divisible by tp (x), then from 
the second last equation we find that rh (x) is divisible by <p (x). 
Thus, rh (x) is indeed the greatest common divisor of /  (x) and g (x).

We have thus proved that any two polynomials have a greatest 
common divisor, and we have a procedure for computing it. This 
method shows that if the polynomials f (x) and g (x) both have rational 
or real coefficients, then the coefficients of their greatest common divisor 
will also be rational or real, though of course these polynomials 
may also have other divisors, not all coefficients of which are rational 
(real). Thus, the polynomials with rational coefficients

/  (x) =  x3 — 3x2 — 2x +  6, g (x) =  x3 +  x2 — 2x — 2
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have as greatest common divisor the polynomial with rational coef
ficients x2 — 2, though they have a common divisor x — V~2, not 
all the coefficients of which are rational.

If d (x) is the greatest common divisor of the polynomials /  (x) 
and g (a:), then, as Properties VIII and IX (see above) show, for 
the greatest common divisor of these polynomials we could also 
choose the polynomial cd (x), where c is an arbitrary number diffe
rent from zero. In other words, the greatest common divisor of two 
polynomials is only determined to within a factor of degree zero. In view 
of this fact we can agree that the leading coefficient of the greatest 
common divisor of two polynomials will always be considered equal 
to unity. Using this condition, we can say that two polynomials are 
relatively prime if and only if their greatest common divisor is unity. 
Indeed, for the greatest common divisor of two relatively prime 
polynomials we can take any number different from zero; but mul
tiplying it by the inverse, we get unity.

Example. Find the greatest common divisor of the polynomials 
f  (a) =  a* +  3a3 — a2 — Ax — 3, g (a) =  3a3 +  10aa +  2x — 3

Applying Euclid’s algorithm to polynomials with integral coefficients, 
we can (to avoid fractional coefficients) multiply the dividend or reduce the 
divisor by any nonzero number (this may be done either at the start or at any 
other time in the division). Quite naturally, this will distort the quotient, 
but the remainders that interest us will only acquire some factor of zero degree, 
which as we know is quite permissible when seeking the greatest common divi
sor.

We divide / (x) by g (x) but first multiply /  (a) by 3:
a +  1_________________

3a3 +  10a2 +  2a— 3 1 3a4+ 9 a 8— 3a2— 12a— 9 
3a4 +  10a3 -}- 2a2 — 3a 

— a8—5a2 — 9a — 9
(multiply by —3)

3a3 +  15aa +  27a +  27 
3a3 +  10aa +  2a — 3 

5aa +  25a +  30

Thus, the first remainder, after dividing by 5, will be (a) =  a2 +  5a +  6. 
We divide the polynomial g  (a) by it:

3a—5___________
a2+  5a: +  6 | 3a8 +  10a2 +  2a — 3 

3a3 +  15a2 +  18a
— 5a2—16a—3
— 5a2 —25a—30

9a+ 27
The second remainder, after dividing by 9, is thus r z  (a) =  a +  3. Since 

ft («) =  rz  (a) (a +  2)
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it follows that r2 (x) will be the last remainder which exactly divides the prece
ding remainder. It will consequently be the desired greatest common divisor:

(/ (X), g (x)) =  x  +  3

We use the Euclidean algorithm to prove the following theorem. 
If d (x) is the greatest common divisor of the polynomials f (x) 

and g (x), then it is possible to find polynomials u (x) and v (x) such that
f (x) u {x) +  g (x) v {x) =  d (x) (3)

If the degrees of the polynomials f (x) and g (x) exceed zero, we can 
then take it that the degree of u (x) is less than the degree of g (x), and 
the degree of v (x) is less than the degree of f (x).

The proof rests on the equations (2). If we take into considera
tion that rh (x) =  d (x) and if we put Ui (x) =  1, (,x) =  —qh (x),
then the second last of the equations (2) yields

d (x) =  rh 2 (x) m (x) -f rh-i (x) vx (x)
Substituting the expression rft_! (x) in terms of rft_3 (x) and rfe_2 (x) 
from the preceding equation (2), we get

d (x) =  rh_3 (x) u2 (x) -|- rh. 2 (x) v2 (x)
where, obviously, u2 (x) =  iq (x), v2 (x) — ui (x) — iq (x) q^-i (x). 
Continuing upwards through the equations of (2), we finally arrive 
at the equation (3) being proved.

To prove the second assertion of the theorem, assume that the 
polynomials u (x) and v (x) which satisfy (3) have already been 
found, but that, say, the degree of u (x) is greater than or equal to 
the degree of g (x). Divide u (x) by g (x):

u (x) =  g (x) q (x) +  r (x)
where the degree of r (x) is less than the degree of g (x), and substitute 
this expression into (3). We get the equation

/  (x) r (x) +  g (x) [v (x) +  /  (x) q (x)] =  d (x)
The degree of the factor of /  (x) is now less than the degree of g (x). 
The degree of the polynomial in square brackets will in turn be 
less than the degree of /  (x), since otherwise the degree of the second 
summand in the left-hand member would not be less than the degree 
of the product g (x) /  (x), and since the degree of the first summand 
is less than the degree of this product, the entire left side would 
have a degree greater than or equal to the degree of g (x) /  (x), whe
reas the polynomial d (x) is definitely (given our assumptions) of 
lower degree.

This proves the theorem. At the same time we see that if the 
polynomials /  (x) and g (x) have rational or real coefficients, then 
we can also choose the polynomials u (x) and v (x), which satisfy
(3), so that their coefficients are rational or real.
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Example. Find the polynomials u (x) and v (x) which satisfy (3) for 
/  (x) =  x3 — x2 -j- 3x — 10, g (x) — x3 +  6x2 — 9x — 14

Apply Euclid’s algorithm to these polynomials. This time, when perfor
ming the divisions, we cannot allow for any distortion of the quotients since 
these quotients are used to find the polynomials u (x) and v (x). We obtain 
the following system of equations:

/ (*)  =  £ (*) +  (—7x2 +  12x +  4), 

g (x) =  ( - 7 * 2  +  1 2 z + 4 ) ( - - x - g ) + ^ ( * _ 2 ) ,

—l x 2 +  12x +  4 =  (x — 2) {—lx  — 2) 
Whence it follows that (/(x), g (x)) =  x — 2 and that

u (x) =  1_ 54
235 ^  235 ’

v (x) = 1 5
235* 235

Applying the above-proved theorem to relatively prime polyno
mials, we get the following result.

The polynomials f (x) and g (x) are relatively prime if and only 
if it is possible to find polynomials u (x) and v (a;) such that satisfy 
the equation

f {x) u (x) +  g (x) v (x) =  1 (4)

Proceeding from this result, we can prove a number of simple 
but important theorems on relatively prime polynomials:

(a) If a polynomial f (a;) is relatively prime to each of the polyno
mials qp (a:) and i|) (x), then it is also relatively prime to their product.

Indeed, by (4), there are polynomials u (a:) and v (x) such that
/  (x) u (x) +  qp (x) v (x) =  1

Multiplying this equation by ^ (x), we get
/  (x) [u (x) ij) (a:)] +  [qp  (x) i j j  (a:)] v (x) =  ij) (x)

whence it follows that any common divisor /  (x) and qp (x) i |)  (a:) 
would also be a divisor of (a:); however, it is given that
(/ (*). ^ (a)) =  1 -

(b) If the product of the polynomials f {x) and g (x) is divisible by 
qp (a:) but f (a:) and qp (x) are relatively prime, then g (x) is divisible 
by qp (x).

This is true since by multiplying the equation 

/  (x) u {x) qp {x) v {x) =  1
by g (x), we get

[/ (x) g (ar)J u (x) +  qp (x) [v (x) g (a;)] =  g (a:)



138 CH. 5. POLYNOMIALS AND THEIR ROOTS

Both terms of the left-hand member of this equation are divisible 
by 9  (a:); hence g (x) is divisible by (p (a:).

(c) If the polynomial f  (x) is divisible by each of the polynomials 
<p {x) and op (#), which are relatively prime, then f (x) is also divisible 
by their product.

Indeed, /  (x) =  cp (a:) cp (a:) so that the product on the right is 
divisible by \p (a:). Therefore, by (b), <p (a:) is divisible by ip (a:), 
cp (a:) — \p (x) ip (x), whence /  (a:) =  [cp (x) ip (a:)] ip (x).

The definition of greatest common divisor may be extended to 
the case of any finite system of polynomials: the greatest common 
divisor of the polynomials f t (x), / 2 (x), . . ,, f a (x) is that common 
divisor of these polynomials which is divisible by any other com
mon divisor of these polynomials. The existence of a greatest common 
divisor for any finite system of polynomials is a consequence of the 
following theorem, which also provides a procedure for calculat
ing it.

The greatest common divisor of the polynomials fi (a:), / 2 (x), . . .
. . ., f a (x) is equal to the greatest common divisor of the polynomial 
f a (x) and the greatest common divisor of the polynomials fi (x), f 2 (x), . . .
• • •» /  3-1 (•*•)•

Indeed, for s =  2 the theorem is obvious. We thus assume that 
for the case s — 1 it holds true, that is, in particular, we have already 
proved the existence of the greatest common divisor d (x) of the 
polynomials / 4 (x), / 2 (x), . . ., f a-i (a:). Denote by d (x) the grea
test common divisor of the polynomials d (x) and f 8 (x). It will 
obviously be a common divisor of all the given polynomials. On the 
other hand, any other common divisor of these polynomials will 
also be a divisor of d (x) and, for this reason, of d (x) as well.

In particular, the system of polynomials f t (x), / 2 (x), . . .  
f 8 (x) is called relatively prime if only zero-degree polyno

mials are the common divisors of these polynomials; that is to say, 
if their greatest common divisor is unity. If s >• 2, then these poly
nomials may not be pairwise relatively prime. Thus, the system 
of polynomials

/  (x) =  x3 — lx 2 +  lx  +  15, g (x) =  x2 — x — 20, 

h (x) =  x8 +  x2 — 12a: 

is relatively prime, although
if (x), g (x)) =  x — 5, (/ (x)t h (x)) =  x — 3, (g (a:), h (a:)) —x+A

The reader will readily obtain a generalization of the above- 
proved theorems (a) to (c) on relatively prime polynomials to the 
case of any finite number of polynomials.
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22. Roots of Polynomials
We have already (Sec. 20) dealt with the values of a polynomial 

when we spoke of the function-theoretic approach to the concept 
of a polynomial. Let us recall the definition.

If
/  (x) =  a0xn +  diX71-1 +  . . . +  an (1)

is some polynomial and c is a number, then the number
/  (c) =  a0cn +  axcn~l +  . . . + « *

obtained by replacing in (1) the unknown x by the number c and 
by subsequent performance of all indicated operations, is called 
the value of the polynomial f  (x) for x =  c. Quite naturally, if f  (x) =  
=  g (x) in the sense of an algebraic equality of polynomials as 
defined in Sec. 20, then f  (c) =  g (c) for any c.

It is also easy to see that if
<P (*) =  /  (x) +  g (*)> $ (x) =  f (x) g (x)

then
<P (c) = f  (c) +  g (c), ij) (c) =  /  (c) g (c)

In other words, the addition and multiplication of polynomials 
defined in Sec. 20 become—from the function-theoretic approach 
to polynomials—the addition and multiplication of functions, to be 
understood in the sense of addition and multiplication of the appro
priate values of these functions.

If /(c ) =  0, that is, the polynomial /  (a:) vanishes when the 
number c is substituted in place of the unknown, then c is termed 
a root of the polynomial f (x) [or of the equation f (x) = 0 ] .  It will 
now be shown that this concept applies completely to the theory 
of divisibility of polynomials, which was the topic of discussion 
in the preceding section.

If we divide the polynomial /  (x) by an arbitrary polynomial 
of degree one (or, as we shall say from now on, by a linear polynomial), 
then the remainder will either be a polynomial of degree zero, or 
zero, which is to say some number r. The following theorem allows 
us to find this remainder without performing the division itself 
when we divide by a polynomial of the form x — c.

The remainder resulting from the division of a polynomial f (x) 
by a linear polynomial x — c is equal to the value f (c) of f {x) for 
x =  c.

Let
/  {x) =  (x — c) q (x) +  r 

Taking the values of both sides of this equation when x — c, we get 
/(c) =  (c — c) q (c) +  r =  r 

which proves the theorem.
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An exceedingly important corollary follows from this fact.
The number c is a root of the polynomial f  (x) if and only if f (x) 

is divisible by x — c.
On the other hand, if /  (x) is divisible by some linear polynomial 

ax +  b, then evidently it is also divisible by the polynomial
that is, by a polynomial of the form x — c. Thus,

finding the roots of a polynomial f  (x) is equivalent to finding its linear 
divisors.

In view of the foregoing, it is of interest to examine the method 
of dividing a polynomial /  (x) by a linear binomial x — c, which 
is simpler than the general algorithm for dividing polynomials. 
This method is called the Horner method. Let

/  (x) — a0xn +  atxn ' 1 +  a2xn~2 +  . . . + « „  (2 )
and let

f(x) =  (x—c)q{x) +  r (3)
where

q (x) =  box71' 1 +  biXn ~2 +  b2xn ~3 +  . . . +  bn̂  
Comparing the coefficients of like powers of x in (3), we get

a0 — b0, 
ax — bi — cb0, 
a2 =  b2 cb̂ ,

an-i fyn-i cbn-2,
On =  T —  Cbn - i

From this it follows that b0 =  a0, bh — cbh. t +  ah, k =  1 , 2, . . . 
. . ., n — 1 , that is, the coefficient bk is obtained by multiplying 
the preceding coefficient b^-i by c and by adding the corresponding 
coefficient ak; finally, r =  cbn-i +  an, that is, the remainder r, 
which as we know is equal to /  (c), is also obtained by the same 
rule. Thus, the remainder and the coefficients of the quotient may be 
successively obtained by computations of the same type, which 
can be arranged in a scheme, as the following examples demonstrate.

Example 1. Divide f  (x ) =  2 x 5 —  x 4 —  3 x 3 - j -  z  —  3  by x  — 3.
Form an array in which the coefficients of the polynomial /  (x) are located 

above the bar, and the corresponding coefficients of the quotient and-the rema
inder (computed successively) are located below the bar; on the left is the value 
of c  in the given example:

3
2 - 1  
2.3*2— 1

— 3 0 1 —3
5.3.5 — 3 =  12.3*12 +  0 =  36.3*36+1 =  109.3* 109— 3 =  324

Thus, the desired quotient w ill he.
q  (x )  =  2 x 4 +5®®+12x2+ 36x+109  

and the remainder will be r = / ( 3) =  324.
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Example 2. Divide /(x) =  x4—8x3-j-x2-fi4x—9 by x-j-1.
1 — 8 1 4 — 9

1 1 —9 10 — 6 — 3
The quotient will therefore be

q (x) =  x3 — 9x2 -j- 10x—6 
and the remainder r = /  (—1) = —3.

These examples show that the Horner method may also he used 
for quick computation of the value of a polynomial for a given value 
of the unknown.

Multiple roots. If c is a root of the polynomial /  (x), i.e., /  (c) =  
=  0, then /  (x) is, as we know, divisible by a: — c. It may turn out 
that the polynomial f (x) is not only divisible by the first power 
of the linear binomial x — c, but by higher powers of it as well. 
In any case, there will be a natural number k such that /  (x) is exact
ly divisible by (x — c)k, but is not divisible by (x — c)k+1. 
Therefore,

/  Or) =  (x — c f  cp {x)

where the polynomial cp (x) is no longer divisible by x — c, that 
is, does not have c as its root. The number k is called the multiplicity 
of the root c in the polynomial /  (x), and the root c is the k-fold root 
of this polynomial. If k — 1, then we say that the root c is simple.

The concept of a multiple root is closely related to the concept 
of the derivative of a polynomial. However, we are studying poly
nomials with any complex coefficients and for this reason we cannot 
simply take advantage of the concept of a derivative as introduced 
in the course of mathematical analysis. What follows is to be regar
ded as a definition of the derivative of a polynomial which is inde
pendent of that given in the course of analysis.

Suppose we have an rcth-degree polynomial
/  {x) =  aQxn +  a ^ 1 +  . . . +  an-ix +  a*

with arbitrary complex coefficients. Its derivative {first derivative) 
is a polynomial of degree n — 1 :

/' (x) =  na0xn~l -f  (n — 1) a^ 71' 2 -f  . . . -f 2an. 2x +  an_t

The derivative of a polynomial of degree zero and the derivative 
of zero are taken to be equal to zero. The derivative of the first 
derivative is called the second derivative of the polynomial /  (x) 
and is denoted by /" (x), etc. It is obvious that

f(n) ^  _  njao

and therefore f(n+1> (x) =  0 ; i.e., the (n +  l)th derivative of a poly
nomial of degree n is equal to zero.
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In our case of polynomials with complex coefficients, we cannot 
make use of the properties of a derivative as proved in the course 
of analysis for polynomials with real coefficients; we have to prove 
these properties once again using the definition of a derivative given 
above. We are interested in the following properties, which are 
called formulas for differentiating a sum and a product:

(j(x) +  g (x)Y =  r  (x) +  g' (x) (4)
(/(*)•?  (*»' =  f (*)«' (*) +  r  (*) g (*), (5)

These formulas can easily be verified, incidentally, by direct 
computation, by taking for /  (x) and g (x) two arbitrary polynomials 
and applying the above definition of a derivative; we leave this 
to the reader.

Formula (5) can readily be extended to the case of a product 
of any finite number of factors and therefore we can in the ordinary 
fashion derive a formula for the derivative of a power

(f  (*))' =  h f 1 (*) /' (x) (6)
Our aim will he to prove the following theorem.
If the number c is a k-fold root of the polynomial f (x), then for

k >  1 it will be the (k — 1 )-fold root of the first derivative of this
polynomial; but if k =  1 , then c will not be a root of f  (x).

Let
/  (x) =  (x — c)h 9  (x), k >  1 (7)

where qp (x) is no longer divisible by x — c. Differentiating equa
tion (7), we get

/' (a;) =  (x — c f  <p' (x) +  k (x — c)*-1 9  (x)
=  (x — c) * " 1 l(x — c) 9 ' (x) +  & 9  (x)]

The first term of the sum in the square brackets is divisible by 
x — c, the second is not divisible by x — c; therefore, the whole 
sum is not divisible by x — c. Taking into account that the quotient 
of /  (x) by (x — c)k-1  is uniquely defined, we find that (x — c)h~l 
is the highest power of the binomial x — c which divides the poly
nomial f  (x). The proof is complete.

Applying this theorem several times, we find that the k-fold 
root of polynomial f  (x) is the (k — s)-fold root in the sth derivative 
of this polynomial (k s) and for the first time will not be a root of the
kth derivative of f  (x).

23. Fundamental Theorem

In examining the roots of polynomials in the preceding section 
we did not pose the question of whether every polynomial possesses 
roots. We know that there are polynomials with real coefficients
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that do not have real roots; a:2 +  1 is such a polynomial. It might 
be expected that there are polynomials which do not have roots 
even in the class of complex numbers, particularly if we consider 
polynomials with arbitrary complex coefficients. If this were the 
case, then the system of complex numbers would require a further 
extension. Actually, however, the following fundamental theorem 
of the algebra of complex numbers is valid.

Every polynomial of degree at least one with arbitrary numerical 
coefficients has at least one root, which in the general case is complex.

This theorem is one of the greatest attainments of the whole 
of mathematics and finds application in the most diverse spheres 
of science. In particular, it is the starting point of everything in the 
theory of polynomials with numerical coefficients and for this 
reason it was once called (and sometimes still is) the “fundamental 
theorem of higher algebra”. Actually, however, the fundamental 
theorem is not purely algebraic. All its proofs—and since Gauss 
first proved the theorem at the end of the eighteenth century a very 
large number have been found—are forced, in one degree or another, 
to make use of the so-called topological properties of the real and 
complex numbers, that is properties associated with continuity.

In the proof which we now give, the polynomial f (x) with com
plex coefficients will be regarded as a complex function of a complex 
variable x. Thus, x can assume any complex values, or, taking 
into account the mode of constructing complex numbers given 
in Sec. 17, the variable x ranges over the complex plane. The values 
of the function /  (x) will also be complex numbers. We may consider 
that these values are plotted on a second complex plane, as in the 
case of real functions of a real variable where the values of the 
independent variable are plotted on one number line (axis of abscis
sas) while the values of the function are plotted on the other line 
(axis of ordinates).

The definition of a continuous function as given in the course 
of mathematical analysis is carried over to functions of a complex 
variable (in the formulation of the definition, absolute values are 
replaced by moduli).

Namely, the complex function /  (x) of a complex variable x is 
continuous at a point xq if for any positive real number e there is 
a positive real number 6 such that no matter what (generally speak
ing, complex) the increment h, the modulus of which satisfies the 
inequality | h j <  6 , the inequality

\ f ( x0 +  h ) — f  (z0) | <  8

holds true. A function /  (#) is called continuous if it is continuous 
at all points x0 at which it is defined, that is, if f  (#) is a polynomial 
on the entire complex plane.
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The polynomial f  (x) is a continuous function of the complex vari
able x.

The proof of this theorem could be given as it is in the course 
of mathematical analysis, namely, by showing that the sum and 
the product of continuous functions are themselves continuous and 
then noting that a function which is constantly equal to one and 
the same complex number is continuous. However, we shall take 
a different approach.

We first prove the particular case of the theorem when the con
stant term of the polynomial /  (a:) is zero; and we will only prove 
the continuity of f (x) at the point x0 — 0. In other words, we will 
prove the following lemma (in place of k we write x).

Lemma 1. If the constant term of the polynomial f (x) is zero
f (x) =  a0xn +  aixn~l +  . . . -f~ an̂ x

that is, f (0 ) =  0 , then for any & >■ 0  there is a & >  0  such that for 
all x for which | x | <C 6 it is true that \ f {x)  | <C e.

Indeed, let
A =  max ( \ a0 |, | | an. t |)

We are already given the number s. Let us show that if for the num
ber 6 we take

8
8

4 +  e (1)
then it will satisfy the required conditions. 

Indeed,
i / (*) i < i «o 11 * r + i 1r*. r 1 + ••• + ! ii*i

* £ A ( \ z \ n + \ z  r 1 + ... + i*i)
that is,

\ m \ < *  ' ^ r J r -
Since | x | ■< 6  and, by (1), 6 C  1, it follows that

l * |  — | g |n+i  | X |
i H * |  1- 1*1

and therefore
A . . e ...

I f(x\ I ^  A \*\ -  Ah -  j4 +  6 — nl / W l < T i : | T T < r = 6 “ “ e " 8
1 A  -j- 8

which completes the proof.
Let us now derive the following formula. Suppose we have the 

polynomial
/  (x) =  a0xn 4  a1£n“1+  . .. +  an-iX +  an
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with arbitrary complex coefficients. Substitute in place of x the 
sum x h, where h is the second unknown. Using the binomial 
theorem, expand each of the powers (x +  h)h, k ^ .n ,  in the right- 
hand member and collect terms with like powers of h. This yields 
(as the reader can readily verify) the equation

/ (x+ h)=/  (*)+hr (*)+r (x) + . . .  + — />*> (x)
In other words, we prove Taylor's formula, which gives the expan
sion of /  (x +  h) in powers of the “increment” h.

The continuity of an arbitrary polynomial /  (x) at any point x0 
is now proved as follows. By Taylor’s formula,

f (x0 +  h) — f (x0) =  eft +  c2h2 +  . . . +  cnhn =  <p (h)
where

Cl = /'(*<>), C2 =  Y l • • •> Cn = — /(n> (x 0)

The polynomial q> (h) in the unknown h is a polynomial without 
a constant term, and so, by Lemma 1, for any e >  0 there is a 8 >  0 
such that for | h | <  6 it is true that | q? (̂ ) | <  e, i.e.,

\ f  (xQ +  h) — f (x0) | <  e
which completes the proof.

From the inequality
II /  (zo +  h) | — | /  (*<,) || <  I /  {xQ +  h) — /  (xQ) |

based on formula (13), Sec. 18, and from the continuity, just proved, 
of a polynomial there follows the continuity of the modulus | /  (a:) | 
of the polynomial /  (x); this modulus is obviously a real nonnegative 
function of the complex variable x.

We shall now prove the lemmas that are used in the proof of the 
fundamental theorem.

Lemma on the modulus of the highest-degree term. If we have 
an nth-degree polynomial, n 1 ,

/  (x) =  a$xn -f- aixri~x 4 " â x11-2 . . . 4- â

with arbitrary complex coefficients and if k is any positive real number, 
then for sufficiently large (in modulus) values of the unknown x the 
inequality

| aQxn | >  k | aiXn~x 4- a ^ ~ 2 4~ • • • 4~ <h. I (2)

is true, that is, the modulus of the highest-degree term is greater than 
the modulus of the sum of all the remaining terms; it is an arbitrary 
number of times greater.

10—5760
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Indeed, let A be the largest of the moduli of the coefficients
:®lt • • •* &71'

A =  max (| at |, | a2 |, . . | an |)
Then (see, in Sec. 18, the properties of the moduli of a sum and 
a product of complex numbers)
\aixn-1 +  a2xn 2-f  . . .  - f a n | < K | M n 1 +  1 az 11x P~2

Assuming | x \ >  1, we get

whence

\x\n~  1 I X  |n 
1* 1— 1 ^  1* 1— 1

aixn~1 -f a<2xn~‘l -f- . .  • -f- an | <  A

Thus, inequality (2) will be fulfilled if x satisfies the condition 
J x | >  1 and also the inequality

that is, if
^ 7 - ^ < K * n l =  K I I * r

1 (3)

Since the right side of inequality (3) is greater than 1, it may be 
asserted that, for values of x satisfying this inequality, inequality 
(2) holds true. This proves the lemma.

Lemma on the increase of the modulus of a polynomial. For
every polynomial f (x) of degree not less than unity with complex coef
ficients, and for any arbitrary large positive real number M, it is pos
sible to find a positive real number N such that for \ x \ >  N it will be 
true that | /  (x) \ >  M.

Let
f (a:) =  a0xn +  a ^ 1 +  . . . + « «

By formula (11), Sec. 18,
\ f ( x ) \ = \  aQxn +  (ai# ” " 1 +  . . . +  an) |

>  | a0xn | — | aix71-1 +  . . . +  an | (4)
Apply the lemma on the modulus of the highest-degree term, putting 
k — 2; there is a number N t such that for | x | >  N x it is true that

| aoxn | >  2  | aixn~x +  . . . +  an |

I ai-z” ' 1 +  • • • +  an | <  - j  | a0xn |
whence
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that is, by (4),

. I /  (s) I >  | ao*n I —y  I a°*n I =  T I a^ n \.
The right side of this inequality is greater than M  for

, ,  ̂ jr  VL / ~ W
I x  | >  ^ 2  -  y  | a 0 |

Thus, for | x\ >• N =  max (Ni, N 2) we have \f (x) | >  M.
The meaning of this lemma may be illustrated geometrically 

(we will frequently make use of this illustration). Suppose that at 
every point xq of the complex plane a per
pendicular is erected whose length (for 
the given scale unit) is equal to the mo
dulus of the value of the polynomial 
/  (x) at this point, that is, is equal to 
j /  (x0) | . The endpoints of the perpendi
culars will, in view of the above-proved 
continuity of the modulus of a polyno
mial, constitute some continuous curved Fig. 8
surface situated above the complex plane.
The lemma on the increase of the modulus of a polynomial shows that 
as | x0 | increases this surface recedes from the complex plane, though 
quite naturally the recession is not in the least monotonic. Fig. 8  
is a schematic view of the line of intersection of this surface with 
a plane perpendicular to the complex plane and passing through 
the point 0.

The following lemma plays a crucial role in the proof. 
D’Alembert’s lemma. If for x =  xQ the polynomial f (x) of degree 

n, n ^  1 , does not vanish, /  (zo) 0  and therefore \f (ar0) | >  0 , then 
it is possible to find an increment h (complex in the general case) such 
that

| /  (x0 +  h) | <  | /  (x0) |
If the increment h is as yet arbitrary, then Taylor’s formula 

yields
/  ( # o  H ~  —  /  f r o )  hf' ( * o )  +  ~2i f" (xo) +  • • • +  / <n> (xo)

By hypothesis, ar0 is not a root of /  (x). It may, however, fortuitously 
be a root of f  (x) and perhaps also of certain other higher deriva
tives. Let the /cth derivative (k 1) be the first that does not have
x0 for a root, that is,

/ ' M  =  / ' W = - =  f lh-" (*o) =  0 , /'ft> M ¥= 0
Such a k exists since if a0 is the leading coefficient of the polynomial 
f (x), then

/<"> (x0) =  nlaQ ^ 0
; 10*

0
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Thus,

/(* „ + * ) =  /  (*o) + — f'k' (*o) +  - ( ^ j !  t 'kw (*o) +  • ■ ■ +  ^  (*o)

Some of the numbers p h+1) (x0), . . ., / (7l-1) (x0) may also be zero, 
but this does not affect our reasoning in any way.

Dividing both sides of the equation by /  (zo), which, by hypothe
sis, is different from zero, and introducing the notation

we get
’ i  =  k ,  k + i ,  . . . .  n

 ̂ =  ~̂̂ ~Chkb c*+l̂ h+1 +  - • • +  cnhn 
or, because ch ^=0 ,

Taking moduli, we get
f ( x 0 +  h)

f{* o) ^  11 +  ckhk | 1 Ckhk | ck+i cn un-kh + . . . + - ^ KCfe cft (5)

Up to this point we have not made any assumptions concerning 
the increment h. Now we will choose h: we choose the modulus and 
he argument separately. We choose the modulus of h in the follo

wing manner. Since
£h±Lh+ . . .

Cfc Ch

is a polynomial in h without the constant term, it follows by Lemma 1 
(setting e =  y  j that there is a 6 i such that for | h | < 1  6 * it will 
be true that

Cft
cn un-k

. Cft < (6)

^2 |

On tne other hand, for

\h \< .o 2 =  V \Ch
we have

I chhh | <  1 (7)
Assume that the modulus of h is chosen in accord with the inequality

I h | <  min (6 lf 8 2) (8 )
Then, because of (6), inequality (5) becomes the strict inequality

j i - i <9>■ ^ ^ | < | l  +  c»k‘ | + T M kl
We will use Condition (7) later on.
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I
To choose the argument of h we require that the number Cfjik 

be a negative real number. In other words,
arg (chhk) =  arg ck +  h arg h =  ji

whence
arg h = 31 ~^rg Ch (10)

In this choice of h, the number ckhk will differ from its absolute value
m sign:

Chhk =  _  | ckhk |

and therefore, using inequality (7),
I 1 +  I =  I 1 -  \ckhk I I =  1 -  I chhk I

Thus, for h chosen on the basis of the Conditions (8) 
inequality (9) takes the form

/(xp-fA) 
/(*o) <  1 — | chhh I +  — 1 ckhh j =  1 — y  | chhh J

and all the more so

and (10),

/ (xp +  h) 
fixo)

whence it follows that

I / (acd-f-fe)i
I / (*o) I 1

| f (x0 +  h) I <  I./ (x0) |
This completes the proof of d’Alembert’s lemma.

Using the geometric interpretation given earlier, we can describe 
d’Alembert’s lemma in the following fashion. Given that | /  (ar0) I >  
>> 0. This means that the length of the perpendicular erected to the 
complex plane at point x0 is nonzero. Then, by d’Alembert’s lemma, 
there is a point =  z 0 +  h such that | /  (xi) [ ■< I f (x0) | ; that is, 
the perpendicular at the point Xi will be shorter than at the point 
xq and, consequently, the surface formed by the endpoints of the 
perpendiculars will at this new point be somewhat closer to the 
complex plane. As the proof of the lemma shows, the modulus 
of h may be taken as small as we wish; in other words, the point xi 
may be chosen arbitrarily close to the point x0. However, we will 
not take advantage of this remark in the future.

Obviously, the roots of the polynomial /  (#) will be those com
plex numbers (or those points of the complex plane) at which the 
surface formed by the endpoints of the perpendiculars touches this 
plane. It is impossible to prove the existence of such points by 
relying on d’Alembert’s lemma alone. Indeed, using this lemma it is 
possible to find an infinite sequence of points x0, xu x2, . . ., 
such that

(11)I f M  I >  I /  (*i) I >  I /  M  I > .  • •
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However, it does not follow from this that there exists a point x 
such that /  (#) =  0 , all the more so that the decreasing sequence 
of positive real numbers (11) does not necessarily have to tend 
to zero.

The considerations that follow are based on a theorem from the 
theory of functions of a complex variable that generalizes the 
Weierstrass theorem, which is familiar to the reader from the course 
of mathematical analysis. It has to do with real functions of a com
plex variable, that is with functions of a complex variable that 
take on only real values. The modulus of a polynomial is an instance 
of such functions. For the sake of simplicity, in the statement of 
this theorem we will speak about a closed circle E to be understood 
as a circle in the complex plane with all boundary points included.

If a real function g (a;) of a complex variable x is continuous at all 
points of a closed circle E, then there exists in E a point x0 such that 
for all x in E the inequality g (x) >  g (x0) holds. Consequently, the 
point #0 is the minimum point of g (x) in the circle E.

The proof of this theorem is given in all courses of complex 
function theory and so we omit it.

We confine ourselves to the case when the function g (x) is non- 
negative at all points of E—only this case is of interest to us—and 
will try to explain this theorem geometrically with the aid of the 
illustration used earlier. Draw a perpendicular of length g (x0) at 
every point x0 of the circle E. The endpoints of these perpendiculars 
constitute a piece of a continuous curved surface, and due to the 
closed nature of the circle E the existence of minimum points of this 
piece of surface is geometrically clear. This illustration does not 
of course take the place of a proof of the theorem.

We can now take up the proof of the fundamental theorem itself. 
Let there be given a polynomial f (x) of degree n, n 1. If its 
constant term is an, then obviously /  (0) =  an. Let us apply to our 
polynomial the lemma on the increase of the modulus of a polyno
mial, assuming M =  \ f (0)| =  j an \. Consequently, there exists 
an N  such that for [ x | >• N  it will be true that | f  (x) | >  \f (0) | . 
It is then obvious that the above-indicated generalization of the 
Weierstrass theorem is applicable to the function | f (x) | for any 
choice of the closed circle E. For E we take a closed circle of radius 
N  with centre at 0. Let point x0 be the minimum point of | f (x) | 
in E ; whence, in particular, it follows that | /  (xQ) | ^  | /  (0 ) |.

It is easy to see that x0 will actually serve as minimum point of 
| f (x) | over the entire complex plane', if the point x' lies outside E , 
then | x’ | >• N  and for this reason

I f ix’) I >  I /  (0 ) | >  | /  (x0) |
Whence it follows, finally, that /  (x0) — 0, or that xQ serves as a root 
of f (x). If we had had /  (x0) 0, then, by d’Alembert’s lemma, there
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would be a point Xj such that | /  (xj) | <  | /  (x0) |. However, this 
contradicts the property of point x0 that we have just established.

Another proof of the fundamental theorem will be given in 
Sec. 55.

24. Corollaries to the Fundamental Theorem

Suppose we have a polynomial of degree n, n ^  1,
/  (x) =  a o x n  +  a xx n-1 +  . . . -j- a„_ix +  a *  (1)

with arbitrary complex coefficients. We again regard it as a formal- 
algebraic expression which is fully defined by the set of its coeffi
cients. The fundamental theorem on the existence of a root that 
was proved in the preceding section permits asserting the existence 
of a complex or real root a t of /  (x). Therefore, the polynomial f  (x) 
has the factorization

f (x) =  (x — a x) <p (a)
The coefficients of the polynomial 9  (x) are again real or complex 
numbers, and therefore 9  (x) has a root a 2 whence

/  (x) =  (x — a x) (x — a2) (x)
Continuing in similar fashion, we arrive—after a finite number 
of steps—at a factorization of the nth-degree polynomial f  (x) into 
a product of n linear factors,

/  (x) =  a0 (x — o )̂ {x — a2) . . .  (x — an) (2)
The coefficient a0 is a result of the following: if we had a coeffi

cient h on the right of (2 ), then after removal of parentheses the 
highest-degree term of the polynomial /  (z) would be of the form 
bxn, though in reality, by (1), it is the term a0xn. Therefore, b =  a0.

For the polynomial f (x), expansion (2) is, to within the order of 
the factors, a unique expansion of that type.

Let there be yet another expansion
/  (x) =  a0 (x — Pi) (x — p2) . . . (x — pn) (3)

From (2) and (3) follows the equation
(x — aj) (x — a 2) . . . (x — an) =  ( x — p4) (x — p2) . . . (x — pn) (4)
If the root a t were different from all p̂ , 7 =  1, 2, . . ., n, then,
substituting a t in place of the unknown into (4), we would have 
zero on the left and a nonzero number on the right. Thus, every 
root a 1 is equal to some root P7- and conversely.

From this it does not yet follow that the expansions (2) and
(3) are coincident. Indeed, there may be equal roots among the 
roots a t, i =  1, 2, . . ., n. For example, let s of these roots be
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equal to a t and, on the other hand, let there be t roots equal to the 
root a t among the roots P;, ; =  1, 2, . . ., n. We have to show that 
s — t.

Since the degree of a product of polynomials is equal to the 
sum of the degrees of the factors, the product of two polynomials 
different from zero cannot be zero. It then follows that if two pro
ducts of polynomials are equal, then a common multiple can be can
celled from both sides of the equation: if

/  (*) <P (x) =  g (x) <p (x)
and cp (x) 0 , then from

if (s) — g («)] cp (x) =  0

it follows that
f (x) — g (x) =  0

that is,
/  (x) =  g (x)

Let us apply this to equation (4). If, for instance, s >• t, then 
by cancelling the factor (x — cti)* out of both sides of (4), we arrive 
at an equation whose left side contains the factor x — and whose 
right side does not contain it. But it has been shown that this is 
a contradiction, which proves the uniqueness of the expansion (2 ) 
of the polynomial /  (x).

Collecting like factors, we can write (2) as
f (x) =  aQ (x — ai)hl (x — a 2)*2 . . .  (x — (5)

where
&i ~f* • * • 4" ki =  n

It is now assumed that there are no equal roots among the roots 
Q&i» cz2> • • •» ttj.

We will prove that the number kt of (5), i — 1, 2, . . ., Z, is the 
multiplicity of the root a t in the polynomial f (x). Indeed, if this mul
tiplicity is equal to st, then kt ^  st. However, let kt < s ;. By virtue 
of the definition of multiplicity of a root of /  (x), we have the expan
sion

/  (x) =  (x — ai)Si cp (x)
Replacing in this expansion the factor <p (x) by its factorization 
into linear factors, we would get for /  (x) a factorization into linear 
factors that is definitely different from (2 ); in other words, it would 
contradict the above-proved uniqueness of the expansion.

We have thus proved the following important result.
Any polynomial f  (x) of degree n, n^> 1, with arbitrary numerical 

coefficients has n roots if each of the roots is counted to the degree of its 
multiplicity.
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Note that this theorem holds true for n =  0 as well, since a poly
nomial of zero degree quite naturally has no roots. This theorem 
is not applicable only to the polynomial 0 , which has no degree 
and is equal to zero for any value of x. We use this last remark in 
the proof of the following theorem.

If the polynomials f (x) and g (x) whose degrees do not exceed n have 
equal values for more than n distinct values of the unknown, then 
f (x) =  g (z).

Indeed, the polynomial f (x) — g (x) has, by hypothesis, more 
roots than «, and since its degree does not exceed n, the equation 
f  (x) — g (x) =  0  must be true.

Thus, taking into account that there is an infinity of different 
numbers, we can assert that for any two distinct polynomials f  (a;) 
and g (x) there will he values c of the unknown x such that f (c) =̂= 
=f= g (c). Such c may be found not only among the complex numbers 
but also among the real numbers, rational numbers and even the 
integers.

Consequently, two polynomials with numerical coefficients 
having different coefficients of at least one power of the unknown x 
will be distinct complex functions of the complex variable x. Finally, 
this proves the equivalence, for polynomials with numerical coefficients, 
of the two definitions of equality of polynomials given in Sec. 20: the 
algebraic definition and the function-theoretic definition.

The theorem proved above permits us to assert that a polynomial 
whose degree does not exceed n is completely determined by its values 
for any distinct values of the unknown whose number is greater than n. 
Can these values of the polynomial be specified arbitrarily? If we 
assume that the values of a polynomial are given for n -+• 1 distinct 
values of the unknown, then the answer is yes: there always exists 
a polynomial of degree not higher than n which takes on preassigned 
values for n +  1 specified distinct values of the unknown.

Indeed, let it be necessary to construct a polynomial of degree 
not higher than n, which, for values of the unknown at, a2, . . .
. . ., an+i (assumed distinct), takes on, respectively,, the values 
Ci, c2, . . ., cn+1. The polynomial will be

71*1“ 1
j /„ \  'VI ci (x—ai) • •» (x ai~l) (x ai+i) • • • fflra+i) /*»\

Z l (a t  — ai) . . .  (a* — a^i) (a* — a i + l ) . . .  (ai — an+1)
i=l

Indeed, its degree does not exceed n and the value of /  (a*) is equal 
to ct.

Formula (6) is called the Lagrange interpolation formula. The 
term “interpolation” is due to the fact that, using this formula and 
knowing the values of the polynomial at n -j- 1 points, it is possible 
to compute its values at all other points.
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Vi eta’s formulas. Let there be given a polynomial /  (x) of degree 
n with leading coefficient 1 ,

/  (x) =  xn +  axxn~x +  a2xn ~2 +  . . . +  a^^x +  (7)
and let otj, a2, . . a* be its roots (counting multiplicities). Then 
/  {x) has the following expansion:

/  (a:) =  (x — (Xi) (x — a2) . . . (x — an)
Multiplying out the parentheses on the right, and then collecting 
like terms and comparing the resulting coefficients with the coeffi
cients of (7), we get the following equations, called Vieta's formulas, 
which express the coefficients of a polynomial in terms of its roots: 

ax — —(ai +  ct2 +  . . . +  <xn),
a2 — a xa2 +  a xa 3 +  . . . +  & i +  « 2a 3 +  • • • +  ian, 
a3 =  —(ata2a 3 +  a xa 2a k +  . . . +

an -1 =  ( - 1)” ' 1 (ajaa . . . an. t
+  a ia 2 . . . a7l. 2ara +  . . . +  a 2a 3 . . . an, 

an =  (—l)n a xa 2 . . . an
Thus, the right side of the &th equation, k — 1, 2, . . n, con
tains a sum of all possible products of k roots taken with the plus 
sign or minus sign, according as k is even or odd.

For n =  2, these formulas become the familiar (from elementary 
algebra) relationship between the roots and the coefficients of a quad
ratic polynomial. For n =  3, that is, for a cubic polynomial, these 
formulas take the form

ax =  — (a4 +  a 2 +  a 3), a2 =  a xa2 +  a ta 3 +  a 2a 3, a3 =  —aia 2a 3

The Vieta formulas simplify writing a polynomial, given its 
roots. For instance, find the fourth-degree polynomial /  (x) which 
has the simple roots 5 and —2 and the double root 3. We get

a i =  —(5 — 2 +  3 +  3) =  —9,
a2 =  5 -(—2) +  5*3 +  5-3 +  (—2)-3 +  ( - 2 + 3  +  3-3 =  17,
a3 =  —15-(—2) *3 +  5*(—2)-3 +  5-3-3 +  (-2)-3-31 =  33,
ak =  5*(—2)-3-3 =  —90 

and therefore
f (x) — oft — 9a:3 +  17a:2 +  33a: — 90

If the leading coefficient a0 of the polynomial /  (x) is different 
from unity, then in order to make use of Vieta’s formulas, it is first 
necessary to divide all the coefficients by a0; this has no effect on
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the roots of the polynomial. Thus, in. this case the Vieta formulas 
yield an expression for the relation of all coefficients to the leading 
coefficient.

Polynomials with real coefficients. We now derive some corolla
ries to the fundamental theorem of algebra which refer to polyno
mials with real coefficients. Actually, it is precisely from these 
corollaries that the great significance of the fundamental theorem 
of the algebra of complex numbers stems.

Let the following polynomial with real coefficients
/  (X) =  doXn -f  dsXn~X +  . . . +  On-iX -f  dn

have a complex root a, that is,
d0an -f  fliCt" -1 -f . . . -f  fln_ia -f- dn =  0

We know that this equation is unaffected by changing all the num
bers to their conjugates; but all the coefficients a0» au • • •» an-1> <hi 
and also the number 0  on the right, being real, will remain unchan
ged in such a substitution, and we arrive at the equation

d(fcn -f- di<xn _1  -j- . . . -f- dn-fCc an — 0
that is,

/  (a ) =  0

Thus, if d complex (but not redl) number a serves ds d root of d poly- 
nomidl f (x) with redl coefficients, then the conjugate number a will 
also be a root of f (x).

Consequently, the polynomial /  (x) will be divisible by the 
quadratic trinomial

cp (x) =  (x — a) (x — a) =  x2 — (a +  a) x +  aa (8)
whose coefficients, as we know from Sec. 18, are real. Taking advan
tage of this fact, we will prove that the roots a and a have one and 
the same multiplicity in the polynomial f  (a:).

Indeed, let these roots have, respectively, the multiplicities k 
and I and, say, let k >  1. Then /  (x) is divisible by the Zth power 
of the polynomial <p (x),

f (x) =  <p* (x) q (x)
The polynomial q (x), as a quotient of two polynomials with real 
coefficients, also has real coefficients, but, in conflict with what 
was proved above, it has the number a  for its (k — Z)-fold root, 
whereas the number a is not one of its roots. This means that k ==. I.

Now we can say that the complex roots of any polynomial with 
real coefficients are pairwise conjugate. From this fact and from the 
earlier proved uniqueness of expansions of type (2) follows the 
final result.
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Any polynomial f (x) with real coefficients can be expressed uni
quely (to within the order of the factors) in the form of a product of its 
leading coefficient a0 and several linear polynomials with real coef
ficients—of the form x — a that correspond to its real roots—and 
quadratic polynomials of the form (8 ) that correspond to pairs of conju
gate complex roots.

For what follows it will be useful to stress that among polyno
mials with real coefficients and leading coefficient 1 , only linear 
polynomials of the form x — a and quadratic polynomials of the 
form (8 ) are irreducible (that is, cannot be decomposed into factors 
of lower degree).

25. Rational Fractions
The course of mathematical analysis deals with integral rational 

functions (which we have called polynomials) and also fractionalf /x\
rational functions. The latter are quotients — jof two integral
rational functions, where g (x) 7  ̂ 0. Algebraic operations are per
formed on these functions in accord with the same laws as are used 
to manipulate rational numbers, that is to say, fractions with inte
gral numerators and denominators. The equality of two fractional 
rational functions, or, as we will now term them, rational fractions, 
is to be understood in the same sense as the equality of fractions 
in elementary arithmetic. For the sake of definiteness, we consider 
rational fractions with real coefficients. The reader will easily note 
that this whole section can almost literally be extended to the case 
of rational fractions with complex coefficients.

A rational fraction is in lowest terms (simplified) if the numerator 
is relatively prime to the denominator.

Any rational fraction is equal to some fraction in lowest terms 
which is uniquely defined to within a zero-power factor common to both 
numerator and denominator.

Indeed, any rational fraction may be reduced by dividing nume
rator and denominator by the greatest common divisor; this yields 
an equivalent fraction in lowest terms. If, moreover, we have two
simplified fractions and 9 ~  that are equal, that is8 y (#)

/  (x) (x) =  g (x) 9  (x) (1)
then it follows from the relative primality of /  (a:) and g (x) Iby 
Property (h) of Sec. 21] that f (x) divides 9  (x), and from the rela
tive primality of 9  (x) and 9  (a:) that 9  (a:) divides f  (a;). Thus, 
/  (x) = c 9  (x), and then from (1) it follows that g (x) =  ci|) (x).

A rational fraction is proper if the degree of the numerator is 
less than the degree of the denominator. If we include the polyno-
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mial zero in the set of proper fractions, then the following theorem 
holds.

Any rational fraction may be represented uniquely in the form of 
a sum of a polynomial and a proper fraction.

If there is a rational fraction and if, dividing the numerator 
by the denominator, we get the equation

f (x) =  g (x) q (x) +  r (x)
where the degree of r (x) is less than the degree of g(x),  then it is 
easy to check that

f(x)
g(x)

r(x)
g(x)

If we also have the equation
/(*)
g (*) 0 (*H <p(s)

where the degree of cp (a:) is less than the degree of ip (x), then we 
obtain the equation

Q(x) — q(x) = <p(s) 
'P (*)

r (x) _ y (x )g(x)  — ty(x)r(x)
g (*)  ̂(a;) g (*)

Since the left-hand side is a polynomial, and the right, as is easily 
seen, is a proper fraction, we get q (x) — q (x) — 0  and

<P (x) r (x) _  q
ip (x) g (x)

Proper rational fractions can be studied further. As was pointed 
out at the end of the last section, irreducible real polynomials are 
polynomials of the form x — a, where the number a is real, and 
polynomials of the form x2 — (|3 +  |J) x +  pp. where (5 and jJ are 
a pair of conjugate complex numbers. It is easy to verify that in the 
complex case a similar role is played by polynomials of the form 
x — cl, where a  is any complex number.

A proper rational fraction is called a partial fraction if 
its denominator g (x) is a power of the irreducible polynomial p (x), 

g (x) =  pk (x), k >  1

and the degree of the numerator /  (x) is less than that of p (x). 
The following fundamental theorem holds.
Any proper rational fraction can be decomposed into a sum of par

tial fractions.
f (x)Proof. We first consider the proper rational fraction ,

where the polynomials g (a;) and h {x) are relatively prime,
(g (x), h (x)) =  1
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Thus, by Sec. 21, there are polynomials u (x) and v (x) such that 
g (x) u (x) -}- h (x) v (x) =  1

Whence
g (x) [w (a;) f (x)] +  h (a:) [i; (x) f (a:)] =  f (x) (2 )

Suppose, in dividing the product u {x) f  (x) by h (x), we get a remain
der u (x) whose degree is less than the degree of h (x). Then (2) may 
be rewritten in the form

g (x) u (x) +  h (x) v (x) =  /  (x) (3)

where v (x) is a polynomial whose expression could readily be writ
ten. Since the degree of the product g (x) u (x) is less than the degree 
of the product g (x) h (x) and this, by hypothesis, is true for the 
polynomial f  (x), it follows that the product h (x) v (x) also has 
degree less than that of g (x) h (a:), and therefore the degree of v (x) 
is less than that of g (a:). From (3) there now follows the equation

/ (X)   v ( x )  . u (x)
g  (x) h ( x )  g  (x) h  (x)

the right member of which is a sum of proper fractions.
If even one of the denominators g (x), h (x) can be factored into 

a product of prime factors, then a further decomposition is possible. 
Continuing in the same manner, we find that any proper fraction 
can be decomposed into a sum of several proper fractions, each of which 
has for the denominator a power of some irreducible polynomial. More

f f̂ c)precisely, if we are given a proper fraction , whose denominator
S  (x )

can be factored into the irreducible factors

g (x) =  p*1 (x) p lz (x) . . .  phi l (a:)

(of course, one can always say that the leading coefficient of the 
denominator of a rational fraction is unity), and p t (a:) =£ pj (x) 
for i =7 =̂ /, then it follows that

/(a) _  M*) | u 2 (x) - u i  (x)

g ^  P*1 (z) Ph22 (g) p\l (s)

All the terms on the right of this equation are proper fractions.
It remains to consider a proper fraction of the form ■“ — , where

ph (g)
p (x) is an irreducible polynomial. Applying the division algorithm, 
divide u (x) by p * " 1 (x)f divide the remainder by p h~2 (x), and so on.
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We arrive at the following equalities:
u (a:) =  (a:) Si (x) +  Ui (a:),
Ui (x) =  ph~2 (x) s2 (x) +  u2 (x),

uh - 2 (x) =  p  (x) Sft-i(x) +  Uft- 1 (x)

Since the degree of w (x) is, by hypothesis, less than the degree of 
ph (x), and the degree of each of the remainders ut (x), i =  1 , 2 , . . .  
. . ., k — 1 , is less than the degree of the corresponding divisor 
ph~l (x), it follows that the degrees of all quotients st (x), s2 (x), . . .  
. . ., sh -1 (x) will be strictly less than the degree of the polynomial 
p (x). The degree of the last remainder uh-i (x) is also less than the 
degree of p  (x). It follows from the equations obtained that
u (x) =  ph-x (x) Si (x) +  p h~% (x) s2 (x) +  . . .

. . . +  p (x) sh_i (x) +  i (x) 
whence we arrive at the desired representation of the rational frac
tion as a sum *of partial fractions:p h  (X) *

U (X) _ lift.j (X) Sft.j (x)  . s z (3:) ■ Sj(x)
p h (x)  p h ( x )  (x)  p 2 {x)  ' p  (x)

The proof of the fundamental theorem is complete. It may be 
supplemented by the following uniqueness theorem.

Every proper rational fraction has a unique decomposition into 
a sum of partial fractions.

Let some proper fraction be decomposable into sums of partial 
fractions in two ways. Subtracting one of these representations 
from the other and collecting like terms, we get a sum of partial 
fractions identically equal to zero. Let the denominators of the 
partial fractions which constitute this sum be certain powers of 
distinct irreducible polynomials pi (x), p 2 (x), . . ., p s (x) and let 
the highest power of the polynomial p t (x), i =  1 , 2 , . . ., s, which 
is one of these denominators, be p (x). Multiply both sides of the
equality at hand by the product p?1-1 (x) p%* (x) . . . p*s (x). Then 
all the terms of our sum, except one, become polynomials. The term

is converted into a fraction whose denominator is pi (x)
Pkp(x) ^
and whose numerator is the product u (x) p \2 (x) . . . p ss (x). The 
numerator is not exactly divisible by the denominator since the 
polynomial pi (x) is irreducible, and all the factors of the numerator 
are relatively prime to it. Performing division with a remainder, 
we find that the sum of a polynomial and a nonzero proper fraction 
is equal to zero, which is impossible.
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tion
Example.
/ (g) 
g(x)

Decompose into a sum of partial fractions the real proper frac- 
where

/  (x) =  2x4 — 10a:3 -f- 7x2 -j- 4a: -f- 3, 
g (x) =  x5 — 2x3 -f- 2x2 — 3x +  2

It is easy to check that
g (x) =  (x +  2) (x — l ) a (x2 +  1)

Each of the polynomials x +  2, x — 1, x2 +  1 is irreducible. From the foregoing 
theory it follows that the desired decomposition should be of the form

/(x) _■ A__  5  C__ Dx-\-E
g (x) x-\-2 ' (x — l )2 x — 1 *" x2-(- l

where the numbers A,  B,  C, D and E have still to be found.
From (4) follows the equation

/  (x) =  A (x -  l )2 (x2 +  1) +  B  (x +  2) (x2 +  1) +  C (x +  2) (x -  1) (x2+ l )
+  Dx  (x +  2) (x -  l )2 +  E (x +  2) (x — l )2 (5)

Equating coefficients of like powers of the unknown x in both members of (5), 
we would get a system of five linear equations in five unknowns A ,  B, C, D, E\ 
and, as follows from what has been said, this system has a unique solution. 
However, we will take a different approach.

Assuming x = —2 in (5), we get the equation 45A =  135, whence
A =  3 (6)

Putting x =  1 in (5), we get 65 =  6, or
5 = 1  (7)

Now, in succession, set x =  0 and x =  —1 in (5). Using (6) and (7), we get the 
equations

— 2C +  25 =  —2, 1 
— 45 — AD +  45 =  - 8  /  (8)

whence
5 = 1  (9)

Now, finally, set x =  2 in (5). Using (6), (7), and (9), we arrive at the equation
205 +  45 =  —52

which, together with the first equation of (8), yields
5 =  —2, 5  =  —3

f ix)  3 1 2 . x —3
g(x) X-\-2'  (x— 1)2 X —l"1-! 2-)-!

Thus,



CHAPTER 6

QUADRATIC FORMS

26. Reducing a Quadratic Form to Canonical Form

The genesis of the theory of quadratic forms lies in analytic 
geometry, namely, in the theory of quadric curves and surfaces. 
It will be recalled that the equation of a central quadric curve 
in a plane, after translating the origin of the rectangular coordinate 
system to the centre of the curve, is of the form

Ax2 +  2 Bxy +  Cy2 =  D (1)
It is also possible to perform a rotation of the coordinate axes through 
an angle a, such that we have the following transformation from 
the coordinates x, y to the coordinates x', y ':

x — x' cos a — y' sin a,
y — x’ sin a +  y' cos a

Then the equation of our curve in the new coordinates will be of 
“canonical” form:

A V 2 +  C y 2 =Z> (3)
In this equation, the coefficient of the product of unkno wns x'y' 
is, thus, zero. The transformation of coordinates (2) may obviously 
be interpreted as a linear transformation of the unknowns (see 
Sec. 13); the transformation is nonsingular since the determinant 
of its coefficients is equal to unity. This transformation is applied 
to the left side of (1) and for this reason we can say that the left 
member of (1) is converted into the left side of (3) by the nonsingular 
linear transformation (2).

Numerous applications required the construction of a similar 
theory for the case when the number of unknowns is equal to an 
arbitrary n instead of two, and the coefficients are either real or any 
complex numbers.

Generalizing the expression on the left of (1), we arrive at the 
following concept.

11—5760
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A quadratic form f  in n unknowns Xt, x2, . . xn is a sum, each 
term of which is either a square of one of the unknowns or a product 
of two different unknowns. A quadratic form is called real or complex 
according as its coefficients are real or complex numbers.

If we take it that like terms in the quadratic form f  have already 
been collected, we can introduce the following notations for the 
coefficients of this form: we denote by au the coefficient of x\, and 
by 2<Xjj [compare with (1 )!] the coefficient of the product xtXj for 
i^ = j. However, since xtXj =  xjxt, the coefficient of this product 
could be written as 2an, that is, the designations we have proposed 
presume the validity of the equality

aji =  atj (4)
The term 2 a i j x l X j  may now be written as

2 a i j X i X j  a t j X i X j  I a j i X j X i

and the entire quadratic form /  may be written in the form of a sum 
of all possible terms where i and j independently take on the
values from 1 to «:

n n
/  — 2  S  tiijXiXj (5)

i=l j=l

In particular, for i — j we have the term anx\.
Obviously, we can construct a square matrix A =  (atj) of order 

n out of the coefficients a it. is called the matrix of the quadratic 
form f, and its rank r is called the rank of the quadratic form. If, 
say, r =  n, that is, the matrix is nonsingular, then the quadratic 
form / is termed nonsingular too. Due to (4), the elements of matrix A 
which are symmetric about the principal diagonal are equal; that 
is, matrix A is a symmetric matrix. Conversely, for any symmetric 
matrix A of order n there is a definite quadratic form (5) in n 
unknowns having for coefficients the elements of the matrix A.

The quadratic form (5) may be written differently by using the 
multiplication of rectangular matrices introduced in Sec. 14. Let 
us make the following convention: if we have a square or, generally, 
rectangular matrix A, then A' will denote the transpose of A. If 
matrices A and B are such that their product is defined, then we 
have the equality

{A B)r =  B'A' (6)

Thus, the transpose of a product of matrices is equal to the product 
of the transposes of the matrices in reverse order.

Indeed, if the product AB is defined, then, as may easily be 
verified, the product B'A' will also be defined: the number of columns 
of matrix B' is equal to the number of rows of matrix A'. The ele
ment of matrix (AB)' in the ith row and / th column lies in the ;th
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row and ith column of the matrix AB. It is therefore equal to the 
sum of the products of the corresponding elements of the ;th row 
of matrix A and the ith column of matrix B, which is to say it is 
equal to the sum of the products of the corresponding elements of 
the ;'th column of matrix A' and the ith row of matrix B'. This 
proves (6 ).

Note that the matrix A is symmetric if and only if it coincides 
with its transpose, i.e., if

A' =  A
Now denote by X  the column made up of the unknowns:

/  * i \

X  is a matrix with n rows and one column. Its transpose is the matrix 
X  — ( #2> • • t̂i)

comprising a single row.
The quadratic form (5) with matrix A  =  (a tj) may now be written 

as a product:
/ = X ' A X  (7)

Indeed, the product A X  will be a matrix consisting of one column:
n

2  aiixij=i

A X  =

n
2  a2ixi 
3= 1

2  anjXj
3=1

Multiplying this matrix on the left by the matrix X ', we get a “mat
rix” consisting of one row and one column, namely, the right side 
of (5).

What will happen to the quadratic form f  if the unknowns 
Xu x2, . . xn in it are subjected to the linear transformation

n
2  QikVk, i =  l ,  2 , . . . ,  n (8 )

*=1

with the matrix Q =  (>qih)? We will assume here that if the form /  
is real, then the elements of the matrix Q must be real. Denoting

11*
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by Y  the column of unknowns yx, y2, . . ., yn, let us write the linear 
transformation (8) in the form of a matrix equation:

whence, from (6 ),
X  =  QY 

X' =  Y fQ'
Substituting (9) and (10) into (7), we get

/  =  Y' (Q'AQ) Y

(9)

(10)

or

where
f  =  Y 'B Y  

B =  Q'AQ
The matrix B is symmetric since, because of (6), which ig 

obviously true for any number of factors, and due to the equality 
A ' — A, which is equivalent to the symmetry of matrix A , we have

B' =  Q'A'Q =  Q'AQ =  B

This is proof of the following theorem.
A quadratic form in n unknowns having a matrix A is converted 

(after performing a linear transformation of the unknowns with matrix 
Q) into a quadratic form in new unknowns, the product Q'AQ serving 
as the matrix of this form.

Now assume that we perform a nonsingular linear transforma
tion; that is, Q and, therefore, Q' too are nonsingular matrices. 
In this case, the product Q'AQ is obtained by multiplying matrix A 
by the nonsingular matrices; for this reason, as follows from the 
results of Sec. 14, the rank of this product is equal to the rank of 
matrix A. Thus, the rank of a quadratic form does not change under 
a nonsingular linear transformation.

By analogy with the geometric problem, indicated at the begin
ning of this section, of reducing the equation of a central quadric 
curve to canonical form (3), let us now consider the question of 
reducing an arbitrary quadratic form (by some nonsingular linear 
transformation) to a sum of squares of the unknowns, that is to say, 
to a form where all coefficients of products of distinct unknowns are 
zero. This special form of the quadratic form is called canonical. 
First, let us suppose that a quadratic form /  in n unknowns xi, x2, . . .
. . ., xn has already been reduced (via a nonsingular linear trans
formation) to the canonical form

f ~  y* +  b2y\ +  • • • +  hnyn (11)

where yi, y2, . . ., yn are the new unknowns. Some of the coeffi
cients hu &2> • • •» bn may of course be zeros. We will prove that
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the number of nonzero coefficients in (11) is invariably equal to the 
rank r of the form f.

Indeed, since we reached (11) by means of a nonsingular trans
formation, the quadratic form on the right of (1 1 ) must also be of 
rank r. But the matrix of this quadratic form is diagonal:

0
^2

0  'b

and a requirement that this matrix have rank r is equivalent to 
supposing that its principal diagonal contains exactly r nonzero 
elements.

We now take up the proof of the following fundamental theorem 
on quadratic forms.

Any quadratic form may be reduced to canonical form by means 
of a nonsingular linear transformation. If a real quadratic form is under 
consideration, then all the coefficients of this linear transformation may 
be taken to be real.

This theorem is true for the case of quadratic forms in one un
known since every such form has the form ax2, which is canonical. 
We can therefore carry out the proof by induction with respect to 
the number of unknowns; that is, we can prove the theorem for 
quadratic forms in n unknowns, assuming it proved for forms with 
a smaller number of unknowns.

Suppose we have the quadratic form
n n

/ = S  2  aijXiXj (12)
i = l  j = l

in the n  unknowns x\, x2, . . ., xn. We try to find a nonsingular 
linear transformation that isolates from /  a square of one of the 
unknowns, that is, such that reduces /  to the form of a sum of this 
square and some quadratic form in the remaining unknowns. This 
is readily achieved if among the coefficients an , a22, . . ., ann in 
the principal diagonal of the matrix of the form /  there are some 
nonzero coefficients, that is to say, if the square of at least one of the 
unknowns xt enters into (12) with a nonzero coefficient.

For example, let an 0. Then it will he easy to see that the 
expression a~f {anxi +  ai2x2 ainxn)2, which is a quadra
tic form, contains the same terms with the unknown Xi as our form 
/, and so the difference

/  O'n “~f“ ^12^2 g
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is a quadratic form containing only the unknowns x2, . . x n, 
but not Xi. Whence

/  —  ( a i l x i  4~  a l 2x 2 4~  • • • 4~  a lnx n )2 4~  0

If we introduce the designations
V i  4~  ^ 12*̂2 4~" • * • 4~~ x i n x m  Vi  x i

for i =  2, 3, . . n (13)
we obtain

/ =  <h\y\ 4- 8 (14)
where g is now a quadratic form in the unknowns y2, y 3, . . ., yn. 
Expression (14) is the desired expression for the form /, since it was 
obtained from (1 2 ) by a nonsingular linear transformation, namely, 
by a transformation inverse to the linear transformation (13), which 
has an for its determinant and is therefore not singular.

However, if we have the equalities an =  a22 =  . . . =  ann =  0, 
then we first have to perform an auxiliary linear transformation 
that leads to the appearance, in our form /, of squares of the un
knowns. Since there must be nonzero coefficients among those in 
(12) of this form—otherwise there would be nothing to prove — 
suppose, say, that al2 =£ 0 , i.e., /  is the sum of the term 2a12xix2 
and of terms such that each contains at least one of the unknowns
x 3' • • • >

Let us now perform the linear transformation 
Xi =  Zi — z2, x2 =  Zi 4- z2, xt =  Zj for i — 3, . . ., n (15) 
It will be nonsingular since it has the determinant

1 - 1  0 . . 0
1 1 0 . . 0
0 0 1 . . 0

0 0 0 . . 1
As a result of this transformation, the term 2ai2XiX2 of our form 
becomes

2a^2x\x2 — 2 <Zj2 (Z\ z2) (ẑ  4~ z2) =  2ai2z1 2â 2z2

In other words in form /  there will appear the squares of two un
knowns at once with nonzero coefficients; what is more, they do 
not cancel with any one of the remaining terms, since each one 
of the latter contains at least one of the unknowns z3, . . ., zn. 
We are now in the conditions of the case that has already been 
considered; one more nonsingular linear transformation will reduce 
the form f to the form (14).
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To conclude the proof, note that the quadratic form g depends 
on a smaller (than n) number of unknowns and for this reason, by 
the induction hypothesis, it is reducible to the canonical form by 
means of a nonsingular transformation of the unknowns y2, z/3, . . .
. . ., yn. This transformation, which we regard as a (nonsingular, 
quite obviously) transformation of all n unknowns under which 
Pi remains unchanged, consequently reduces (14) to canonical form. 
Thus, by means of two or three nonsingular linear transformations, 
which may be replaced by a single nonsingular transformation 
(their product), a quadratic form /  may be reduced to a sum of squa
res of the unknowns with certain coefficients. And, as we know, the 
number of such squares is equal to the rank r of the form. If, besides, 
the quadratic form /  is real; then the coefficients both in the cano
nical form of /  and in the linear transformation which reduces /  
to this canonical form will be real; indeed, both the linear trans
formation which is inverse to (13) and the linear transformation 
(15) have real coefficients.

The proof of the fundamental theorem is complete. The method 
employed in this proof can be used in specific examples for an actual 
reduction of a quadratic form to canonical form. It is only necessary, 
in place of the induction we used in the proof, to isolate the squares 
of the unknowns successively by the method given above.

Example. Reduce to canonical form the quadratic form
/ =  2xjx2 — 6x2x3 +  2x3X1 (16)

Since there are no squares of the unknowns in this form, we first perform 
a nonsingular linear transformation

xi =  Vi — 1/2» x2 =  yl +  j/ 2 , x3 =  y3
with the matrix

This yields
/ =  2*/? — 2 y\ — kyiy3 — 8 y2y3

Now the coefficient of y\ is nonzero, and so we can isolate the square of one 
unknown. Setting

Zi =  2y i — 2 y3, z2 =  y2, z3 =  y3 
that is, performing a linear transformation, the inverse of which has the matrix

B =

we reduce /  to the form
1
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So far only the square of the unknown zj has been isolated, since the form 
still contains the product of two other unknowns. Using the fact that the coef
ficient of z| is nonzero, we again apply the method described above. Performing 
the linear transformation

ti — zii i'2. — ■—2z2 — 4z3, — z3

the inverse of which has the matrix

we finally reduce the form /  to Canonical form:

/ “ T <!_T t*+6'I (17)
The linear transiormation that immediately reduces (16) to (17) will have 

for its matrix the product

It is also possible, by direct substitution, to verify that the nonsingular 
 ̂since the determinant is equal to — linear transformation

1 1
xi =  ~2 i i  +  ~2 * 2 T " 3 ^ 3 >

1 1
x2~ ~2 1̂ 2 3̂)

x3~ h
converts (16) into (17).

The theory of reducing a quadratic form to canonical form is 
based on an analogy with the geometric theory of central quadric 
curves but it cannot be considered a generalization of this latter 
theory. Actually, in our theory we are allowed to use any nonsin
gular linear transformations, whereas reducing a quadric to canoni
cal form is achieved by applying linear transformations of a very 
special kind (2); these transformations are rotations of the plane. 
However, this geometric theory can be generalized to the case of 
quadratic forms in n unknowns with real coefficients. The genera
lization, which goes by the name of reduction of quadratic forms 
to principal axes, will be given in Chapter 8 .
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27. Law of Inertia
The canonical form to which a given, quadratic form is reduced 

is by no means uniquely determined: any quadratic form may be 
reduced to canonical form in many different ways. Thus, the quad
ratic form /  =  2xiX2 — &x2x3 2x3xi that was considered in the 
preceding section can, by the following nonsingular linear trans
formation,

#i =  h +  3^ +  2 3̂,
x% =  t\ t2 2 3̂,
x3 =  t2

be reduced to the canonical form
/  =  2t\ +  6t\ -  8tl

which is different from the earlier obtained form.
The question arises as to what these different canonical quad

ratic forms to which the given form /  is reduced have in common. 
As we shall see, this question is closely connected with the following 
one: under what condition can one of the two given quadratic forms 
be carried into the other by a nonsingular linear transformation? 
The answer depends on whether we are considering complex or real 
quadratic forms.

First suppose we are considering arbitrary complex quadratic 
forms; at the same time, let us assume we admit the use of nonsin
gular linear transformations also with arbitrary complex coeffi
cients. We know that any quadratic form /  in n unknowns having 
rank r can be reduced to the canonical form

/  =  Ciyl +  c2y\ +  . . . +  cry?
where all the coefficients c1} c2, . . cr are nonzero. Using the fact 
that we can take the square root of any complex number, let us 
perform the following nonsingular linear transformation:

Zi —V cty i for i =  1 , 2 , . . ., r; zr =  yj for /  =  r +  1 , . . n
It reduces /  to the form

+ 2? (i)
which is called normal. This is simply the sum of the squares of r 
unknowns with coefficients equal to unity.

The normal form depends solely on the rank r of the form /, 
that is, all quadratic forms of rank r can be reduced to one and the 
same normal form (1). Consequently, if forms /  and g in n unknowns 
have the same rank r, then we can transform /  to (1) and then (1) 
to g; in other words, there exists a nonsingular linear transformation
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that takes /  into g. Since, on the other hand, no nonsingular linear 
transformation alters the rank of the form, we arrive at the following 
result.

Two complex quadratic forms in n unknowns can be carried one 
into the other by means of nonsingular linear transformations with 
complex coefficients if and only if these forms have one and the same 
rank.

It very easily follows from this theorem that any sum of squares 
of r unknowns with any nonzero complex coefficients can serve as the 
canonical form of a complex quadratic form of rank r.

The situation is somewhat more complicated if we consider 
real quadratic forms and—this is particularly important—if we 
allow only for linear transformations with real coefficients. Now 
not every form can be reduced to (1), since this might require taking 
the square root of a negative number. However, if we now use the 
term normal form of a quadratic form for the sum of squares of seve
ral unknowns with coefficients + 1  or —1 , then it is easy to show 
that any real quadratic form f may be reduced to the normal form via 
a nonsingular linear transformation with real coefficients.

Indeed, the form /  of rank r in » unknowns can be reduced to 
a canonical form that can be written as follows (the numbering 
of the unknowns may be changed if necessary):

/ =  ciy\ +  • • • +  chyl — ch+iyl+1 — . . . — cry*, 0  <  k <  r
where all the numbers c1? • • ., ch, c&+1, . . ., cT are nonzero and 
positive. Then the nonsingular linear transformation with real 
coefficients
zt =  V ciyi for i =  1 , 2 , . . ., r, zj =  y } for j =  r +  1 , . . n 
reduces f to normal form:

/ — z® -f- . . . -f- Zft — z|+i — • • * — z?
The total number of squares here is equal to the rank of the form.

A real quadratic form may be reduced to normal form by many 
different transformations; however, to within the numbering of the 
unknowns, it can be reduced only to one normal form. This is demon
strated by the following important theorem, which is called the 
law of inertia of real quadratic forms.

The number of positive and the number of negative squares in the 
normal form to which a given quadratic form with real coefficients 
can be reduced by a real nonsingular linear transformation is inde
pendent of the choice of the transformation.

Indeed, let a quadratic form / of rank r in n unknowns xu x2, . . . 
. . ., xn be reduced to the following normal form in two ways:

/  =  +  1/1 — i/l+ i— . . . —I/?
= * ; +  . . . + z ? - z ? + i - ( }
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Since the transition from the unknowns xu x2, . . ., xn to the 
unknowns z/±, y2, . . ., yn was a nonsingular linear transformation, 
it follows, conversely, that the second set of unknowns will also 
be expressed linearly in terms of the first set with a nonzero deter
minant:

n
yi =  S  aisxs, i =  1, 2, . . . ,  n (3)

3— 1

Similarly,
n-

z j= ! jb j ix t ,  7 =  1, 2, . . . , n  (4)
t=i

the determinant of the coefficients again being different from zero. 
The coefficients are real numbers both in (3) and in (4).

Now suppose that k < i l .  Write the system of equalities
Vi =  0 , . . yh =  0 , z l+1 =  0 , . . ., zr =  0 , . . ., zn =  0 (5)

If the left members of these equalities are replaced by their expres
sions taken from (3) and (4), we get a system of n — I +  k homo
geneous linear equations in n unknowns Xu x2, . . ., xn. The num
ber of equations in this system is less than the number of unknowns. 
For this reason, as we know from Sec. 1, our system has a nonzero 
real solution a u a 2, . . ., an.

Now in (2) let us replace all y 's and all z’s by their expressions
(3) and (4), and then let us substitute for the unknowns the numbers 
a lt a 2, . . ., an. If for brevity the values of the unknowns yt and 
zj obtained in this substitution are denoted by yt (a) and zj (a), 
then, by (5), (2) becomes

—yl+ 1  (a) — . . . — yl (a) =  z\ (a) +  . . . +  z\ (a) (6)
Since all the coefficients in (3) and (4) are real, all the squares in 
(6 ) are positive and for this reason (6) implies that all these squares 
are zero, whence follow the equalities

Zi (a) =  0 , . . ., z t (a) =  0 (7)
On the other hand, by the very choice of the numbers a l5 a 2, . . ., an,

Zi+i (a) =  0 , . . ., zT (a) =  0 , . . ., zn (a) =  0  (8)
Thus, the system of n homogeneous linear equations

zt =  0 , i =  1 , 2 , . . ., n
in n unknowns xu x2, . . ., xn has, by (7) and (8 ), the nontrivial 
solution a 1? a 2, . . ., an; that is, the determinant of this system 
must be zero. This however contradicts the fact that the transfor
mation (4) was presumed to be nonsingular. We have the same con
tradiction for 7 <; k, whence follows k — I which proves the theorem.
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The number of positive squares in the normal form to which 
a given real quadratic form /  is reduced is called the positive index 
of inertia of this form; the number of negative squares is termed 
the negative index of inertia, and the number of positive indices 
diminished by the numbers of negative indices of inertia is the 
signature of the form f. Clearly, if we are given the rank of a form, 
any one of the three numbers just defined will fully determine the 
other two, and for this reason, we can speak of any one of the three 
numbers in subsequent formulations.

We now prove the following theorem.
Two quadratic forms in n unknowns with real coefficients are carried 

one into the other by real nonsingular linear transformations if and 
only if the forms have the same ranks and the same signatures.

Indeed, let a form /  be carried into d form g by a real nonsin
gular transformation. We know that this transformation does not 
alter the rank of the form. Neither can it change the signature, for 
then /  and g would reduce to different normal forms, but then /  
would reduce—in conflict with the law of inertia—to both these 
normal forms. Conversely, if the forms /  and g have the same ranks 
and the same signatures, then they reduce to one and the same nor
mal form and therefore can be carried into one another.

If we have a quadratic form g in canonical form with nonzero 
real coefficients

g — biy\ +  b2y\ +  • • " • +  bTyr (9)

then the rank of this form is obviously equal to r. Taking advantage 
of the procedure used earlier of reducing such a form to the normal 
form, it is easy to see that the positive index of inertia of form g 
is equal to the number of positive coefficients in the right member 
of (9). From this and from the preceding theorem we obtain the 
following result.

A quadratic form f has form (9) as its canonical form if and only 
if the rank of f  is equal to r and the positive index of inertia of this 
form coincides with the number of positive coefficients in (9).

Decomposable quadratic forms. By multiplying any two linear 
forms in n unknowns,
(p â x̂  (— a2x2 . . . “| anxn, b\X± b2x2 ~i~ . . .  bnxn
we obviously get another quadratic form. Not every quadratic form 
can be represented as a product of two linear forms and we wish 
to derive the conditions under which this occurs, that is, the con
ditions under which a quadratic form is decomposable.

A complex quadratic form f (xu x2, . . ., xn) is decomposable 
if and only if its rank is less than or equal to two. A real quadratic 
form f (xi, x2, . . ., xn) is decomposable if and only if either its rank 
does not exceed unity or the rank is equal to two and the signature is zero.
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Let us first consider the product of the linear forms <p and ij). 
If at least one of them is a zero form, then their product will be 
a quadratic form with zero coefficients, which means it has rank 0 . 
If the linear forms <p and i|) are proportional,

\J) =  C9

and c =£ 0  and the form 9  is nonzero, then, for example, let the coef
ficient ai be different from zero. Then the nonsingular linear trans
formation

I/l == O'i.OCi "I- . • . “f- Vi == fo  ̂  ̂ 2, 3, • • •, It
reduces the quadratic form 9 9  to

<Pt =  cy\
On the right is a quadratic form of rank 1, and so the quadratic
form cpij) has rank 1. Finally, if the linear forms 9  and 9  are not
proportional then, say, let

€L\ flo
2 =7̂ =0

h  b2 ^
Then the linear transformation

V i  =  Q>\X\ 0,2X 2 -J-  . . . "I-  @71X711

y2 =  btxi +  b ĉ2 -f  . . . +  bnxn,
yt =  xt for i =  3, 4, . . n

will be nonsingular; it reduces the quadratic form 9 9  to

On the right is a quadratic form of rank 2, which in the case of real 
coefficients has a signature of 0 .

Let us now prove the converse. A quadratic form of rank 0 can 
of course be regarded as a product of two linear forms, one of which 
is a zero form. Next, a quadratic form /  (xu x2, . . ., xn) of rank 1 
is reduced by a nonsingular linear transformation to

/  =  cy\, c # 0

that is, to the form
f =  (cyd Vi

Expressing linearly in terms of xi, x2, . . ., xn, we get a repre
sentation of the form /  as a product of two linear forms. Finally, 
the real quadratic form /  (xu x2, . . ., xn) of rank 2 and signature 0 
is reduced by a nonsingular linear transformation to

/  =  y\ — y\
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Any complex quadratic form of rank 2 can be reduced to this same 
form. However,

y \  —  y \  =  ( y i  — y 2) ( y i ~ \ -  y 2)

but after replacing and y2 by their linear expressions in terms 
of xi, x2, . . ., xn, we will have on the right a product of two linear 
forms. This proves the theorem.

28. Positive Definite Forms
A quadratic form /  in n unknowns with real coefficients is called 

positive definite if it can be reduced to a normal form consisting 
of n positive squares, that is, if both the rank and the positive 
index of inertia of this form are equal to the number of unknowns.

The following theorem enables us to characterize positive definite 
forms without reducing them to normal form or canonical form.

A quadratic form f  in n unknowns x^ x2, . . ., xn with real coef
ficients is positive definite if and only if for all real values of the un
knowns, at least one of which is nonzero, the form receives positive 
values.

Proof. Let the form/ be positive definite, i. e., reducible to the 
normal form

/ — y \  +  y \  +  • • • +  Vn (i)
and let

n
yt =  2  tiijXj i =  1 , 2 , •. • j n (2)

j=i
with a nonzero determinant of the real coefficients atj. If we want 
to substitute, into /, arbitrary real values of the unknowns xu 
x2, . . ., xn, at least one of which is nonzero, then we can first 
substitute them into (2 ) and then substitute the values obtained 
for all yi into (1). It will be noted that the values obtained from (2) 
for yu y%, . . ., yn cannot all be zero at once, for then we would 
have that the system of homogeneous linear equations

n

2 1 Q'ij'Bj =  0 » f =s f » 2 , •. •, n
3=1

has a nontrivial solution, though its determinant is different from 
zero. Substituting the values found for yu y2, . . ., yn into (1), we 
get the value of the form /  equal to the sum of the squares of n 
real numbers, not all zero. This value will consequently be strictly 
positive.

Conversely, suppose the form /  is not positive definite, that is 
either its rank or the positive index of inertia is less than n. This 
means that in the normal form of /, to which it is reduced, say, by
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the nonsingular linfear transformation (2), the square of at least one 
of the new unknowns, say yn, is either absent altogether or is pre
sent with a minus sign. We will show that in this case it is possible 
to choose real values for the unknowns xx, x2, . . ., xn, not all 
zero, such that the value of the form f  for these values of the un
knowns is equal to zero or is even negative. Such, for instance, are 
the values for xit x2, . . •, xn which we obtain when solving, by
Cramer’s rule, the system of linear equations obtained from (2) for
Vi =  Vi — • • • =  yn~i =  0, yn =  1. Indeed, for these values of
the unknowns xx, x2, . . ., xn, the form /  is zero if y% does not
enter into the normal form of /, and is equal to — 1 if z/n enters into 
the normal form with a minus sign.

The theorem that has just been proved is used wherever positive 
definite quadratic forms are employed. However, it cannot be used 
to establish from the coefficients whether a form is positive definite 
or not. This is handled by a different theorem which we will state 
and prove after introducing an auxiliary notion.

Suppose we have a quadratic form /  in n unknowns with the 
matrix A =  (an). The minors of order 1, 2, . . ., n of this matrix 
situated in the upper left corner, that is, the minors

a l l 012 • • 01ft 011 012 • • 01 n

a±i,
an «12 021 022 • * 02ft ^2i 022 * • 02/1
a 2l 022

0ft 1 0ft2 • • 0ftft 0 /ii an2 . * 0/1/1

of which the last obviously coincides with the determinant of mat
rix A are called the principal minors of the form /.

The following theorem holds true.
A quadratic form f in n unknowns with real coefficients is posi

tive definite if and only if all its principal minors are strictly positive.
Proof. For n =  1, the theorem is true since the form then is ax2 

and therefore is positive definite if and only if a >> 0. For this rea
son, we prove the theorem for the case of n unknowns on the assump
tion that it has already been proved for quadratic forms in n — 1 
unknowns.

Note the following.
If a quadratic form /  with real coefficients constituting a mat

rix A is subjected to a nonsingular linear transformation with a real 
matrix Q, then the sign of the determinant of the form (that is, the 
determinant of its matrix) remains unchanged.

Indeed, after the transformation we obtain a quadratic form 
with the matrix Q'AQ; however, due to | Q' | =  | Q |,

\Q'AQ I =  \Q' \- \A  \-\Q  | =  \A  \.\Q  |* 
that is, the determinant | A | is multiplied by a positive number.
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Now suppose we have the quadratic form

It can be written as

/  =  2  dijXiXj
i, j=i

n— 1
/  =  <P ( # 2* • • •» 2 ^2 ®tnXiXn A~0,nnXn (3)

where (p is a quadratic form in n — 1 unknowns composed of those 
terms of form /  which do not contain the unknown Xn. The principal 
minors of the form cp evidently coincide with all principal minoirs 
of the form /  except the last.

Let the form /  be positive definite. Then the form cp will also be 
positive definite: if there existed values of the unknowns Xi, 
x2, . . ., Xn-1, not all zero, for which the form cp receives a nonstrictly 
positive value, then, additionally assuming xn =  0 , we would also 
obtain, by (3), a nonstrictly positive value of the form /, although 
not all the values of the unknowns x\, xa, . . ., xn-u xn are equal 
to zero. For this reason, by the induction hypothesis, all the prin
cipal minors of the form cp that is, all the principal minors of the 
form /, except the last, are strictly positive. As for the last principal 
minor of /  (that is the determinant of the matrix A itself), its posi
tivity is a consequence of the following reasoning: because of its 
positive definiteness, form /  is reduced by a nonsingular linear trans
formation to a normal form consisting of n positive squares. The deter
minant of this normal form is strictly positive, and so, by the remark 
made above, the determinant of the form /  itself is positive.

Now let all the principal minors of the form f be strictly positive. 
From this follows the positivity of all the principal minors of the 
form cp, that is, by the induction hypothesis, the positive definiteness 
of this form. Therefore, there is a nonsingular linear transformation 
of the unknowns xu x2, . . ., xn-i such that reduces the form cp 
to a sum of n — 1 positive squares in the new unknowns yif y2, . . .
. . ., yn-i. By setting xn =  yn, this linear transformation may be 
completed to form a (nonsingular) linear transformation of all the 
unknowns x2, . . ., xn. By (3), form /  is reduced by the indica
ted transformation to

n—l n —1

f — S  y\~r^1 S  binyiyn-)-bnnyn (4)
i=l i=l

The exact expressions of the coefficients bin are not essential to us 
Since

y\ +  2binyiyn =  {yt +  binyn)% — b\nyl
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it follows that the nonsingular linear transformation 
== z/j binyn, i lj 2 , . . n 1 ,

Z* =  Vn
reduces the form /  by (4) to the canonical form

n— 1
/ =  S  * !+ « «  (5)

To prove the positive definiteness of the form /, it remains to 
prove that the number c is positive. The determinant of the form 
in the right member of (5) is equal to c. However, this determinant 
should be positive since the right side of (5) is obtained from f  by 
two nonsingular linear transformations, and the determinant of 
the form /  was positive (being the last of the principal minors of 
this form).

This completes the proof of the theorem.
Example 1. The quadratic form

/  — 5xf -f- x | -f- 5x| +  4 x ^ 2  — 8 x1X3  — 4 x2 X3

is positive definite since its principal minors

are positive.
Example 2. The quadratic form

/ =  Z x \  +  x| +  5x§ +  4xix2 — 8 x1X3 — 4 x2Xs 
is not positive definite since its second principal minor is negative:

Note that by analogy with positive definite quadratic forms we 
can introduce negative definite forms, that is, nonsingular quadratic 
forms with real coefficients whose normal form contains only nega
tive squares of the unknowns. Singular quadratic forms whose 
normal form consists of the squares of one sign are sometimes termed 
semidefinite. Finally, indefinite quadratic forms are those whose 
normal form contains both positive and negative squares of the 
unknowns.

12—5760



CHAPTER 7

LINEAR SPACES

29. Definition of a Linear Space. An Isomorphism

The definition of an re-dimensional vector space given in Sec. 8 
began with a definition of an re-dimensional vector as an ordered 
set of re numbers (re-tuple). For re-dimensional vectors we then intro
duced addition and multiplication by scalars, which is what led 
to the concept of an re-dimensional vector space. The first instances of 
vector spaces are collections of vector segments emanating from a 
coordinate origin in the plane or in three-dimensional space. Howe
ver, when we encounter such cases in geometry, we do not always 
find it necessary to specify the vectors via their components in some 
fixed system of coordinates, since both addition of vectors and their 
multiplication by a scalar are determined geometrically, irrespec
tive of the choice of any coordinate system. Namely, the addition 
of vectors in the plane or in space is accomplished by the paralle
logram rule, while the multiplication of a vector by a scalar a signi
fies a stretching of the vector by the factor a  (the direction is rever
sed if a  is negative). It is advisable to give a “coordinateless” de
finition of a vector space in the general case as well. By this is meant 
a definition which does not require specifying vectors by ordered 
sets of numbers. We now give such a definition. This definition is 
axiomatic; nothing will be said about the properties of a separate 
vector, but we will enumerate the properties of operations invol
ving vectors.

Suppose we have a set V. We denote its elements by lower-case 
Latin letters: a, b, c, . . ..* Now, in set V we define the operation 
of addition, which associates every pair of elements a, b in V with 
a uniquely defined element a -j- b in V, called the sum, and the 
operation of multiplication by a real number (scalar); the product a a 
of element a by a scalar a  is uniquely defined and belongs to V.

The elements of V will be termed vectors, and V itself will be 
called a real linear (or vector, or affine) space if the indicated opera
tions have the following properties (I to VIII).

* In contrast to Chapter 2, here and in the sequel, vectors will be desig
nated by lower-case Latin letters, scalars by lower-case Greek letters.
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I. Addition is commutative: a -f- b =  6 +  a.
II. Addition is associative: (a +  6) +  c =  a -f- (b +  c).

III. There is a zero element 0 in V which satisfies the condition: 
a - f  0 == a for all a in F.

Using I it is easy to prove the uniqueness of the zero element: if 
Oi and 0 2 are two zero elements, then

0 1; +  0 2 — Oi,
ot +  0 2 =  0 2 +  Oi =  0 2

whence 0 t =  0 2.
IV. For any element a in V there exists an opposite (inverse) ele

ment —a, which satisfies the condition: a +  (—a) =  0 .
Using II and I, it is easy to prove the uniqueness of the inverse 

element: if (—a)x and (—a)2 are two inverse elements of a, then

(—a)i +  [<2 +  (—o) 2] =  (—a)i -f- 0  =  (—a)i,
K—a)i +  «1 +  (—a)2 =  0  +  (—a)2 =  (—a)2

whence (—a)t =  (—a)2.
From axioms I to IV we deduce the existence and uniqueness of the 

difference a — b, that is, an element which satisfies the equation

We can set 

since

b +  x =  a 

a — b =  a -f- (—6)

( 1 )

b +  \a -J- (—b)] =  [b -f- (—6)1 +  a — 0  +  a =  a.

Now if there is an element c such that satisfies (1),
6 +  c — a

then, by adding to both sides an element —6 , we get
c =  a -j- (—6)

Axioms V to VIII (of. Sec. 8 ) relate multiplication by a scalar 
to addition and to operations involving scalars. Namely, for any ele
ments a, b in V, for any real numbers a, p, and for the real number 1 , 
the following equalities must hold:

V. a (a -f- 6) =  aa -f- ab,
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Elementary corollaries to these axioms are:
[11 a  0  =  0

For some a in F,
a a — a  (a -)- 0 ) =  a a +  a -0

that is
a -0 =  a a — aa — a a -f- [—-(aa)] =  0  

[21 0 - a — 0

where the zero on the left is the number zero and the zero on the 
right is the zero element of F,

To prove this, take any scalar a. Then
aa =  (a +  0 ) a =  aa -f- 0 *a

whence
0  -a =  aa — aa =  0

[3] If aa 0, then either a  — 0 or a =  0.
If a  =7̂ =0 , that is the scalar a -1 exists, then

a =  1 a =  (a- 1a) a — a -1 (aa) =  a -1 - 0  =  0

[41 a( — a)— — aa
Indeed,

aa +  a (—a) =  a [a, +  (—a)l =  a -0  =  0  

that is, the element a (—a) is the inverse of aa.
[5] ( — a )  a =  —a a
Indeed,

a a +  (—a) a — [a -f- (—a)] a =  0 -a — 0  

that is, the element (—a) a is the inverse of a a.
[61 a (a — b) — aa — ab
By [4],

a (a — b) =  a [a +  (~ b )] — aa +  a  (—b)
=  aa -(- (—ab) =  aa — ab

[7] (a — P) a — aa — pa
Indeed,

(a — P) a =  [a +  [—P)1 a =  aa -f- (—p) a
=  aa -j- (—pa) =  a a — Pa

These axioms and their corollaries will be used from now on with
out any special reservations.
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The definition given above is for a real linear space. If we assu
med, in V, multiplication not only by real numbers but also by arbi
trary complex numbers, then, retaining Axioms I to VIII, we would 
have the definition of a complex linear space. For the sake of defi
niteness, we will consider real linear spaces; however, everything 
in this chapter can be extended word for word to the case of com
plex linear spaces.

Examples of real linear spaces come to mind immediately. They 
include the w-dimensional real vector spaces composed of row vec
tors that were studied in Chapter 2, also sets of vector segments 
emanating from a coordinate origin in the plane or in three-dimen
sional space if the operations of addition and multiplication by 
a scalar are understood in the geometric sense stated at the begin
ning of this section.

We also have linear spaces that are infinite-dimensional. Let 
us consider all possible sequences of real numbers; they have 
the form

a =  (ccu osa, . . . , « » » • •  •)
We perform operations on sequences componentwise: if

b = ( P l »  p 2 >  • • • ,  p n ,  .  • • )
then

a -f- b — (otj -f- Pi, 0C2 P2J • • •» 0C71 ~f~ Pa> • •■•)
On the other hand, for any real number y,

ya =  (yau ya2, . . ., yan, . . .)
All the axioms from I to VIII are fulfilled, which means we have 
a real linear space.

Another instance of an infinite-dimensional space is the set of 
all possible real functions of a real variable if the addition of func
tions and their multiplication by a real number are to be understood 
as is conventional in the theory of functions, that is, as the addition 
or multiplication by the number of values of the functions for each 
value of the independent variable.

Isomorphisms. Our immediate aim is to select from all linear 
spaces those which it will be natural to call finite-dimensional. 
First let us introduce a general concept.

In the definition of a linear space we spoke about the properties 
of operations involving vectors, but we said nothing about the pro
perties of the vectors themselves. Thus, it may happen that although 
the vectors of two given linear spaces are quite different as to their 
nature, the two spaces are indistinguishable from the standpoint of 
the properties of the operations. The exact definition is as follows.

Two real linear spaces V and V' are called isomorphic if a one- 
to-one correspondence can be set up between their vectors; every
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vector a of F is associated with a vector a' of F', the image of the 
vector a; different vectors from F possess different images and every 
vector in F' serves as an image of some vector in F; and if in this 
correspondence the image of a sum of two vectors is the sum of the 
images of the two vectors,

(a +  b)' =  a' +  V (2 )
and the image of a product of a vector by a scalar is the product 
of the image of the vector by that scalar,

(ao)' =  a a' (3)

The one-to-one correspondence between spaces F and F' which 
satisfies the conditions (2) and (3) is called an isomorphic correspon
dence.

Thus, the space of vector segments (in a plane) emanating from 
a coordinate origin is isomorphic to a two-dimensional vector space 
made up of ordered pairs of real numbers: we obtain an isomorphic 
correspondence between these spaces if in the plane we fix some sy
stem of coordinates and associate with every vector segment an or
dered pair of its coordinates.

Let us prove the following property of an isomorphism of linear 
spaces: the image of zero of the space V is the zero of the space V' in 
an isomorphic correspondence between V  and V'.

Let a be some vector in F and a' its image in F'. Then, by (2),

a' =  (a +  0 )' =  a' +  0 '

That is to say, O' is a zero of the space F \

30. Finite-Dimensional Spaces. Bases
As the reader can verify without difficulty, the two definitions 

of linear dependence of row vectors given in Sec. 9, and also the 
proof of the equivalence of these definitions, employ only operations 
on vectors and for this reason can be carried over to the case of any 
linear spaces. Consequently, in axiomatically defined linear spaces 
we can speak of linearly independent systems of vectors, of maxi
mal linearly independent systems, if such exist, and so on.

If the linear spaces V  and V' are isomorphic, then the system of 
vectors at, a2, . . ., ah in V  is linearly dependent if and only if the 
system of their images a[, a'2, . . ., in F' is linearly dependent.

Note that if the correspondence a -*  a! (for all a in F) is an 
isomorphic correspondence between F and V ' , then the reverse cor
respondence a' —> a will also be isomorphic. It is therefore suf
ficient to consider the case when the system aA, a2, . . ., ah is linearly 
dependent. Let there be scalars a t, a 2» • • •» a &» not all zero, such
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that
- f  a 2a a  +  .  .  .  +  a h<zk =  0

In the isomorphism under consideration, the image of the right 
member of this equation is, as we know, the zero 0' of space V'. 
Taking the image of the left member and applying (2) and (3) several 
times, we get

ajaJ -f- a 2a2 +  =  O'
Thus, the system a[, a2, . . ., ah is also linearly dependent.

Finite-dimensional spaces. A linear space V is called finite-di
mensional if in it we can find a finite maximal linearly independent 
system of vectors; any such system of vectors will be termed the 
basis of the space V.

A finite-dimensional linear space can have many different bases. 
Thus, in the space of vector segments in the plane, any pair of vec
tors different from zero and not lying on one straight line can serve 
as a basis. Note that so far our definition of a finite-dimensional 
space does not specify whether there can exist, in this space, bases 
consisting of a different number of vectors. What is more, it might 
even be assumed that in some finite-dimensional spaces there exist 
bases with an arbitrarily large number of vectors. Let us investigate 
this situation.

Suppose a linear space V has a basis
l̂» 2̂> * • •» (1)

consisting of n vectors. If a is an arbitrary vector in V, then from the 
maximality of the linearly independent system (1) it follows that 
a is expressed linearly in terms of the system:

a =  +  a 2<?2 +  • • . +  anen (2)
On the other hand, due to the linear independence of (1), expres
sion (2) will be unique for the vector a: if

a ^2^2 • • • ~f-
then

(at — aj) ei +  (a2 — a 2) H +  • • • +  («n — «n) en =  0  

whence
ctf =  al, i =  1, 2 , . . ., n

Thus, the vector a is associated one-to-one with the row
(«i, a 2, . . ., a„) (3)

of coefficients of its expression (2 ) in terms of the basis (1) or, as 
we shall say, the row of its coordinates in the basis (1). Conversely, 
every row of type (3), that is, any w-dimensional vector in the sense
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of Chapter 2 serves as a row of coordinates in basis (1) for some vector 
of space V, namely, for the vector written in the form (2) in terms 
of the basis (1).

We have thus obtained a one-to-one correspondence between all 
vectors of the space V and all vectors of an ^-dimensional vector 
row-space. We will show that this correspondence, which quite natu
rally is dependent on the choice of the basis (1), is isomorphic.

In space V let us, in addition to vector a, which is expressed in 
terms of the basis (1 ) in the form (2), also take a vector b whose 
expression in terms of the basis (1) is

b =  +  $2e2 +  • * • +  §nen
Then

a b =  (cci -f- p!) ei -f- (a2 +  P2) e 2 +  • • • +  (&n +  Pn) en
that is, the sum of the vectors a and b corresponds to the sum of the rows 
of their coordinates in the basis (1). On the other hand,

ya =  (yai) et +  (7 ^2) e, +  . . .  + . (yan) en
that is, to the product of a vector a by a scalar 7  corresponds the product 
of the row of its coordinates in the basis (1) by the same scalar 7 .

The foregoing proves the following theorem.
Any linear space with a basis consisting of n vectors is isomorphic 

to an n-dimensional vector row-space.
As we know, in an isomorphic correspondence between linear 

spaces, a linearly dependent system of vectors goes into a linearly 
dependent system and conversely; for this reason, a linearly inde
pendent system goes into a linearly independent system. From this 
it follows that in an isomorphic correspondence, a basis goes into a basis.

Indeed, let a basis eit e2, . . ., en of a space V go (under an iso
morphic correspondence between the spaces V and V') into a system 
of vectors e'v  e'2, . . ., e'n of space V', which, though it is linearly 
independent, is not maximal. Consequently, in Vf we can find a 
vector f  such that the system e', e'2, . . ., e'n, f  remains linearly 
independent. However, the vector f  in this isomorphism serves as 
an image of some vector /  in V. We find that the system of vectors 
eu e2, . . ., en, f  must be linearly independent, which is in contra
diction to the definition of a basis.

Further, we know (see Sec. 9) that in an w-dimensional vector row- 
space, all maximal linearly independent systems consist of n vec
tors, that any system of n +  1 vectors is linearly dependent, and 
that any linearly independent system of vectors is contained in some 
maximal linearly independent system. Using the above-established 
properties of isomorphic correspondences, we arrive at the following 
results.

A ll bases of a finite-dimensional linear space V consist of one and 
the same number of vectors. If this number is equal to n, then V is
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called an n-dimensional linear space, and the number n is the 
dimension of this space.

Any system of n -\-1 vectors of an n-dimensional linear space is 
linearly dependent.

Any linearly independent system of vectors of an n-dimensional 
linear space is contained in some basis of that space.

It is now easy to verify that the above-indicated examples of 
real linear spaces—the space of sequences and the space of func
tions—are not finite-dimensional spaces: in each of these spaces the 
reader will easily find linearly independent systems consisting 
of an arbitrarily large number of vectors.

Relationships between bases. We are interested in finite-dimen
sional linear spaces. Clearly, when studying n-dimensional linear 
spaces we are actually studying the n-dimensional vector row-space 
that was introduced back in Chapter 2. Earlier, however, we extrac
ted one basis from this space, namely, the basis composed of unit 
vectors (these are vectors, one coordinate of which is equal to unity 
and all others are zero), all the vectors of the space were specified 
by the rows of their coordinates in that basis. Now, however, all 
bases of a space have equal status.

Let us see how many bases can be found in an n-dimensional 
linear space and how these bases are interrelated.

Suppose in an n-dimensional linear space V we have the bases
2̂> • • •» (4)

and
2̂* • • •» (5)

Each vector of basis (5), like any vector of the space V, is unambi
guously written in terms of basis (4) as

n
el =  2  rtjej, i =  1 , 2 , ..  ., n (6)

3=1
The matrix

T =
Tin

Tnl
whose rows are the rows of the coordinates of the vectors (5) in basis
(4), is called the change-of-basis matrix from basis (4) to basis (5).

Because of (6 ), we can write the relationship between bases (4) 
and (5) and the change-of-basis matrix T in the form of a matrix 
equation:

Xu T12 • • •
T21 T22 • • • T2n

Tni Tn2 • • • n̂n

(7)
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or, denoting by e and e', respectively, the bases (4) and (5) as columns:
e’ =  Te

On the other hand, if T' is the change-of-basis matrix from (5) 
to (4), then

e =  T'e'
whence

e =  (T'T) e, 
e' =  ( r r j  er

or, because of the linear independence of the bases e and e'.
T’T =  TTJ =  E

whence
r £ t =  T '1

This proves that the change-of-basis matrix is always a nonsingular 
matrix.

Any nonsingular square matrix of order n with real elements can 
serve as a matrix for changing from a given basis of an n-dimensional 
real linear space to some other basis.

Suppose we have a given basis (4) and a nonsingular matrix T 
of order n. For (5) take a system of vectors for which the rows of 
matrix T serve as the rows of coordinates in basis (4); thus, we have 
equation (7). The vectors (5) are linearly independent (linear depen
dence would have implied a linear dependence of the rows of mat
rix T, in conflict with its nonsingularity). Therefore, system (5), 
as a linearly independent system consisting of n vectors, is a basis 
of our space, and the matrix T serves as a change-of-basis matrix 
from basis (4) to basis (5).

We see that in an rc-dimensional linear space we can find as many 
distinct bases as there are distinct nonsingular square matrices of 
order n. True, here, two bases consisting of the same vectors but 
written in a different order are considered distinct.

Transformation of vector coordinates. Suppose in an n-dimen
sional linear space we have the bases (4) and (5) given with the chan- 
ge-of-basis matrix T =  (t*/),

e’ =  Te
Let us find the connection between the coordinate rows of an arbitra
ry vector a in these bases.

Let
n

a — 2  
j-=i

n
a =  2

i=i

(8)
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Using (6) we find
n n n n

a =  2 a* (2 S (2 a ' i T i j )  e j
i= i  j= l  j= l i= l

Comparing with (8) and using the uniqueness of vector notation in 
terms of a basis, we obtain

n

<Xj — 2  ji f — 15 2 , . .  ., n
i=  1

Thus we have the matrix equation

(®1'» 01.2> • • OCn) • • •» ®n) T

Thus, row? of coordinates of the vector a in the basis e is equal 
to the row of coordinates of this vector in the basis e multiplied on the 
right by the change-of-basis matrix from the basis e to the basis e'. 

Whence clearly follows the equation

(oCj., ®2» • • •» &n) ~  1) * • •» T
Example. Consider a three-dimensional real linear space with the basis

The vectors
&2j

2̂ 3)
e'2 —  2e\ -f- 3̂ 2»
e'z = —2e4 4- ez -f- es

also form a basis in this space, the matrix

(9)

(10)

T =
5 - 1  —2\ 
2 3 0 )

- 2  1 1 /
serving as the change-of-basis matrix from (9) to (10). We then have

The vector
a =  e 1 +  4̂ 2 — e3

therefore has, in basis (10), the row of coordinates
(  3 - 1  6 \

(ai, oj, a'3) =  (1, 4, - 1 )  - 2  1 - 4  =  ( -1 3 , 6, -2 7 )
\  8 - 3  17/

or
a  ——13ci +  6eg — 27^
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31. Linear Transformations
In Chapter 3 we dealt with the concept of a linear transforma

tion of unknowns. The concept we now introduce bears the same 
name but is different in character. True, certain relationships could 
be established between these two notions.

Let there be given an rc-dimensional real linear space, which 
we denote by Vn. We consider a transformation of this space, that 
is a mapping which takes every vector a of Vn into some vector a' 
of the same space. The vector a' is called the image of a under the 
given transformation.

If we use cp to denote the transformation, then the image of vec
tor a will he written as a(p instead of the more customary <p (a) or 
cpa. Thus,

a' — a<p
A transformation tp of a linear space Vn is called a linear transfor

mation of this space if it takes the sum of any two vectors a, b into 
the sum of the images of these vectors:

(a +  b) cp =  aq) -f  bq> (1)
and the product of any vector a by any scalar a  into the product 
of the image of the vector a by that same scalar a:

(aa) (p =  a  (a(p) (2 )
From this definition, it immediately follows that a linear trans

formation of a linear space carries any linear combination of given 
vectors a1? a2, . . . »  ak into a linear combination (with the same coef
ficients) of the images of the vectors:
(aiax +  a 2a2 +  . . . +  a hak) cp

=  a i  («i<p) +  a 2 (a2<P) +  • • • +  a *  («*<P) (3 )

Let us prove the following assertion.
Under any linear transformation <p of a linear space Fn, the zero 

vector 0  remains fixed,
Ocp =  0

and the image of the inverse of the given vector a is a vector that is inverse 
to the image of a:

(—a) q) =  —aq)
Indeed, if b is an arbitrary vector, then, by (2),

Ocp =  (0-b) q> =  O-(fccp) =  0 
On the other hand,

(—a) cp =  [(—1) al <p =  (—1) (aq)) =  —aq>
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The concept of a linear transformation of a linear space arose 
as a generalization of the familiar analytic geometry concept of 
the affine transformation of a plane or of three-dimensional space. 
Indeed, conditions (1) and (2) are fulfilled under affine transforma
tions. These conditions are also fulfilled for projections of vectors 
on a plane or, in three-dimensional space, on a straight line (or a 
plane). Thus, for example, in a two-dimensional linear space of 
vector segments emanating from the origin of the plane, the trans
formation carrying a vector into its projection on some axis passing 
through the origin is a linear transformation.

Examples of linear transformations in an arbitrary space Vn 
are the identity transformation e, which leaves every vector a fixed,

ae =  a
and the zero transformation o), which maps every vector a into zero,

a co =  0

We will now obtain a survey of all linear transformations of 
a linear space Vn. Let

C l >  ’  •  • • »  (4)
be a basis of this space. As we have already done, denote by e the 
basis (4) arranged in a column. Since any vector a of the space Vn 
is uniquely represented as a linear combination of vectors of the 
basis (4), it follows, by (3), that the image of vector a with the same 
coefficients can be expressed in terms of the images of the vectors (4 ). 
In other words, any linear transformation cp of Vn is uniquely deter
mined by specifying the images ejcp, e2cp, . . ., enq> of all vectors of 
the fixed basis (4).

No matter what the ordered system of n vectors of Vn,
1̂? c2? . . ., cn (5)

there is a unique linear transformation cp of this space such that (5) 
serves as the system of images of the vectors of basis (4) under this trans
formation,

eft =  ci, i =  1 , 2 , . . ., n (6)
The uniqueness of the transformation <p has already been proved; 

it remains to prove its existence. Let us define the transformation 9  
as follows: if a is an arbitrary vector of the space and

n

a = 2  a iei
i = l

is its notation in the basis (4), then put
n

; a(P=  2  ai°i
i = l

(7)
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Let us prove the linearity of this transformation. If

b =  2
i= l

is any other vector of the space, then
n n

( a + 6 ) < p =  [ S  (a* +  P i)* i]  <P =  S  (a* +  P i)c i
i= l  i=I
n n

=  S  a ic H " S  Pic* =  a(P +  &<P
i = l  i= i

But if y is any scalar, then
n n n

(ya) <p =  [ 2  (7«<) 9 =  2  (Y«i) Ci =  Y 2  =  Y («<p)
i = l  i = i  i= i

The correctness of (6 ) follows from the definition (7) of the trans
formation cp, since all coordinates of the vector et in the basis (4) 
are zero (except the ith coordinate, which is equal to unity).

We have thus established a one-to-one correspondence between all 
linear transformations of the linear space Vn and all ordered systems
(5) made up of n vectors of this space.

However, evpry vector ct has a definite notation in the basis (4):
n

Ci =  2  cttjej, i =  1, 2, . . . ,  n (8 )
3=1

We can form a square matrix of the coordinates of the vector c* 
in the basis (4)

A =  (ccu) (9)
taking for its ith row the row of coordinates of the vector ct, i — 
— 1, 2, . . ., n. Since system (5) was arbitrary, the matrix A will 
be an arbitrary square matrix of order n with real elements.

We thus have a one-to-one correspondence between all linear trans
formations of the space Vn and all square matrices of order n; this cor
respondence is of course dependent on the choice of basis (4).

We shall say that the matrix A specifies a linear transformation <p 
in the basis (4) or, more succinctly, that A is the matrix of the linear 
transformation <p in the basis (4). If by <?(p we denote a column com
posed of the images of the vectors of (4), then from (6), (8 ) and (9) 
there follows a matrix equation which completely describes the re
lationships existing between the linear transformation <p, the basis e 
and the matrix A specifying the linear transformation in that basis:

ecp =  Ae (10)
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Let us show how, knowing the matrix A of a linear transforma
tion q> in basis (4), it is possible, via the coordinates of the vector a 
in this basis, to find the coordinates of its image ay. If

n

a =  2  a iei 
i=l

then
n

i=i
which is equivalent to the matrix equation 

ay =  (alf a 2, . . ., an) ey

Utilizing (10) and taking into account that the associativity of 
matrix multiplication is easy to verify when one of the matrices 
is a column made up of vectors, we obtain

ay =  [(<*!, aa, . . an) A] e

Whence it follows that the row of coordinates of a Vector ay is equal 
to the row of the coordinates of the vector a multiplied on the right by 
the matrix A of the linear transformation <p, all in the basis (4).

Example. Let there be a linear transformation q> given by the following 
matrix in a basis eu e2, e3 of three-dimensional linear space:

f - 2 1 0 X
A == I 1 3 2

V 0 - 4  1/
If

a =  5ei -{- e% — 2^3
then

/  2 1 0 X
(5, 1, —2) 1 3 2 =  (—9, 16, 0)

\  0 - 4  1 /
that is,

o(p — —9ê  16e2

Relationships between matrices of a linear transformation in 
different bases. Quite naturally, a matrix specifying a linear trans
formation is dependent on the choice of the basis. We will show 
what the relationship is between matrices that specify one and the 
same linear transformation in different bases.

Let there be given the bases e and e' with change-of-basis 
matrix T,

e' =  Te (11)
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and let the linear transformation <p be given in these bases by matri
ces A and A', respectively,

eq> =  Ae, e'q> =  A'e (12)

By (11), the second equation of (12) reduces to
(.Te) cp =  A' (Te)

However,
(Te) cp =  T (<?'<p)

Indeed, if ( t I4, xiz, . . t in ) is the ith row of matrix T, then 
(%iiei +  Ti2e2 +  . . . +  Ttnen) cp

=  Ta (̂ cp) +  Ti2  (e2(p) +  . . . +  r in (en<P)
Hence, by (12),

(Te) cp =  T (ecp) =  T (Ae) =  (TA) e-,

A' (Te) =  (A'T) e
that is,

(TA )e =  (A 'T)e

If for at least one i, 1 ^  i ^  n, the ith row of the matrix TA is 
different from the ith row of the matrix A 'T , then two distinct 
linear combinations of vectors eit e2, . . ., en will be equal to each 
other, which contradicts the linear independence of the basis e. 
Thus,

TA =  A'T

whence, due to the nonsingularity of the change-of-basis matrix T, 
A' =  T A T A  =  T~XA'T  (13)

Note that the square matrices B and C are called similar if they 
are connected by the equation

C =  Q-'BQ

where Q is some nonsingular matrix. We say that the matrix C is 
obtained from B by a transformation by the matrix Q.

The equations (13) proved above may be formulated as an impor
tant theorem.

Matrices which represent one and the same linear transformation 
in different bases are similar. And the matrix of the linear transfor
mation cp in the basis e is obtained by transforming the matrix of this 
linear transformation in the basis e via the change-of-basis matrix 
from basis e to basis e.
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Let ns piont out that if a matrix A represents a linear transfor
mation <p in the basis e, then any matrix B, similar to A,

B =  Q~XAQ
also represents the transformation q) in some basis., namely, in the 
basis obtained from e by means of the change-of-basis matrix Q~x.

Operations on linear transformations. Associating to every linear 
transformation of the space Vn its matrix in a fixed basis, we obtain 
(as was proved above) a one-to-one correspondence between all li
near transformations and all square matrices of order n. It is natural 
to expect that the operations of addition and multiplication of ma
trices and also matrix multiplication by a scalar will be associated 
with analogous operations involving linear transformations.

Suppose we have the linear transformations <p and ip in a space Vn. 
The sum of these transformations is the transformation <p -f- ip de
fined by the equation

a (<p +  ij?) =  aq> +  aip (14)
It thus carries any vector a into the sum of its images under the trans
formations (p and ip.

The transformation <p +  ip is linear. Indeed, for all vectors a 
and b and any scalar a,
{a +  b) (tp -f  ip) =  (a -f  b) (p +  (a +  b) ip

=  aq) -f- feq) +  aip +  hip =  a (q) -j- ip) -f- b (q) -f- ip),
(aa) (qj +  ip) =  (aa) q) +  (aa) ip =  a (aq)) -f- a (aip)

=  a (aq) +  aip) =  a [a (q) +  aj?)]
On the other hand, we use the term “product” of linear transfor

mations q> and ip for the transformation q)ip defined by the equation
a (qnp) =  (aq)) ip (15)

that is, the transformation obtained by successive application of the 
transformations q> and ip.

The transformation qnp is linear:
{a +  b) (qnp) =  [(a -f- b) qd ip =  (aq) +  6q>) ip

=  («<p) +  (M  ^ =  a (q4) +  h (qnp),
(aa) (qnp) =  [(aa) qd ip =  [a (aq))] op =  a [(aq>) TpJ =  a [a (qnp)]
Finally, we use the term “product” of a linear transformation <p 

by a scalar x for the transformation xq> defined by
a (xq>) =  x (aq)) (16)

Thus, in the qntransformation of all vectors, the images are multi
plied by the scalar x.

13—5760
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The transformation xcp is linear:
(a +  b) (xcp) =  x [(a -f  &) cp] =  x (acp +  hep)

=  x (acp) +  x (6cp) =  a (xcp) - f  b (xcp) 
(aa) (xcp) =  x[(aa)qp] =  x[a (acp)J ==

=  a[x(acp)] =  a[a(xcp)]
Let the transformations c p  and i|) be given in the basis eir e2, . . . 

. . en, by the matrices A =  (a^) and B — (P^), respectively,
ecp =  Ae, eoj) =  Be

Then, by (14),
n  n n

e t (<P + $) = e/cp + ̂  = 2  ai^ + 2  P*̂  = 2 (aU + P«)
3=1 i—l j = l

that is,
e (cp +  ij>) =  (̂ 4 +  B) e

Thus, the matrix of a sum of linear transformations in any basis is 
equal to the sum of the matrices of these transformations in the same 
basis.

On the other hand, by (15),

e£ (cpijj) = (<?f(p) i|> = ( 2 <*tjej)$ = 2 M )
3=1 3=1

=  2  a u ( 2  — 2 ( 2  ek
3=1 fc=l fc=l 3=1

that is,
e (cpi]}) =  (AB) e

In other words, the matrix of a product of linear transformations in 
any basis is equal to the product of the matrices of these transformations 
in the same basis.

Finally, due to (16),

that is,
et (xcp) = x (<?i<p) = x 2 a u ej = 2 (xâ -) e}

3=1 3=1

e (xcp) =  (x^l) e
Consequently, a matrix which in some, basis specifies the product of 
a linear transformation cp by a scalar x is equal to the product of the 
matrix of the transformation cp in this basis by the scalar x.

From the results obtained it follows that operations on linear 
transformations possess the same properties as operations on matri
ces. Thus, the addition of linear transformations is commutative 
and associative, while multiplication is associative but is not com
mutative for a >  1. For linear transformations there exists unique
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subtraction. Also note that in linear transformations, the identity 
transformation e plays the role of unity, and the zero transformation to, 
the role of zero. In any basis, the transformation e is given by the 
unit matrix, and the transformation © is given by the zero matrix.

32. Linear Subspaces
A subset L of a linear space V is called a linear subspace of this 

space if it is a linear space with respect to the operations defined 
in V of addition of vectors and the multiplication of a vector by 
a scalar. Thus, in three-dimensional Euclidean space, the collection 
of vectors emanating from the coordinate origin and lying in some 
plane (or on some straight line) passing through the origin is a linear 
subspace.

For a nonempty subset L of space V to be a linear subspace of V, 
the following requirements must be met.

1. If the vectors a and b lie in L, then the vector a +  b also belongs 
to L.

2. If the vector a belongs to L, then the vector a a, for any value of 
the scalar a, belongs to L too.

Indeed, by Condition 2, the set L contains the zero vector: if 
vector a belongs to L, then L also contains O a =  0. Furthermore, 
again by Property 2, L contains a vector a and the inverse vector 
—a =  (—l)-a , and therefore, due to Property 1, L also contains 
the difference of any two vectors in L. As to all the other require
ments that enter into the definition of a linear space, we can say that 
if they are fulfilled in V, then they will likewise be fulfilled in L.

Instances of linear subspaces of the space V are: the space V 
itself and also the set consisting of a single zero vector, the so-called 
zero subspace. A more interesting example is the following: in the 
space V take any finite system of vectors

ai) ag, . . ., ar (1)
and denote by L the set of all those vectors which are linear combina
tions of the vectors of (1). We will prove that L is a linear subspace. 
Indeed, if
b =  +  a 2«2 +  • • • +  a rar, c =  -f (32a2 +  . . . +  pr<zr
then

b 4~ c — (ai -f- Pi) -f- (a2 +  P2) a2 -f- . . . -f- (ar -f- pr) aT
that is, the vector b +  c belongs to L; also in L is the vector

yb =  (yeti) +  (ya2) a2 +  . . . +  (yar) ar
for any scalar y.

We say that this linear subspace L is generated by the system of 
vectors (1); in particular, the vectors (1) themselves belong to L.

13*
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Incidentally, any linear subspace of a finite-dimensional linear 
space is generated by a finite system of vectors, for if it is not a zero 
subspace, then it possesses a finite basis. The dimension of the linear 
subspace L is not greater than the dimension n of the space Vn itself 
and is equal to n only when L — Vn. The dimension of the zero 
subspace is of course the number 0 .

For any k, 0 < 1  k <Z n, in the space Vn there are linear subspaces 
of dimension k. It is sufficient to take a subspace generated by any 
system of k linearly independent vectors.

Let there be given linear subspaces L{ and L2 in the space V. 
The collection L0 of vectors belonging both to Li and to L % will 
be a linear subspace, as can readily be verified. It is the intersection 
of the subspaces Li and L2. On the other hand, another linear sub
space is the sum L of the subspaces Li and L2, or the collection of all 
those vectors in V which can be represented as a sum of two terms, 
one from Lx and the other from L2. If the dimensions of the subspa
ces Li, L 2, Lq and L are, respectively, di, d2, dQ and d, then the 
following formula holds:

d =  di -f- d2 — d0 (2 )
which is to say that the dimension of the sum of two subspaces is equal 
to the sum of the dimensions of these subspaces diminished by the dimen
sion of their intersection.

To prove this, let us take an arbitrary basis
#i, a2, . . ., #d0 (3)

of subspace L0 and augment it to obtain the basis
®1* • • •» d̂o» d̂o +1» • • •» d̂i (4)

of the subspace Li and also augment it to obtain the basis
ai, a2, . . ., â Q, Cdo-f-i» . . ., ĉ 2 (5)

of the subspace L2. Utilizing the definition of the subspace L, it is 
easy to see that this subspace is generated by the system of vectors

ai, a2, . . . ,  â Q, b^ • • • ,  b̂  1? C d o - i- i^  • • •?  ĉ 2 ( 6 )
Formula (2) will thus be proved if we demonstrate the linear inde
pendence of system (6 ).

Suppose the equation
Cti^ +  a 2a2 +  . . • +  Ctc?oado +  (Wt-i^do+l ■ + • ■ • +  Pdi&di

+  Yd0+ lcd0+l +  • • • +  Yd2Cd2 =  0 
with certain numerical coefficients is true. Then 
d =  a ^ i  +  a 2a2 +  ■ • • +  adoad0 +  Pdo+l^do+l +  ■ • • +  Pdî di

=  — Yd0+lcdo+i — . . .  — Yd2cda (?) 
The left member of this equation lies in Lu the right member in L 2, 
therefore vector d (which is equal both to the left and to the right
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member of this equation) belongs to L 0 and, consequently, can 
be expressed linearly in terms of the basis (3). However, the right 
member of (7) shows that the vector d can also be expressed linearly 
in terms of the vectors cd(s.f i ,  . . ., cd2. Whence, by the linear 
independence of system (5), it follows that all the coefficients 
*Vd0+i, • • •» Vd2 are zero, that is, that d — 0 ; but then, because of 
the linear independence of system (4), all the coefficients ai, . . ., ado, 
Pdo+i’ • • •> Pdi are also zero. This proves the linear independence 
of system (6).

The reader can verify that our proof holds true for the case when 
the subspace L0 is a zero subspace, i.e., d0 =  0.

The range of values and the kernel (null space) of a linear trans
formation. Suppose we have a linear transformation <p in a linear 
space F„. If L is any linear subspace of the space Vn, then the col
lection Ltp of images of all vectors of L under the transformation 9  
will also be a linear subspace, as follows directly from the definitions 
of a linear subspace and a linear transformation. In particular, the 
collection F„<p of images of all vectors of the space Vn is a linear sub
space. It is called the range of values of the transformation 9 . Let 
us find the dimension of the range. To do this, note that since all 
matrices representing the transformation (p in different bases are 
similar, it follows, due to the last theorem of Sec. 14, that they all 
have one and the same rank. This number can therefore be termed 
the rank of the linear transformation q).

The dimension of the range of values of a linear transformation cp 
is equal to the rank of the transformation.

Indeed, let (p be represented in the basis eu e2, . . en by the 
matrix A. The subspace F„cp is generated by the vectors

*i<P> e2<P> • • •, e»9 (8 )

and therefore, as a particular case, any maximal linearly indepen
dent subsystem of system (8 ) will serve as a basis of the subspace 
F̂ cp. However, the maximum number of linearly independent vec
tors in system (8 ) is equal to the maximum number of linearly inde
pendent rows of the matrix A, i.e., it is equal to the rank of the 
matrix. The theorem is proved.

We know that under the linear transformation 9  the zero vector 
goes into itself. The collection N  (9 ) of all vectors of the space Fn 
which under 9  are mapped into the zero vector is consequently non
void and is evidently a linear subspace. This subspace is termed 
the null space of the transformation 9 , and its dimension is called 
the nullity of this transformation.

For any linear transformation 9  of space Vn, the sum of the rank 
and of the nullity of the transformation is equal to the dimension n of 
the whole space.
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Indeed, if r  is the rank of the transformation 9 , then the sub
space Fn(p has the following basis of r vectors:

dil ' • • 5 dr (9)
In Vn we can select the vectors

bu b2, . . br (10)
such that

bjCp =  at, i =  1 , 2 , . . r

The choice of vectors (10) is not unambiguous, naturally. If some 
nontrivial linear combination of vectors (1 0 ) were mapped into 
zero by the transformation <p, in particular, if the vectors (1 0 ) were 
linearly dependent, then the vectors (9) would themselves be linearly 
dependent, but this runs counter to our assumption. And so the 
linear subspace L generated by the vectors (10) has dimension r 
and its intersection with the subspace N  (tp) is zero.

On the other hand, the sum of the subspaces L and N  (cp) coin
cides with the entire space Vn. Indeed, if c is any vector of the space, 
it follows that the vector d — ccp of course belongs to the subspace 
Fntp. Then in the subspace L there will be a vector b such that

bfp — d

The vector b is written in terms of system (10) with the same coeffi
cients as is the vector d in terms of the basis (9). From this we have

c — b +  (c — b)

and the vector c — b is contained in the subspace N  (q)), since 
(c — b) cp =  ctp — 6 cp =  d — d =  0

The assertion of the theorem follows from the results obtained 
and from the formula (2) that was proved earlier.

Nonsingular linear transformations. A linear transformation tp 
of a linear space Vn is called nonsingular if it satisfies any one of 
the following conditions, the equivalence of which follows directly 
from the theorems proved above.

1. The rank of the transformation tp is equal to n.
2. The entire space Vn serves as the range of values of the trans

formation <p.
3. The nullity of the transformation <p is zero.
There are many other definitions of nonsingular linear transfor

mations that are equivalent to those given above, for instance, 
definitions 4 to 6 .

4. Distinct vectors of the space Vn have distinct images under 
the transformation 9 .
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Indeed, if a transformation (p has Property 4, then the null space 
of this transformation consists of the zero vector alone, i.e., Pro
perty 3 holds. But if the vectors a and b are such that a b, but 
aqp ■— by, then a — b =#= 0, hut (a — b) <p =  0, or Property 3 does 
not hold.

From 2 and 4 there follows
5. The transformation qp is a one-to-one mapping of the space Vn 

onto this whole space.
From 5 it follows that a nonsingular linear transformation <p 

has an inverse transformation qp-1 which carries any vector aqp into the 
vector a,

(aqp) qp-1 =  a
The transformation qp-1 is linear since

(acp -f- 6qp) qp-1 =  [(a +  b) qpl qp-1 =  a b,
[a (aqp)] qp-1 =  [(aa) qp] qp-1 =  a a

From the definition of the transformation qp-1 it follows that
qpqp—1 =  qp_1qp =  e (1 1)

The equalities (11) can themselves be viewed as a definition of an 
inverse transformation. Then from this and from the last results of 
the preceding section it follows that if a nonsingular linear transfor
mation qp is represented in some basis by the matrix A {which is non
singular due to Property 1), then the transformation qp-1 is represented 
in that basis by the matrix A ' 1.

We thus arrive at the following definition of a nonsingular linear 
transformation.

6 . A transformation <p has an inverse linear transformation qp-1.

33. Characteristic Roots and Eigenvalues
Let A =  (au) be a square matrix of order n with real elements. 

On the other hand, let X be some unknown. Then the matrix A — XE, 
where E is a unit matrix of order n, is called the characteristic matrix 
of the matrix A. Since in the matrix XE the principal diagonal is 
occupied by X and all other elements are zero, we have

A — XE

a il — ^ 2 • • • a l n

&21 0&22 X . . . Ct2n

\  &nl Ctn2 • • • ®nn
The determinant of the matrix A — XE is a polynomial in X 

of degree n. Indeed, the product of elements on the principal dia
gonal is a polynomial in X with highest-degree term (—l)n Xn; all
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the other terms.of the determinant do not contain at least two of the 
number of elements on the principal diagonal; therefore, their degree 
in X does not exceed n — 2. It is easy to find the coefficients 
of this polynomial. For instance, the coefficient of A71""1 is equal to 
( - I f - 1 (an -h a 22 -t- . . . +  ann) and the constant term coinci
des with the determinant of matrix A.

The polynomial | A — XE | of degree n is called the,characteri
stic polynomial of matrix A, and its roots (which may be real or 
complex) are termed the characteristic roots of the matrix.

Similar matrices have the same characteristic polynomials, and, 
consequently, the same characteristic roots.

To see this, let
B =  Q-iAQ

Then, taking into account that the matrix XE commutes with the 
matrix Q, and j Q-1 j =  | ^ |-1, we have
| B -  XE | -  | Q~lAQ -  XE | =  | Q-1 (A -  XE) Q |

=  K? I'1- M  -  XE \ - \ Q I =  \ A - X E \
The proof is complete.
From this result it follows (by the theorem proved in Sec. 31 

on the relationship between matrices representing a linear trans
formation in different bases) that although the linear transformation 
(p may be represented in different bases by different matrices, all the 
matrices have one and the same set of characteristic roots. These roots 
can therefore be called the characteristic roots of the transformation <p. 
The set of these characteristic roots, each root being taken with 
the multiplicity that it has in the characteristic polynomial, is 
called the spectrum of the linear transformation cp.

Characteristic roots play a very important role in the study of 
linear transformations, as the reader will have ample opportunity 
to see. We now investigate one of the applications of characteristic 
roots.

Let there be given a linear transformation (p in a real linear space 
Vn. If a vector b (nonzero) is carried by the transformation (p into 
a vector proportional to b,

&cp =  X0b (1)
where is some real number, then the vector b is called the eigen
vector of the transformation cp, and the number X0 is the eigenvalue 
of this transformation. We say that the eigenvector b corresponds 
to the eigenvalue A,0.

Note that since b 0, the number which satisfies Condi
tion (1) is uniquely defined for the vector b. Also bear in mind that 
the zero vector is not considered to be an eigenvector of the trans
formation <p, although it satisfies Condition (1) for any X0.
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Rotation of the Euclidean plane about the origin through an 
angle that is not a multiple of n is an example of a linear transfor
mation which has no eigenvectors. An instance of another extreme 
case is the stretching of a plane in which all vectors issuing from 
the origin are stretched, say, five times. This is a linear transforma
tion and all nonzero vectors of the plane are its eigenvectors; all 
of them correspond to the eigenvalue 5.

Only the real characteristic roots (if they exist) of a linear transfor
mation <p serve as eigenvalues of the transformation.

Let a transformation qp have a matrix A — (a^) in the basis ei, 
e2, . . ., en and let the vector

6 =  S  p,«,
i= l

be an eigenvector of the transformation <p
bq> =  l 0b (2)

As was proved in Sec. 31,
&<P =  l(Pi, P2? • • •* PnMl e (3)

Equations (2) and (3) lead to the system of equations 
Pi^ll +  p2®2l +  • • • +  Pn^nl =  XoPi,
P l ^ l 2  $2̂ 22 ■ ” f "  P t i^ 7 1 2  ~  ^ o P 2 7 . . .

(4)

P l ® l n  $ 2 ^ 2 n  ~l~ • * • ~f" P t i ^ t i t i  ~  ^ o P ti

Since b 0, not all the numbers plt p2, • • •» Pn are zero. Thus, 
by (4), the system of homogeneous linear equations

(® ^ll X 0) —j-  (X2\ X 2

0^12^1 I (^ 2 2  h )  *r2 ! ‘ • * I ^n2"^Ti

^211*̂ 2 +  • • • ~f~ (̂ nn K) — 0

has a nontrivial solution and for this reason its determinant is equal 
to zero:

®11 0̂? a 2l7 • • • 7 &7ll
®127 0&22 Ôj • • ■ 7 0̂ 712 =  0 (6)

0&1717 0̂ 2717 • • • 7 0̂7171 0̂

Taking the transpose, we get
| A — X0E | =  0 (7)
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that is to say, the eigenvalue X0 actually does prove to be a charac
teristic root (and, quite naturally, a real root) of the matrix A and, 
hence, of the linear transformation cp.

Conversely, let he any real characteristic root of the trans
formation cp and, consequently, of the matrix A. Then we have 
equation (7) and therefore equation (6), which was obtained from
(7) by taking the transpose. From this it follows that the system of 
homogeneous linear equations (5) has a nontrivial solution, and even 
a real one, since all the coefficients of the system are real. If we denote 
this solution by

(Pi, p2, . . ., pn) (8 )

we have equations (4). Use b to denote the vector of space Vn having 
in the basis eit e2, • • •» en the coordinate row (8 ). It is clear that 
b 0. Then equation (3) holds and from (4) and (3) follows (2). 
Thus, vector b has proved to be an eigenvector (of the transforma
tion cp) corresponding to the eigenvalue ^0- This proves the theorem.

Note that if we considered a complex linear space, then the 
demand that the characteristic root be real would be superfluous. 
In other words, we would have proved the following theorem: 
The characteristic roots of a linear transformation of a complex linear 
space, and only these roots, serve as eigenvalues of the transformation. 
Whence it follows that in a complex linear space, any linear trans
formation has eigenvectors.

Returning to our real case, note that the collection of eigenvectors 
of the linear transformation <p which correspond to the eigenvalue X0 
coincides with the collection of nontrivial real solutions of the 
system of homogeneous linear equations (5). Whence it follows that 
the collection of eigenvectors of the linear transformation cp which cor
respond to the eigenvalue X0 will, after the zero vector has been adjoined 
to it, be a linear subspace of the space Vn. Indeed, from what was 
proved in Sec. 12, it follows that the collection of (real) solutions 
of any system of homogeneous linear equations in n unknowns is a li
near subspace of the space Vn.

Linear transformations with a simple spectrum. In many cases 
it is necessary to know whether a given linear transformation cp can 
have a diagonal matrix in some basis. As a matter of fact, by far 
not every linear transformation can be represented by a diagonal 
matrix. The necessary and sufficient conditions for this will be indi
cated in Sec. 61. In the meantime we wish to indicate one sufficient 
condition.

We will first prove the following auxiliary results.
A linear transformation <p is represented by a diagonal matrix 

in a basis els e2, . . . »  en if arid only if all the vectors of the basis are 
eigenvectors of the transformation <p.
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Indeed, the equation

is equivalent to the fact that in the ith row of the matrix repre
senting the transformation tp in the indicated basis all off-diagonal 
elements are zero and the principal diagonal has the number Xt (in 
the ith position).

The eigenvectors bx, b2, . . . ,  bk of the linear transformation (p 
which correspond to different eigenvalues constitute a linearly inde
pendent system.

We shall prove this assertion by induction with respect to k, 
since for k — 1 it holds true: a single eigenvector, being nonzero, 
constitutes a linearly independent system. Let

where, for example, =^0 , then, applying the transformation 9  
to both sides of (9), we get

Subtracting equation (9) multiplied by Xh we get
a i (̂ 1 — k h )  bi +  a 2 (^2 —  Xh) b2 +  • • • +  (A -̂i —  Xh) bh. i =  0
which yields a nontrivial linear dependence between the vectors bx, 
b2, . . . ,  bh_ 1 since (Xi — Xh) =£ 0.

We say that a linear transformation 9  of a real linear space Vn 
has a simple spectrum if all its characteristic roots are real and di
stinct. Consequently, the transformation 9  has n distinct eigenva
lues and therefore, by the theorem just proved, the space Vn has a 
basis composed of the eigenvectors of this transformation. Thus, 
any linear transformation with a simple spectrum may be represented 
by a diagonal matrix.

Passing from the linear transformation to the matrix represen
ting it, we obtain the following result.

Any matrix whose characteristic roots are all real and distinct is 
similar to a diagonal matrix, or we say that such a matrix can be re
duced to diagonal form (diagonalized) .

(9)

afkibi +  a2X2b2 - f -  . . . - f -  ahXhl — 0



CHAPTER 8

EUCLIDEAN SPACES

34. Definition of a Euclidean Space.
Orthonormal Bases

The concept of an rc-dimensional linear space does not by any 
means fully generalize the concept of a plane or three-dimensional 
Euclidean space: in the ra-dimensional case, for n >  3, neither 
the length of a vector nor the angle between vectors is defined and 
it is therefore impossible to develop the rich geometrical theory so 
familiar to the reader for n =  2 and n =  3. It turns out, however, 
that we can rectify the situation in the following manner.

From analytic geometry we know that for two-dimensional 
(a plane) and three-dimensional space we can introduce the concept 
of scalar multiplication of vectors. It is defined by means of the 
lengths of the vectors and the angle between them; it appears, howe
ver, that both the length of a vector and the angle between vectors 
can, in turn, be expressed in terms of scalar products. We will 
therefore define the concept of scalar multiplication (we will define 
it axiomatically) for any w-dimensional linear space. This will be 
done with the aid of certain properties which we know the scalar 
multiplication of vectors in the plane or in three-dimensional space 
actually possesses. Considering the immediate reasons for this mate
rial being included in the course of higher algebra, we dispense 
with the definitions of the length of a vector and the angle between 
vectors. The reader interested in the construction of geometry in n- 
dimensional spaces is referred to the special literature, in particu
lar, to more exhaustive texts on linear algebra.

The reader should bear in mind that, with the exception of the 
end of this section, the whole chapter deals solely with real linear 
spaces.

We shall say that scalar multiplication is defined in an rc-di- 
mensional real linear space Vn if to every pair of vectors a, b there 
is associated a real number denoted by the symbol (a, b) and called 
the scalar product of the vectors a and b. The following conditions 
are satisfied (here, a, b, c, are any vectors of the space Vn, and a
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is any real number, or scalar):
I. (a, b) =  (6 , a).

II. (a +  b, c) =  (a, c) -j- {b, c).
III. (aa, b) =  a (re, b).
IV. If a 0, then the scalar square of the vector re is strictly 
positive

(a, re) >  0

Note that from III we have, for a =  0, the equation
(0 , b) =  0  (1)

which states that the scalar product of the zero vector by any vector b 
is zero: in particular, the scalar square of the zero vector is also zero.

From II and III there immediately follows a formula for the 
scalar product of linear combinations of two systems of vectors:

k l h i
( 2  2  PA ')=  2  2  a i$j(ai, bj) (2 )
i = i  j = l  i = l  j= i

If scalar multiplication is defined in an /e-dimensional linear 
space, then the space is termed re-dimensional Euclidean space.

It is possible to define scalar multiplication in an n-dimensional 
linear space Vn for any re, which is to say that we can convert this space 
into a Euclidean space.

Indeed, in Vn take any basis e2 . ., en. If
n  n

a =  2  ai*i. & = 2  $iei
i = i  i=  1

then put
n

(a, b) =  2  (3)
i= l

It is easy to see that Conditions I-IV will be fulfilled, that is, equa
tion (1) defines scalar multiplication in the space Vn.

Generally speaking, we see that in re-dimensional linear space 
it is possible to specify scalar multiplication in many different 
ways. Naturally, definition (3) depends on the ehoice of the basis, 
but as yet we do not know whether it is possible to introduce scalar 
multiplication in any other fundamentally different manner or not. 
Our immediate purpose is to survey all possible modes of converting 
re-dimensional linear space into Euclidean space and of establishing 
the fact that in a certain sense there is only one re-dimensional Eu
clidean space for any re.

Suppose we have an arbitrary re-dimensional Euclidean space En, 
which means that scalar multiplication has been introduced in some
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fashion into an rc-dimensional linear space. The vectors a and b 
are orthogonal if their scalar product is zero,

(a, b) =  0

From (1) it follows that the zero vector is orthogonal to any vector; 
however, there can be nonzero orthogonal vectors too.

A set of vectors is called an orthogonal system if all the vectors 
are pairwise orthogonal.

Every orthogonal system of nonzero vectors is linearly independent. 
Indeed, let there be a system of vectors at , a2, . . ., ah in En 

and let at 0 , i =  1 , 2 , . . ., k and
(fit, af) =  0, i ^  /  (4)

If

a iai 4r a 2a 2 4“ • •... 4- <Zha h =  0
then by forming the scalar product of both sides of this equation hy 
the vector au 1 ^  i ^  we get [by (1), (2) and (4)]
0  =  (0 , at) =  4- «2«2 4- . . .  4-  at)

=  0Lt (a1? at) +  a 2 (a2, at) +  . . . +  a* (ah, at)
=  ex,} {at, af)

Whence, since (at, af) >  0 by IV, it follows that a t =  0, i =  1, 
2 , . . ., k, which is what we set out to prove.

We now describe the orthogonalization process, which is a means 
of passing from any linearly independent system of k vectors

® 2 ’ • • •> (h)
of Euclidean space En to an orthogonal system, also consisting of k 
nonzero vectors. We denote these vectors by bl5 b2, . . ., bh.

Let us put bi — alt which is to say that the first vector of sy
stem (5) will enter into the orthogonal system we are building. 
After that, put

b 2 =  Qti&t 4 -  « 2

Since bi =  at and the vectors at and a2 are linearly independent, 
it follows that the vector b2 is different from zero for any scalar cq. 
We choose this scalar remembering that the vector b2 must be ortho
gonal to the vector iq:

0 =  (bu b2) =  (bu ccibi 4- «2) =  “ i (&i» &i) 4- (bi,
whence, by IV

(bu <*2)
(bi, 6i)

«2)

Suppose an orthogonal system of nonzero vectors bi, b2, . . bl 
has already been constructed; we also assume that for any i, 1 ^
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^  i ^  I, the vector bt is a linear combination of the vectors alt 
a2, . . ., at. Then this assumption will also hold for some vector &*+1 
if it is chosen in the form

bt+i =  ai&i 4~ ct2&2 4~ • • • 4~ &ibi 4~ a>i+i

The vector bi+1 will then be different from zero, since system (5) 
is linearly independent and the vector ai+i does not enter into the 
notation of vectors bu b2, . . bi. We choose the coefficients a t, 
i =  1 , 2 , . . I, from the fact that the vector bi+i must be ortho
gonal to all the vectors bt, i — 1 , 2 , . . I:

0 — (bi, =  (bt, <%ibi +  a 2&2 t  • ■ • +  4" ai+i)
— at (bt, h )  +  a 2 (blt b2) +  . . . - f  a t (bt, b{)

4~ (bi, a i+i)

whence, since the vectors bu b2, . . ., b{ are mutually orthogonal, 

“ i (b^ bt) +  (bt, a l+l) =  0
or

a* = (bi, ai+i)
(bi, bi) i — 1, 2, ,1

Continuing this process, we can construct the desired orthogonal 
system bu b2, . . bk.

Applying the orthogonalization process to an arbitrary basis 
of the, space En, we obtain an orthogonal system of n nonzero vec
tors, that is to say, an orthogonal basis, since (as has been proved) 
this system is linearly independent. Now, using the remark made 
in connection with the first step of the process of orthogonalization, 
and also taking into account the fact that any nonzero vector may 
be included in some basis of the space, we can even make the follo
wing assertion.

Every Euclidean space possesses orthogonal bases, and any nonzero 
vector of this space enters into some orthogonal basis.

In what follows, an important role will be played by a special 
type of orthogonal basis. Basis of this kind correspond to the rectan
gular Cartesian systems of coordinates used in analytic geometry.

We shall call a vector b normalized if its scalar square is equal 
to unity

(b, b) =  1

If a =̂=. 0, whence (a, a) >► 0, then the transition to the vector

V ( a ,  a)
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is termed normalization of the vector a. The vector b is normalized 
since

(b,b) (v(^rs> y K H y a) ~ ( y ^ r s ) )  ( a , a ) “ 1

A basis eu e2, . . en for the Euclidean space E n is called ortho
normal if it is orthogonal and all its vectors are normalized, that is,

(et, ex) =  1, i =  1, 2 , . . ., n (6)

Every Euclidean space has orthonormal bases.
To prove this, it will suffice to take any orthogonal basis and 

to normalize all its vectors. The basis will remain orthogonal, since 
for any a  and |3 it follows from (a, b) — 0 that

(oca, fib) =  a|3 (a, b) =  0

A  basis ex, e2, . . ., en of a Euclidean space E n is orthonormal if 
and only if the scalar product of any two vectors of the space is equal 
to the sum of the products of the corresponding coordinates of the vectors 
in the indicated basis; that is, from

n n
& ~  2  b ^  2  (7)

i = l  j = l

follows

(a, b) =  2  (8)

Indeed, if equations (6) hold for our basis, then
n n n n

{a, b) =  ( 2  2  == S  ®̂iP̂  (̂ J> ^i) ~  2  ®lPi
1=1 j = l  i, j = l  i = l

Conversely, if our basis is such that for any vectors a and b written 
in this basis in the form (7), equation (8) holds true, then, taking 
for a and b any two vectors ei and ej in the basis, which are distinct 
or the same, we can derive (6) from (8).

Comparing the result just obtained with the earlier given proof 
of the existence of ra-dimensional Euclidean spaces for any n , we can 
make the following assertion: if an arbitrary basis is chosen in an n- 
dimensional linear space Vn, then in Vn we can specify scalar m ulti
plication so that in the resulting Euclidean space the chosen basis will 
be one of the orthonormal bases.

Isomorphism of Euclidean spaces. Euclidean spaces E  and E' 
are termed isomorphic if we can establish between the vectors of 
these spaces a one-to-one correspondence such that the following 
requirements are met.
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(1) The correspondence is an isomorphic correspondence be
tween E and E', which are regarded as linear spaces (see Sec. 29).

(2) In this correspondence the scalar product is preserved; in 
other words, if for the images of the vectors a and b in E we have 
the corresponding vectors a' and br in E', then

(a, b) =  (a', b') (9)
From Condition (1) it follows immediately that isomorphic Eu

clidean spaces have one and the same dimension. We will prove the 
converse.

Any Euclidean spaces E and E' having the same dimension n are 
isomorphic to each other.

In the spaces E and Er, choose the orthonormal bases
* * • i  ( ^ )

and, respectively,
i 2̂’ • • •» (1 1)

If we associate every vector

a =  2  a iet
i= i ' ,

in E with a vector
n

a ' =  2  a i e i
i=l

in E having in the basis (1 1 ) the same coordinates as the vector a 
in the basis (1 0 ), we will obviously get an isomorphic correspondence 
between the linear spaces E and E'. We will show that (9) holds as 
well: if

6 = S P i e i ,  & ' = S P i e ;
i=i  i=l

then, by (8 ) [use the fact that the bases (1 0) and (11) are ortho
normal!],

(a, b) =  2  =  (a'» &')
i=i

It is natural not to consider isomorphic Euclidean spaces as 
distinct, and so for every n there exists a unique re-dimensional Eu
clidean space in the same sense that for every re there exists a 
unique re-dimensional real linear space.

The concepts and results of this section may be extended to 
the case of complex linear spaces in the following manner. A com
plex linear space is called a unitary space if scalar multiplication 
is given and (a, b) is, in general, a complex number. Axioms II-IV

14—5760
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must hold true (note, in the statement of Axiom IV, that the scalar 
square of a nonzero vector is real and is strictly positive), and Axiom 
I is replaced by the axiom

(a, b) =  (b, a)
where, as usual, the bar denotes the complex conjugate.

Consequently, scalar multiplication will no longer be com
mutative. Still, an equation that is symmetric to Axiom II holds true,

II' (a, b +  c) =  (a, b) +  (a, c)
since
(a, b +  c) =  (b +  c, a) =  (b, a) +  (c, a)

=  (b, a) - f  (c, a) =  (a, b) +  (a, c)
On the other hand

Iir  (a, a b) =  a (a, b)
since

(a, a b) =  (ab, a) =  a  (bf a) — a  (6 , a) =  a  (a, ft)

The concepts of orthogonality and of an orthonormal system of 
vectors are carried over to the case of unitary spaces without any 
alterations. As before, proof is given of the existence of orthonormal 
bases in any finite-dimensional unitary space. Here, however, if 
eif e2, . . ., en is an orthonormal basis and the vectors a, b have the 
notations (7) in this basis, then

n
(a, b) =  S  cCiP*

i=l
The results of the other sections of this chapter can also be ex

tended from Euclidean to unitary spaces, but we will not do this 
and will refer the interested reader to special books on linear algebra.

35. Orthogonal Matrices, Orthogonal Transformations
Let there be given a real linear transformation of n unknowns:

n
X i  — Q ih l/h i ®== 1, 2, . . . ,  71 (1)

h—l
Denote the matrix of the transformation by Q. This transformation 
carries the sum of the squares of the unknowns x2, . . ., xn, that is 
the quadratic form x\ +  x\ +  • * • +  #n, which is the normal form 
of positive definite quadratic forms (see Sec. 28), into a certain qua
dratic form in the unknowns i/i, y2, . . ., yn. Quite accidentally, 
this new quadratic form may itself turn out to be a sum of the
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squares of the unknowns ylt y2> . . yn‘, that is, we can have the 
equation

A  A  xn — y\ +  y\ -f  • • • +  yn (2 )
which, after replacing the unknowns xif x2, . . ., xn by their ex
pressions (1), becomes an identity. The linear transformation of 
unknowns (1) which has this property (or, as we say, such as leaves 
the sum of the squares of the unknowns invariant) is called an ortho
gonal transformation of the unknowns. Its matrix Q is an orthogonal 
matrix.

There are many other definitions of an orthogonal transformation 
and an orthogonal matrix which are equivalent to those given above. 
We now give some of them that will be needed in the sequel.

In Sec. 26 we gave a rule for the transformation of the matrix 
of a quadratic form under a linear transformation of the unknowns. 
Applying it to our case and taking into account that the unit ma
trix E is the matrix of a quadratic form (being the sum of the squares 
of all the unknowns), we find that equation (2 ) is equivalent to the 
matrix equation

Q'EQ =  E
that is,

Q 'Q  =  E (3)
Whence

Q' =  Q~' (4)
and so the following equation holds true too:

Q Q '  =  E (5)
Thus, by (4), ah orthogonal matrix Q may be de fined as a matrix 

for which the transpose Q' is equal to the inverse matrix Q~x. Each one 
of the equations (3) and (5) can also be taken as a definition of an 
orthogonal matrix.

Since the columns of Q' are the rows of Q, it follows from (5) that 
the square matrix Q is orthogonal if and only if the sum of the squares 
of all elements of any one of its rows is equal to unity, and the sum of 
the products of the corresponding elements of any two distinct rows is 
zero. From (3) follows an analogous assertion for the columns of a 
matrix Q.

Taking determinants in (3), we get (since [ Q '  | =  | Q  J)

I Q I2 =  1
Whence it follows that the determinant of an orthogonal matrix is 
equal to ± 1 . Thus any orthogonal transformation of unknowns is 
a nonsingular transformation. We cannot, quite naturally, assert the 
converse: also note that by far not every matrix with determi
nant ± 1  is orthogonal.

14*



2 1 2 CH. 8 . EUCLIDEAN SPACES

A matrix that is inverse to an orthogonal matrix will itself be ortho
gonal. Indeed, taking transposes in (4), we obtain

<q - y  =  (<?y =  <?= (<?-1) - 1

On the other hand, a product of orthogonal matrices is orthogonal. 
Indeed, if matrices Q and R are orthogonal, then, using (4), and 
also (6) of Sec. 26 and an analogous equation which is true for in
verses, we get

(QR)' =  R'Q' =  R ^ Q -1 =  (QR)-1

In Sec. 37, use will be made of the following assertion.
The change-of-basis matrix from an orthonormal basis of a Eucli

dean space to any other of its orthonormal bases is orthogonal.
In a space En, let there be given two orthonormal bases eit 

e2, . . ., en and e[, e'2, . . ., en with the change-of-basis matrix Q =  (<qtj),
e' =  Qe

Since the basis e is orthonormal, the scalar product of any two vectors 
(of any two vectors from the basis e , for instance), is equal to the 
sum of the products of the corresponding coordinates of these vectors 
in the basis e. However, since basis e' is also orthonormal, the scalar 
square of each vector of e is equal to unity, and the scalar product 
of any two distinct vectors of e is equal to zero. Whence, for the 
rows of coordinates of the vectors of basis e in basis e (i.e., for the 
rows of matrix Q), follow the assertions which, as derived above 
from (5), are characteristic of an orthogonal matrix.

Orthogonal transformations of Euclidean space. It will be 
well at this point to make a study of an interesting special type of 
linear transformations of Euclidean spaces, though such transfor
mations will not be used in the sequel.

A linear transformation cp of a Euclidean space En is called an 
orthogonal transformation of that Euclidean space if it preserves the 
scalar square of every vector, that is, for any vector a,

(aq), aqp) =  (a, a) (6 )

From this we derive the following more general assertion, which 
quite naturally can also be taken as a definition of an orthogonal 
transformation.

An orthogonal transformation <p of a Euclidean space preserves 
the scalar product of any two vectors a, b:

(acp, fc<p) =  (a, b)
Indeed, by (6),

((a -f- b) <p, (a +  b) <p) =  (a +  b, a -f- b)

(7)
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However,
{{a -f- b) tp, (a +  b) (p) =  (aq> -f b(p, atp -j- btp)

=  («<P> aq>) +  (a<P» b(p) +  (b<P, «<p) +  (&(P>
(a +  b, a -f  b) =  (a, a) +  (a, b) +  (b, a) +  (6 , ft)

Whence, using (6) both for a and for b, and taking into account the 
commutativity of scalar multiplication, we obtain

2 (a<p, b<p) =  2 (a, b)
and so (7) holds true.

In an orthogonal transformation of a Euclidean space, the images 
of all vectors of any orthonormal basis themselves form an orthonormal 
basis. Conversely, if a linear transformation of a Euclidean space car
ries at least one orthonormal basis again into an orthonormal basis, 
then the transformation is orthogonal.

Indeed, let <p be an orthogonal transformation of the space Eny 
and let eu e2, . . ., en be an arbitrary orthonormal basis of this space. 
Due to (7), there follow from the equations

i ^ i i  & i )  =  i =  1» 2 , . * 71,

(eu ej) =  0  for i ^=j
the equations

(fijtp, £j(p) 1 , i =  1 , 2 , • • •, 72
(6j(p, ej(p) =  0 , i =54=j

That is, the system of vectors eicp, e2<p, . . ., enq> proves to be ortho
gonal and normal; for this reason it is an orthonormal basis of the 
space En.

Conversely, let a linear transformation (p of the space En carry 
the orthonormal basis eu e2, . . en again into an orthonormal 
basis; that is, the system of vectors ei(p, e2q>, . . ., enq> is an orthonor- 
i al basis of the space En. If

n

a =  2  a iei 
i= l

is an arbitrary vector of the space En, then
n

a<P =  S  a i («i*P)
i = l

The vector acp has the same coordinates in the basis ecp as the vector a 
has in the basis e. However, both these bases are orthonormal, and 
for this reason the scalar square of any vector is equal to the sum
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of the squares of its coordinates in any one of these bases. Thus
n

(a, a) =  (a(p, a y )=  2
i=i

Equation (6) indeed holds true.
An orthogonal transformation of a Euclidean space in any ortho

normal basis is represented by an orthogonal matrix. Conversely, if 
a linear transformation of a Euclidean space in at least one orthonormal 
basis is represented by an orthogonal matrix, then the transformation 
is orthogonal.

Indeed, if the transformation cp is orthogonal, and the basis elt 
e2, . . ., en is orthonormal, then the system of vectors ^tp, e2tp, . . .
. . enq> will also be an orthonormal basis. The matrix A of the 
transformation <p in the basis e,

e(p =  Ae (8)
will thus be the transition matrix from the orthonormal basis e to 
the orthonormal basis c(p, i.e. (as proved above), it will be orthogonal.

Conversely, let a linear transformation cp be represented in an 
orthonormal basis eu e2, . . ., en by the orthogonal matrix A; 
then (8) holds. Since the basis e is orthonormal, the scalar product 
of any vectors (in particular, any vectors of the system ctq), 
c2cp, . . ., en(p) is equal to the sum of the products of the correspon
ding coordinates of these vectors in the basis e. Therefore, since ma
trix A is orthogonal,

(<?<<p, ef<p) =  1 , i =  1 , 2 , . . ., n,
(epp, <?/<p) = 0  for i =£ j

That is to say, the system ecp is itself an orthonormal basis for the 
space En. Whence follows the orthogonality of the transformation cp.

As the reader will recall from analytic geometry, of all the affine 
transformations of a plane that leave the coordinate origin fixed, 
rotations (combined perhaps with mirror reflections) are the only 
ones that preserve the scalar product of the vectors. Thus, orthogonal 
transformations of n-dimensional Euclidean space may be regarded 
as “rotations” of this space.

Obviously, one of the orthogonal transformations of Euclidean 
space is the identity transformation. On the other hand, the rela
tionship we have established between orthogonal transformations 
and orthogonal matrices, and also the relationship (presented in 
Sec. 31) between operations on linear transformations and on matrices, 
permit deriving, from familiar properties of orthogonal matrices, 
the following properties of orthogonal transformations of Euclidean 
space, which can be verified directly.

Every orthogonal transformation is nonsingular and its inverse 
is also orthogonal.

The product of any orthogonal transformations is orthogonal.
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36. Symmetric Transformations
A linear transformation q> of w-dimensional Euclidean space is 

called symmetric (or self-adjoint) if for any vectors a, b of this space 
we have the equality

(acp, b) =  (a, 6 <p) (1)

That is, in scalar multiplication the symbol of symmetric trans
formation may be carried from one factor to the other.

Obvious instances of symmetric transformations are the iden
tity transformation e and the zero transformation o>. A more gene
ral example is the linear transformation in which each vector is 
multiplied by a fixed scalar a,

a<p =  aa
Indeed, in this case

(a<p, b) =  (aa, b) =  a  (a, b) =  (a, a b) =  (a, £><p)
The role of symmetric transformations is extremely great and 

calls for a detailed study.
A symmetric transformation of a Euclidean space in any orthonor

mal basis is represented by a symmetric matrix. Conversely, if a linear 
transformation of a Euclidean space is represented in at least one ortho
normal basis by a symmetric matrix, then the transformation is sym
metric.

Indeed, let the symmetric transformation cp be represented in 
an orthonormal basis ei, e%, . . ., en by the matrix A —(an). Ta
king into account that in an orthonormal basis the scalar product 
of two vectors is equal to the sum of the products of the correspon
ding coordinates of these vectors, we obtain

n
(eiy, ej) =  ( 2  ccik^h, ej) — a*/

b = i
n

(et, ej<f>) =  (ei, =
ft=i

That is, due to (1),
a ij =  an

for all i and j. The matrix A is thus symmetric.
Conversely, let a linear transformation cp be represented in the 

orthonormal basis elf e2, . . . »  en by the symmetric matrix A =  (afJ),
a tj =  a ji for all i and j (2)

If
n n

c =  J  yj*j
i — i  j = l
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are any vectors of the space, then
n n n

&<P= 2  Pi (̂ <P) =  2  ( 2  Pl«u) eii~ l j=l i==l
n n n

ccp =  2  Yj fa<P) =  2 ( 2  Y/a/i)j=l i=l j=l

Using the fact that the e-basis is orthonormal, we get

n

(&<P, < 0 = 2  Piai/Yj»j, i=i
n

(h, cq>) =  2  PiY/aji
i, 3=1

By (2), the right sides of the latter equalities coincide, and therefore
(fctp, c) =  (h, ccp)

which completes the proof.
The result obtained yields the following property of symmetric 

transformations that can readily be verified directly.
The sum of symmetric transformations and also the product of a sym

metric transformation by a scalar are again symmetric transformations. 
We now prove the following important theorem.
A ll characteristic roots of a symmetric transformation are real. 
Since the characteristic roots of any linear transformation co

incide with the characteristic roots of the matrix of this transforma
tion in any basis, and a symmetric transformation is represented 
in orthonormal bases by symmetric matrices, it suffices to prove 
the following assertion.

A ll the characteristic roots of a symmetric matrix are real.
Let X0 be a characteristic root (possibly complex) of the sym

metric matrix A — {an),
| a  -  %qE | = 0

Then the system of homogeneous linear equations with complex 
coefficients

n2 i —1 , 2 , • • ., n
3—i

has a zero determinant, which is to say, it has a nontrivial solution 
pi, p2> • • ->.pn (generally complex). Thus,

n

2  ^ij'P/ =  W l,j=i
i =  1 , 2 , . . . ,  n (3)
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Multiplying both sides of each ith equation of (3) by a scalar (5f, 
the conjugate of {3*, and adding separately the left and right members 
of all the resulting equations, we get the equation

2  =  (4)
i ,  3=  i i=l

The coefficient of ho in (4) is a nonzero real number since it is 
the sum of nonnegative real numbers, of which at least one is strictly 
positive. The real nature of the number A,0 will therefore be proved 
if we prove the real nature of the left-hand side of (4); to do this, 
it suffices to show that this complex number coincides with its con
jugate. Here, for the first time, we make use of the symmetric nature 
of the (real) matrix A.

2  =  2  =  2  ajjPiPii, j—l i, j=l i, j=l

=  2  2  2i, j=l i ,  j=l i, j=l
Note that the second last equality is obtained by a simple interchange 
in the summation indices: /  is put in place of i, i in place of /. Hence, 
the theorem is proved.

A linear transformation cp of the Euclidean space En is symmetric 
if and only if there exists in En an orthonormal basis composed of the 
eigenvectors of the transformation.

In one direction, this assertion is almost obvious: if there exists 
in En an orthonormal basis ei, e2, . ., eni and

£jfp i 1 ) 2 , • • • > n

then in the e-basis the transformation 9  is represented by the diagonal 
matrix

ht 0

0 \
A diagonal matrix, however, is symmetric, and so the transforma
tion cp is represented in the orthonormal basis e by a symmetric ma
trix, hence it is symmetric.

The basic inverse assertion of the theorem we prove by induction 
with respect to the dimension n of the space En. Indeed, for n =  1, 
any linear transformation cp of E i invariably carries any vector into 
a proportional vector, whence it follows that any nonzero vector a
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is an eigenvector for 9  (incidentally, it also follows that any linear 
transformation of the space E 1 is symmetric). Normalizing the vec
tor a, we obtain the desired orthonormal basis of the space E t.

Let the assertion of the theorem be proved for an (n — l)-di- 
mensional Euclidean space and let a symmetric transformation cp 
be given in the space E n. From the above-proved theorem follows 
the existence, under 9 , of a real characteristic root X0. Consequently, 
this number is an eigenvalue of the transformation 9 . If a is an 
eigenvector of the transformation 9  corresponding to this eigenvalue, 
then any nonzero vector proportional to the vector a will (under 9 ) 
be an eigenvector corresponding to the same eigenvalue X0, since

(aa) 9  =  a  (09 ) =  a  (X0a) =  X0 (aa)

In particular, normalizing the vector a, we obtain a vector such 
that

ei9  =  ôei>
(#1, 6\) — 1

As was proved in Sec. 34, the nonzero vector e* may be included 
in the orthogonal basis

l̂» • • •> €n (5)
of the space E n. Those vectors whose first coordinate in the basis (5) 
is zero, that is, vectors of the form a^e'2 +  . . . -\-a ne'n obviously 
constitute an (n — l)-dimensional linear subspace of the space E n, 
which we will designate by L. It will even be an (n — l)-dimensio- 
nal Euclidean space, since a scalar product, being defined for all 
vectors in En, is in particular defined for vectors in L  and possesses 
all the requisite properties.

The subspace L  consists of all the vectors of E n which are ortho
gonal to the vector e±. Indeed, if

a =  a ^ i +  +  . . . +  a«ejv

then, by the orthogonality of the basis (5) and the normalized charac
ter of the vector elt

(&1? &) (®1> ®i) “i" ^2 (̂ i» ®2) • • ■ “f* (̂ i» &n) =  ®i
that is to say, (elt a) — 0 if and only if a± =  0 .

If the vector a belongs to the subspace L, i.e., (eu a) — 0, then 
the vector aq> too lies in L. Indeed, because of the symmetry of the 
transformation 9 ,

(eu a9 ) =  (<̂ 9 , a) =  (XQex, a) =  {ex, a) =  A,0-0 =  0

That is, the vector ay  is orthogonal to e\ and therefore lies in L. 
This property of the subspace L, which is called its invariance under 
the transformation 9 , enables us to consider 9  (regarded solely with
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respect to the vectors in L) as a linear transformation of this (n — 1)- 
dimensional Euclidean space. It will even be a symmetric transfor
mation of the space L , since equation (1), which holds for any vectors 
in En, will hold (as a particular case) for vectors lying in L.

By virtue of the induction hypothesis, space L has an orthonormal 
basis consisting of the eigenvectors of the transformation (p; denote 
it by e2, . . ., en. All these vectors are orthogonal to the vector eit 
and so eu <?2> . . ., en is the desired orthonormal basis of the space En 
consisting of the eigenvectors of the transformation <P. The theorem 
is proved.

37. Reducing a Quadratic Form to Principal Axes.
Pairs of Forms

Let us apply the last theorem of the preceding section to prove 
the following matrix theorem.

For every symmetric matrix A it is possible to find an orthogonal 
matrix Q which diagonalizes matrix A, that is, the matrix Q~lAQ 
obtained by transforming matrix A by matrix Q will be diagonal.

Let there be given a symmetric matrix A of order n. If e1? 
e2, . . ., en is some orthonormal basis of an 72-dimensional Eucli
dean space En, then matrix A represents in this basis a symmetric 
transformation <p. As has been proved, there is in En an orthonormal 
basis / l5 / 2, . . ., fn made up of the eigenvectors of the transforma
tion cp. In this basis, (p is represented by the diagonal matrix B 
(see Sec. 33). Then, by Sec. 31,

B =  Q~lAQ (1)
where Q is the change-of-basis matrix from the /-basis to the e-basis,

« =  Of (2 )
This matrix, as a matrix for changing from one orthonormal basis 
to another similar basis, will be orthogonal (see Sec. 35). The theorem 
is proved.

Since the inverse of orthogonal matrix Q is equal to its trans
pose, Q~x =  Q’, equation (1) may be rewritten as

B =  Q’AQ
From Sec. 26, however, we know that such precisely is the trans
formation of the symmetric matrix A of a quadratic form subject 
to a linear transformation of the unknowns with the matrix Q. 
However, taking into account that a linear transformation of un
knowns with an orthogonal matrix is an orthogonal transformation 
(see Sec. 35) and that a quadratic form reduced to canonical form 
has a diagonal matrix, we arrive, on the basis of the preceding theo
rem, at the following theorem on the reduction of a real quadratic 
form to principal axes.
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Every real quadratic form f (X\, z 2, . . ., xn) can be reduced to 
canonical form by an orthogonal transformation of the unknowns.

Although there may be many different orthogonal transforma
tions of the unknowns which reduce the given quadratic form to 
canonical form, the canonical form itself is actually determined 
uniquely.

No matter what the orthogonal transformation that reduces to ca
nonical form the quadratic form f (xi, x2 . . xn) with matrix A, the 
coefficients of this canonical form are the characteristic roots of the 
matrix A (counting multiplicities).

Suppose an orthogonal transformation reduces form f to the ca
nonical form

/  ( ^ i >  # 2> • * •» Xn) M'lJ/i ~f" M2I/2 +  • • • 4 ~  Mn]!/n
This orthogonal transformation preserves the sum of the square 
of the unknowns and so, if X is a new unknown,

/  (*i, , X n ) ^ 2  x\ 
i = l

n n
= S  P i V i — h  2  y \i=l i= 1

Taking determinants of these quadratic forms and taking into ac
count that after completing the linear transformation the determi
nant of the quadratic form is multiplied by the square of the deter
minant of the transformation (see Sec. 28), and the square of the 
determinant of an orthogonal transformation is equal to unity (see 
Sec. 35), we get the equation

M i —  ^ 0  . 0

1 II . 
o M 2 —  h • . .  0

0 0  . . • M n ^

71

=  n  *-)i=1

from which follows the assertion of the theorem.
This result may he stated in matrix form as well.
No matter what the orthogonal matrix which diagonalizes the sym

metric matrix A , the principal diagonal of the resulting diagonal ma
trix will exhibit the characteristic roots of the matrix A taken with 
their multiplicities.

Finding the orthogonal transformation that reduces a quadratic 
form to principal axes. In certain problems it is not only necessary 
to know the canonical form to which a real quadratic form is re
duced by an orthogonal transformation, but also the orthogonal 
transformation itself which accomplishes the reduction. It would be 
rather difficult to find this transformation by using the principal- 
axis theorem so we shall point out a different way. Namely, all we 
need to know is how to find the orthogonal matrix Q which diagona
lizes the given symmetric matrix A, or, what is the same thing, to
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find its inverse matrix Q~x. By (2), this is the change-of-basis matrix 
from the e-basis to the /-basis; that is, its rows are coordinate rows 
(in the e-basis) of an orthonormal system of n eigenvectors of the 
symmetric transformation <p defined by the matrix A in the e-basis. 
It remains to find such a system of eigenvectors.

Let be any characteristic root of the matrix A and let its 
multiplicity be equal to k0. From Sec. 33 we know that the collection 
of coordinate rows of all eigenvectors of the transformation <p cor
responding to the eigenvalue X0 coincides with the set of nonzero 
solutions of the system of homogeneous linear equations

(A -  X0E) X  =  0 (3)

Here, the symmetric nature of the matrix A enables us to write A 
in place of A '. From the above-proved theorems on the existence of 
an orthogonal matrix that diagonalizes the symmetric matrix A , 
and on the uniqueness of this diagonal form, it follows that for sy
stem (3) it is at least possible to find k0 linearly independent solu
tions. We seek such a system of solutions by the methods taken from 
Sec. 12, and then we orthogonalize and normalize the resulting sy
stem in accord with Sec. 34.

Taking in turn, for X0, all the different characteristic roots of 
the symmetric matrix A and noting that the sum of the multipli
cities of these roots is equal to n, we obtain a set of n eigenvectors 
of the transformation q> represented by their coordinates in the e- 
basis. To prove that this is the desired orthonormal system of eigen
vectors, it remains to prove the following lemma.

The eigenvectors of the symmetric transformation <p which corres
pond to distinct eigenvalues are mutually orthogonal.

Suppose that
bq> =  Xib, cq> =  X2c

and XA ^  X2. Since
(by, c) — (Xtb, c) =  (6 , c),
(b, cq)) =  (b, X2c) =  Xz (b, c)

it follows from

that
(by, c) =  (b, cq))

Xi (b, c) =  X2 (b, c)
or, because Xi =̂ =X2,

(b, c) =  0

which is what we set out to prove.
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Example. Reduce to principal axes the quadratic form 
f (xu x2, x3, x4) — 2xiX2 +  2x^ 3  — 2xjX4 — 2x2x3 +  2x2x4 +  2x3x4 
The matrix A of this form looks like

Let us find its characteristic polynomial:

\ A — IE \ =

— X 1 1 — 1
1 — L — 1 1
1 — 1 —X 1

- 1  1 1 - X

(X -  1)3 (X +  3)

Thus, the matrix A has a triple characteristic root 1 and a simple characteristic 
root —3. Hence, we can already write the canonical form to which the form f  
is reduced by an orthogonal transformation:

/  =  Vi +  yl +  S'! —
Let us find the orthogonal transformation that accomplishes this reduction. 

The system of homogeneous linear equations (3) becomes, for
r —Xi 4- x2 +  x3 — *4 =  0,
I Xi — X2 — X3 +  X4 =  0,
J Xi — x2 — x3 +  x4 =  0,
v — Xi +  x2 4~ x3 — Xi — 0

The rank of this system is unity and so we can find three linearly independent 
solutions for it. For example, the vectors

h =  ( 1, 1 , 0 , 0),
62=  ( 1, 0, 1, 0),
&a= ( - 1 ,  0, 0, 1)

will be such solutions.
Orthogonalizing this system of vectors, we obtain the following system of 

vectors:
Cj =  6i =  (l, l, 0 , 0),

T “ +*’» =  ( t - —T ’ *• ° ) '
1 1 / 1 1 1 \

c3 =  Y CiJrT  C2 +  63 = ( — J .  -3 , 3* » *)

On the other hand, the system of homogeneous linear equations (3) becomes, 
for X0 =  —3,

{3xt 4* x 2 - j -  x a  — x4 =  0,
Xi 4~ 3x2 — X3 x i  =  0 ,

xi — x2 4" 3x3 4“ X i  =  0,
—Xi -I- x2 4~ xa 4" 3x4 — 0
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This system has rank 3. Its nontrivial solution is the vector
c4 = ( l ,  - 1 ,  - 1 ,  1)

The system of vectors a ,  c2, c3, c4 is orthogonal. Normalizing it, we arrive 
at the orthonormhl system of vectors

' M y S ’ 1 / 2 ’ °’ °) ’

:i=(i71’ ~W  T’°)
___ l_ * 1 y g \

2 1 / 3 ’ 2 1 / 3 ’ 2 1 / 3 ’ 2 / ’
, / l  1 1 1 \

C4~ \  2 ’ 2 ’ 2 * 2 /

Thus, the form /  is reduced to principal axes by the orthogonal transformation

i 1 . t / ~ 2
^ y s  x,~ W 1+ y  T *3'

1 1 1  l / 3
“ i y i  Ii+ m 71 Xj+5 y l  **’
1 1 1 , 1

y 4 = y  *1— y  *2—y  * 3 + “2 - *4

It is well to note that the choice of a system of linearly independent eigen
vectors corresponding to a multiple eigenvalue is extremely ambiguous, and 
so there are many different orthogonal transformations which reduce the form f  
to canonical form. We found only one of them.

Pairs of forms. Let there be a pair of real quadratic forms in n 
unknowns, /  («i, x2, . . . »  £„) and g (xt, x2, . #„). Does there
exist a nonsingular linear transformation of the unknowns Xi, 
x2, . . ., xn such that will simultaneously reduce both forms to ca
nonical form?

In the general case, the answer is no. Let us examine the pair 
of forms

/  (*i> *2) =  *?> g (*i> *2) =  *1*2 
Let there be a nonsingular linear transformation

*1 =  cuyi +  ci2y2, 1
*2 =  c2lyi +  c22y2 ) {

which reduces both forms to canonical form. For /  to be reduced by 
transformation (4) to canonical form, one of the coefficients cilt 
ci2 must be zero, otherwise the term 2cnCi2y iy2 would occur. Renum
bering, if necessary, the unknowns ylf y 2, we can set ci2 =  0  and
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so Cu =̂= 0. However, we now find that
g fa , X'i) =  cnyi (c2iyi +  c22y2) =  cnc2iy\ +  cnc22yiy2

Since the form g was also to become canonical, it follows that 
cnc22 =  0 , that is, c22 =  0 , which, together with cl2  =  0 , contradicts 
the nonsingularity of the linear transformation (4).

The situation is different if we assume that at least one of our 
forms, say g (xi5 x2, . . ., xn) is positive definite.* Namely, the 
following theorem holds.

If f and g form, a pair of real quadratic forms in n unknowns, and the 
second one is positive definite, then there exists a nonsingular linear 
transformation which simultaneously reduces g to normal form and f 
to canonical form.

For proof, first perform the nonsingular linear transformation 
of the unknowns xit x2, . . ., xn,

X  — TY
which reduces the positive definite form g to normal form, 

g (xu x2, . . ., xn) =  y\ +  y\ +  . . . +  y l  
Then /  will go into some form (p in new unknowns,

/  (•Z-ij Z2, • ■ Xn) =  <p {j/lt Vn • • •» Vn)
Now perform an orthogonal transformation of the unknowns
I/i> f/a» • * •» 1/nt

Y  =  QZ
which reduces <p to principal axes*

<p (yi, y2, • • yn) — +  X2zl +  . . . -f  knzl
This transformation (see definition in Sec. 35) carries the sum of the 
squares of the unknowns yt, y2, . . ., yn into the sum of the squares 
of the unknowns zlt z2, . . . »  zn. As a result we get

/  Z2i • • •» 'Tji) 2̂^2 ~f“ • • * ~f~
g (xu X2, . . ., Xn) — z\ +  z\ -f . . . 4- zl 

That is, the linear transformation
X = (TQ)-Z

is the required one.

* This condition is not of course necessary; thus, both the forms x\  -f- 
-f- x\  — x| and x? — x\ — xl  now have canonical form, though none is posi
tive definite.



CHAPTER 9

EVALUATING ROOTS 
OF POLYNOMIALS

38. Equations of Second, Third, and Fourth Degree

The fundamental theorem proved in Sec. 23 establishes the exi
stence of n complex roots for any polynomial of degree n with nume
rical coefficients. The proofs (both ours and any other existing proofs) 
do not however indicate any methods for finding these roots. They 
are thus pure “existence proofs”. The search for such methods began 
naturally in attempts to derive formulas similar to the one used in 
the solution of quadratic equations for the case of real coefficients so 
familiar from school algebra. We will now show that this formula 
holds true for quadratic equations with complex coefficients as well, 
and that analogous formulas (though much more involved) can be 
derived for equations of the third and fourth degree.

Quadratic equations. Suppose we have a quadratic equation
x 2 +  p x  4 - q  =  0

with arbitrary complex coefficients, the leading coefficient may, 
without loss of generality, be considered equal to unity. This equation 
may be written as

( X + T ) + ( ? ~ t ) = 0
As we know, it is possible to take the square root of the complex 
number ^  — q without going outside the complex-number system. 
The two values of this root which differ in sign alone can be written 

as ±  \ /  ^-----q -  Therefore,

* : l /S 4 ~ q
That is, the roots of the given equation may be found via the usual 
formula

15—5760
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Example. Solve
x2 — 3x -f- (3 — i) =  0 

Using the formula derived above, we get

± } / r  ̂ - ( 3 - * ) = = - § - V - 3 + 4 *

Applying the methods of Sec. 19, we find

V —3 +  4i «= ±(1  +  21)
and therefore

Xj =  2 +  ®2 =  1 1
Cubic equations. Unlike the case of quadratic equations, we have 

not had a procedure for solving cubic equations even in the case of 
real coefficients. We will now derive a formula for cubic equations 
similar to the formula used for quadratic equations, and we will 
assume from the start that the coefficients can be any complex num
bers.

Suppose we have the cubic equation
y 3 +  ay* +  by - f  c =  0 (1)

with arbitrary complex coefficients. Replacing in (1) the unknown 
y by a new unknown x  related to y  by the equation

y = x ~ T  (2)

we get an equation in the unknown x, which, as can readily be veri
fied, does not contain the square of the unknown; that is, we have 
an equation of the form

x s +  px  +  q — 0 (3)

If the roots of (3) are found, then, by (2), we will get the roots of the 
given equation (1) as well. Our job, therefore, is to learn to solve 
the “incomplete" cubic equation (3) with arbitrary complex coef
ficients.

By the fundamental theorem, equation (3) has three complex 
roots. Let x 0 be one of them. We introduce an auxiliary unknown u 
and consider the polynomial

/  (u) =  u z — xQu — —

Its coefficients are complex numbers and therefore it has two complex 
roots a  and |3; by Vieta’s formulas,

a +  p =  x0 (4)

( 5 )
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Substituting expression (4) of the root x0 into (3), we get 
(a -j- P)3 +  p  +  P) +  q  — 0

or
a 8 +  p3 +  (3ap -f- p) (a +  P) +  q =  0 

However, from (5) it follows that 3a|3 +  p =  0, and so we have
a 8 -j- p® =  —q (6)

On the other hand, from (5) it follows that

«3P3=  — w  (7>
Equations (6) and (7) show that the numbers a 3 and p3 are roots 

of the quadratic equation
22H-gz ——- =  0 (8)

with complex coefficients.
Solving (8), we get

whence*

a== P = j/" ~ ~ \ ~ V  x + l f
We arrive at the following  formula {Cardan's formula) which 

expresses the roots of equation (3) in terms of its coefficients by means 
of radicals of index 2 and index 3 :

x0= a + p  =  j / A - - i + f f  x + l f +  \ /  ~ r ~ V “T + l r

Since a cube root has three values in the field of complex num
bers, formulas (9) yield three values for a  and three for p. However, 
when using Cardan’s formula, one cannot combine just any value 
of the root a  with any value of the root p; for a given value of a  
we have to take only that one of the three values of p which satis
fies condition (5).

Let a t be any one of the three values of the root a. Then the two 
others may be obtained, as was proved in Sec. 19, by multiplying cci 
by the cube roots e and e2 of unity:

a 2 =  o^e, a 3 =  o^e2
Denote by Pi that one of the three values of the root p which corres
ponds to the value of the root a  on the basis of (5), that is, aiPt =

* It is immaterial which of the roots of (8) we take for a3 and which one 
for p3 since a  and p enter in symmetrical fashion into (6) and (7) and also into 
the expression (4) for x0.

15*
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=  — The two other values of p are
Pa =  Pie, p3 =  Pie2

Since, by e3 =  1,
a&3 =  a & • P^2 =  a ^ e 3 =  <z$1=  — —

it follows that the value a 8 of root a  is associated with the value 
p3 of root P; similarly, to the value a 3 there corresponds the value p2.
Thus, all three roots of equation (3) can be written as follows:

Xi =  a A +  Pi» ^
x2 =  +  Ps =  a ie  +  Pie2, j (10)
xz =  a 3 +  p8 =  otje2 +  pte J

Cubic equations with real coefficients. Let us see what can be 
said about the roots of the reduced cubic equation

x 3 +  p x  -j- ? =  0  (11)

if its coefficients are real. It turns out that in this case the main roleq2t n3
is played by the sign of the expression —- +  ^  , which in Cardan’s
formula is under the square-root sign. Notice that the sign of this 
expression is the opposite of the sign of the expression

D =  -  -  27?* =  - 1 0 8  ( - £ + -g-)

which is called the discriminant of equation (11) (see Sec. 54, below). 
The sign of the discriminant w ill be used in subsequent statements.

(1) Let D <  0. In this case, there is a positive number under 
each of the square-root signs in Cardan’s formula, and so each of the. 
cube roots involves real numbers. However, a cube root of a real 
number has one real and two conjugate complex values. Let ctj be 
the real value of the root a; then the value pj of the root p, corres
ponding to a t on the basis of formula (5), will also be real because 
the number p  is real. Thus, the root xi =  - f  pt of equation (11) 
is real. We find the other two roots by replacing, in formulas (10) 
of this section, the roots of unity e — 8i and e2 =  e2 by their ex
pressions (7), Sec. 19:

2̂ =  a i8+ P ie2==ai ( ~1T~) +  P* ( ~^T~)

x z =  o ê2 -j- pt8 =  at ( —y  ■

ai+Pi 
“  2
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Since the numbers ai and jij are real, these two roots turn out to be 
conjugate complex numbers, the coefficient of the imaginary part 
being different from zero; since a 1 =?*= fii, these numbers are the values 
of distinct cube roots.

Thus, if D <  0, then equation (11) has one real and two conjugate 
complex roots.
(2) Let D —0. Then

° - = y ~ | .

Let a t be the real value of the root a; then will also, by (5), be 
a real number, and a t =  p1# Replacing, in formulas (10), ^  by a t 
and using the obvious equality e +  e2 =  —1 , we get

xi =  2 a t, x2 =  at (e -f- e2) =  — a t, x3 =  (e2 -{- e) =  —
Thus, if D — 0, then all roots of (11) are real and two of them are 

equal.
(3) Finally, let D >  0. Then in Cardan’s formula there is a ne

gative real number under the square root sign. Therefore, under the 
signs of the cube roots we have conjugate complex numbers. Thus, 
all the values of the roots a and p will now be complex numbers. 
However, there must be at least one real root among the roots of 
equation (1 1 ). Let this root be

—  a o  +  P o
Since both the sum of the numbers ao and (30 and their product, equal
to —- — , are real, it follows that the numbers a 0 and (50 are conjugate
as roots of a quadratic equation with real coefficients. But then the 
numbers a 0e and p0e2 and likewise the numbers a 0e2 and p0e are 
also conjugate, whence it follows that the roots of equation (1 1)

x% =  a0e +  Poe2, x3 =  a 0e2 +  p0e
are real numbers too.

We thus see that the three roots of (11) are real, and it is easy 
to show that they are all distinct, for otherwise the choice of a 
root Xi might be accomplished so that we would get the equality x2 =  
=  x3, whence

a 0 (e — e2) =  p0 (e — e2)
or a 0 =  Po, which is clearly impossible.

Thus, if D >  0, then equation (11) has three distinct real roots. 
The last case that we have just considered shows that Cardan’s 

formula is of slight practical value. Indeed, although for D >  0 
all roots of (1 1 ) with real coefficients are real numbers, to find them 
using Cardan’s formula requires extracting the cube roots of com
plex numbers, which is only possible if the numbers are represented
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in trigonometric form. That is why there is no practical value in 
writing the roots as radicals. Using methods that go beyond the 
scope of this book, we could demonstrate that in the case at hand 
the roots of equation (1 1 ) cannot, in general, be expressed in terms 
of coefficients by means of radicals with real radicands. This case 
of the solution of (1 1 ) is called the irreducible case (not to be confu
sed with the irreducibility of polynomials).

Example 1. Solve the equation
yz -j- By2 —■ By —14 =  0 

The substitution y =  x — 1 reduces this equation to
— Bx — 9 =  0 (12)

Here, p -6, q =  —9, and so
g2 49
4 + f 7 = T > °

That is, equation (12) has one real and two conjugate complex roots. By (9), 

a =  j / ry + y  =  f / s .  P =  y y —y  =  ] / "  U For this reason, a ,=  2f 
Pi=l, i.e., Xi =  3. The other two roots can be found by using formulas

* y s , V3(10). x2 2  T  * '2 1*J 2 " 2 '
This implies that the roots of the given equation are the numbers

1/1 =  2, y 2 =  

Example 2. Solve

JL_i_j _VI
2 ‘ 1 2 ’

-  12a: +  16

V 3 = — ——1 

0

1/3

Here, p =  —12, q =  16, and so
g2 i P3 
4 +  27 = 0

Whence a  =  ^ = 8 ,  or a i=  —2. And therefore

Example 3. Solve
x i  =  —4, x 2 =  x 3 =  2  

xP — 19a: 30 =  0
Here, p — — 19, q =30, and so

,2 ps 784 
+  27 — 27

Thus, Cardan’s formula cannot be applied to this equation if we remain in the 
domain of real numbers, although the roots are the real numbers 2, 3, -o.

Quartic equations. The solution of the quartic equation
y4 +  ay3 +  by2 +  cy +  d =  0 (13)

with arbitrary complex coefficients reduces to a solution of some 
auxiliary cubic equation. This is achieved by a procedure due to Fer
rari.
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First, the substitution y — x ---- 1- reduces equation (13) to the
form

a? -f px 2 +  qz +  r — 0 (14)
The left member of this equation is then identically transformed with 
the aid of the auxiliary parameter a:

x4 -f- px2 +  Qx 4* r =  {x2 -|r 4* a) -j-gz +  r — ^----a2—-2ca:2— pa
or

[x2 +  y  +  a ) 2 — |̂ 2a;r2 — qx -f- [a 2-\-pa — J =  O' (15)

Now choose a so as to complete the square in the square brackets. 
This requires that it have one double root; in other words, we must 
have the equation

g2 —4-2a (a 2 +  pa — = 0  (16)

Equation (16) is a cubic equation in the unknown a  with complex 
coefficients. As we know, this equation has three complex roots. 
Let a 0 he one of them; it is expressed, by Cardan’s formula, with 
the aid of radicals in terms of the coefficients of equation (16), that 
is, in terms of the coefficients of equation (14).

Given this choice of value for a, the polynomial in the square
brackets in (15) has the double root , and so equation (15) takes
the form

( ^ - f f + a 0) 2 - 2 ao ( ¥ . ^ ^ - ) 2 =  O 

Hence it decomposes into two quadratic equations:

* * _ K 2 ^ + ( f  +  oc +  ?^ ) = 0 ,  I
__  > (17)

^ + / 2 a 0* + ( |  +  a o - ^ = ) = 0  J

Since we passed from (14) to (17) by means of identity transfor
mations, the roots of (17) will serve as roots for equation (14) as 
well. At the same time, it is easy to see that the roots of (14) are 
expressed in terms of coefficients by means of radicals. We will 
not write out the appropriate formulas because they are exceedingly 
unwieldy and of no practical use. Neither will we investigate sepa
rately the case when (14) has real coefficients.

Remarks on higher-degree equations. Whereas the ancient Greeks 
knew the methods for solving quadratic equations, the above-des
cribed methods for solving cubic and quartic equations were disco
vered only in the 16th century. This was* followed by almost three
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centuries of unsuccessful attempts to find formulas expressing by 
radicals the roots of any quintic equation (an equation of the fifth 
degree with literal coefficients) in terms of its coefficients. These 
attempts ceased only after Abel demonstrated, in the 1820’s, that 
no such formulas can be found for nth-degree equations where 
n > 5 .

This result of Abel’s however did not preclude the possibility 
that the roots of a concrete polynomial with numerical coefficients 
could, in some way, be expressed in terms of the coefficients by 
some combination of radicals, or, as we usually say, that any equa
tion is solvable by radicals. In the 1830’s, Galois made a complete in
vestigation of the conditions under which a given equation is sol
vable by radicals. It turned out that for any n equal to or greater 
than 5 there are nth-degree equations even with Integral coefficients 
that are not solvable by radicals. Such, for instance, is the equation

jc6 — 4x — 2  = 0

The investigations of Galois exerted a decisive influence on the 
subsequent development of algebra, but they lie outside the scope 
of this text.

39. Bounds of Roots
We know that there is no method by which we can find the exact 

values of the roots of polynomials with numerical coefficients. Ne
vertheless, a vast range of problems in mechanics, physics and engi
neering at large reduce to the problem of the roots of polynomials, 
which at times are of very high degree. This circumstance spurred 
numerous investigations to find ways of describing the roots of 
a polynomial with numerical coefficients without actually know
ing the roots. For example, studies have been made of the location 
of roots in the complex plane (the conditions under which all roots 
lie within the unit circle, that is, are less than unity in absolute 
value, or the conditions prescribing all roots to lie in the left half
plane, that is, to have negative real parts, etc.). For polynomials 
with real coefficients, methods have been elaborated fo'r determi
ning the number of their real roots, for finding the bounds within 
which these roots may be located, etc. Finally, much research has 
been done into methods of approximation of roots: in engineering 
situations, it is ordinarily enough to know only certain approxi
mate values of the roots to within a specified accuracy, and if, say, 
the roots of a polynomial were even written as radicals, the latter 
would in any case be replaced by their approximations.

At one time, such studies constituted the basic content of higher 
algebra. We include here only a very small portion of the pertinent 
results, and taking into account the primary demands of applica-
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tions we confine ourselves to the case of polynomials with real coef
ficients and real roots. In only a few instances will we go farther 
afield. We will consider the polynomial /  (x) with real coefficients 
as a (continuous) real function of a real variable x and wherever 
advisable we will take advantage 
of the results and methods of ma
thematical analysis.

A good way to begin the study 
of the real roots of a polynomial 
/  (x) with real coefficients is to exa
mine the graph of the polynomial: 
obviously, only the abscissas of the 
points of intersection of the graph and 
the x-axis are the real roots of the 
polynomial.

To take an example, let us con
sider the fifth-degree polynomial
h (x) =  x5 +  2x4 — 5a:3 -j- 8a:2 — lx — 3
On the basis of the results of Sec.
24, we can assert the following 
concerning the roots of this polyno
mial: since its degree is odd, h (x) 
has at least one real root; but if 
the number of real roots is greater 
than unity, then it is equal to three 
or five, since complex roots are 
pairwise conjugate.

An examination of the graph 
of the polynomial k (x) enables us 
to say a good deal more about the 
roots. We construct the graph
(Fig. 9; note that the scale on the x-axis is ten times that on the 
y-axis), taking only integral values of x and computing the corres
ponding values of h (x), say by the Horner method:

X ft (X )

— 4 — 39
— 3 144
—  2 83
—  1 18

0 —  3
1 —  4
2 39
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We see that the polynomial h (x) has in any case three real roots— 
the positive root and two negative roots a 2 and a 3,

1 <  a t <  2, — 1 <  a2 <  0,
—4 <  a 3 <  —3

Ordinarily, the information on the (real) roots of a polynomial 
that we get by examining the graph is very satisfactory in a practical 
sense. However, the doubt always remains as to whether we have 
indeed found all the roots. For instance, in the case at hand we did 
not show that to the right of x =  2 and to the left of x == — 4 there 
are no roots of the polynomial. What is more, since we only took 
integral values of x, we can assume that the graph we constructed 
does not very accurately reflect the true behaviour of the function 
h (x); it may not, say, take into account the smaller fluctuations 
and so loses some roots.

True, we could have taken values down to 0.1 or 0.01, in addi
tion to the integral values of x. But then the computations would 
have been severely complicated and doubts would still remain. 
On the other hand, we could apply mathematical analysis to test 
the function h (x) for maxima and minima and thus compare our 
graph with the true behaviour of the function; but this brings us to 
the problem of the roots of the derivative h' (x), which is the same 
kind of problem we are dealing with right now.

The need is evident for more sophisticated procedures enabling 
us to find the bounds within which lie the real Toots of a polynomial 
with real coefficients and to determine the number of the roots. We 
shall examine the problem of the bounds of real roots and leave 
the question of the number of roots to later sections.

The proof of the lemma on the modulus of the highest-degree 
term (see Sec. 23) already provides a certain hound for the absolute 
values of the roots of a polynomial. Indeed, setting k — 1 in inequa
lity (3), Sec. 23, we find that for

where a0 is the leading coefficient and A is the maximum of the 
absolute values of the remaining coefficients, the absolute value 
of the highest-degree term of the polynomial is greater than the 
absolute value of the sum of all the other terms, and so no value of 
x which satisfies inequality (1) can be a root of this polynomial.

Thus, for a polynomial f (x) with arbitrary numerical coefficients,
the number 1 -f j serves as an upper bound of the moduli {absolute
values) of all its roots, real and complex. For the case above of the 
polynomial h (,x), this bound, since a0 =  1, A =  8 , is the number 9.
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However, this bound is usually too high, particularly if we are 
only interested in the bounds of the real roots. We now give certain 
more precise methods. It is well to bear in mind that if the bounds 
are indicated within which the real roots of a polynomial are to be 
found, this does not in the least mean that such roots actually exist.

Let us first demonstrate that it is sufficient to be able to find only 
the upper bound of the real roots of any polynomial. Let there be given 
a polynomial /  (x) of degree n and let N 0 be the upper bound of its 
positive roots. We consider the polynomials

<Pi (®) =  x n f  (--) .

cp 3(X) = x nf

and find the upper bounds of their positive roots. Suppose these are
the numbers, respectively, N it N 2, N 3. Then the number j r  will be
the lower bound of the positive roots of the polynomial f (#): if a  is

1a positive root of /  (x), then -  will be a positive root of qpi {x) and
1 1 from — <  iVi follows a >  . Similarly, the numbers —N % and

— -irr serve, respectively, as the upper and lower bounds of the negative
3

roots of the polynomial f (x). Thus, all positive roots of /  (a:) satisfy 
the inequalities -^~<.x<C.N0, all negative roots, the inequalities

To determine the upper bound of the positive roots we can use 
the following method. Suppose we have the polynomial

/  (x) =  a0xn +  axxn 1 +  • • • +  an
with real coefficients, and a0 >  0. Let ak, Jc ^ 1 , be the first of the 
negative coefficients; if there were no such coefficients, then the 
polynomial /  (x) could not have any positive roots at all. Finally, 
let B be the greatest of the absolute values of the negative coeffi
cients. Then the number

serves as the upper bound for the positive roots of the polynomial f (x).
Indeed, setting x >  1 and replacing each of the coefficients 

«!, a2, . . ., ak _i by the number zero, and each of the coefficients 
aft, ah+i, . . ., an by the number —B , we can only diminish the
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value of the polynomial, that is,

f (x) >• a0xn — B (xn~k -j- xn~h =  a-ô n — B

or, because x >  1 ,

If

(3)

then, since
clqX ^ 1 (x  — 1) — B^-a0(x — 1 )h — B

the expression in square brackets in formula (2 ) will prove to be 
positive; thus, by (2 ), the value of f (x) will be strictly positive. 
Thus, the values of x which satisfy the inequality (3) cannot be roots 
of /  (x), which is what we set out to prove.

Taking the above-considered polynomial h (x), this method 
(since k =  2, B — 7) yields for the upper bound of the positive 
roots the number 1 +  |/"7, which can be replaced by the nearest 
greater integer 4.

Of the many other methods of finding the upper bound of positive 
roots, we give Newton's method. It is more involved than the one we 
just gave above, but ordinarily it yields a very good result.

Suppose we have a polynomial f  (x) with real coefficients and 
positive leading coefficient a0. If, for x — c, the polynomial f (x) 
and all its successive derivatives f  (x), f  (x), . . ., / <n) (x) take on 
positive values, then the number c serves as the upper bound of the post- 
tive roots.

True enough, by Taylor’s formula (see Sec. 23),

}{x) =  f (c) -f  (x — c) f  (c) -\-(x — cY +  • . • +  {x — c)n

We see that if x c, then on the right we get a strictly positive 
number, that is, such values of x cannot be the roots of f (x).

When seeking the appropriate number c for a given polynomial 
/ (x), it is useful to do as follows. The derivative f(n) (x) — w!a0 is 
a positive number, and so the polynomial /<n_1) (x) is an increasing 
function of x. Consequently, there is a number such that for 
x ct the derivative / (n-1)(x) is positive. Whence it follows that 
for x %  Ci the derivative p n~2)(x) will be an increasing function of 
x and therefore there exists a number c2, c2 Ci, such that for 
x ^  c2 the derivative f n"2) (ac) is also positive. Continuing thus, we 
finally arrive at the desired number c.
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Applying Newton’s method to the polynomial h (x) considered 
above, we have

h (x) — x? +  2ar* — 5a:8 -j- 8a;2 — lx  — 3,
h' (x) =  5aT -}- 8a:3 — 15a:2 +  16a: — 7,
h" (x) =  20a;3 -f  24a:2 -  30a: +  16,
h" (x) =  60a;2 +  48a: -  30,

hIV (x) =  120a: +  48,
hv (x) =  120

It is easy to verify (say, by the Horner method) that all these 
polynomials are positive for x =  2. Thus the number 2 is the upper 
bound for the positive roots of the polynomial h (x). This result 
is much more exact than those obtained by other methods.

To find a lower bound for the negative roots of polynomial h (x), 
let us consider the polynomial <p2 (a;) =  — h (—x) *. Since

<p2 (x) =  a? — 2x* — 5a:3 — 8 a:2 — 7a; +  3,
q>2 (x) — 5x* — 8a:3 — 15a;2 — 16a: — 7,
<P2 (x) ~  20a;3 — 24a:2 — 30a: — 16,

y ” {x) =  60a;2 -  48a: -  30,
(x) — 120a; — 48,

<pV (*) =  120

and all these polynomials are positive (as may readily be checked 
for x =  4), the number 4 serves as an upper bound for the positive 
roots of q>2 (a;), and so the number —4 will be a lower bound for the 
negative roots of h (x).

Finally, let us consider the polynomials

‘Fi (â ) = —xTh ^  j =  3â  +7a^ — 8xs-j-5x2 — 2x—1,

(p3( x ) = —x*h ( —- )  = 3 x 5- 7 x 4 — 8 a;3 -5a:2 -2 a ;+  1

For them, again using the Newton method, we find the numbers 1 
and 4 as upper bounds for the positive roots and so the number
-  =  1 is the lower bound for the positive roots of h (x) and the 

1number —^  is the upper bound for the negative roots.

* —  ̂ ( — x ) in place of A (—x)  because Newton’s method is applicable 
only if the leading coefficient is positive. This change of sign of course has no 
effect whatsoever on the roots of the polynomial cp2 (z).
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Thus, the positive roots of h (a:) lie between 1 and 2 and the nega-
tive roots lie between the numbers —4 and —7- .  This result is in4
very good agreement with what we found earlier when we examined 
the graph.

40. Sturm’s Theorem
We now come to the question of the number of real roots of a poly

nomial f (x) with real coefficients. We will be interested both in the 
total number of real roots, and, separately, the number of positive 
and the number of negative roots and the total number of roots in 
the interval between specified bounds a and b. There are several 
methods for finding the exact number of roots and all of them are 
very cumbersome; the most convenient one is the Sturm method, 
which we now discuss.

First let us introduce a definition that will be needed in the 
next section as well.

Suppose we have a finite ordered sequence of real numbers 
different from zero, say

1, 3, - 2 ,  1, - 4 ,  - 8 , - 3 ,  4, 1 (1)
Write down the signs of these numbers in succession:

+» +» —» +» — 1 —» —* ~K +  (2)
We see that there are four variations of sign in (2). We then say that 
in the ordered sequence (1) there are four variations in sign. The num
ber of variations in sign can of course be counted for any finite orde
red sequence of nonzero real numbers.

Now let us consider the polynomial /  (a:) with real coefficients; 
we will assume that /  (x) does not have multiple roots, for then we 
could divide it by its greatest common divisor and its derivative. 
The finite ordered sequence of nonzero polynomials with real coef
ficients

/  (*) =  U (*)> fi (z)» h  (*)> •••»■/•(*) (3)
is called the Sturm sequence for the polynomial /  (x) if the following 
requirements are met:

(1) Successive polynomials of (3) do not have common roots.
(2) The last polynomial, f 8 (a:), does not have real roots.
(3) If a is a real root of one of the intermediate polynomials 

fk (x) of (3), 1 <  k s — 1, then fh (a) and fh+i (a) have diffe
rent signs.

(4) If a  is a real root of /  (a;) , then the product /  (x) / t (x) changes 
sign from minus to plus when x increases and passes through the 
point a.
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The question of whether every polynomial has a Sturm sequence 
will be considered later on, for the present let us suppose that f (x) 
does have such a sequence and let us show how it can be used to 
find the number of real roots.

If a real number c is not a root of the given polynomial /  (x) 
and (3) is a Sturm sequence for this polynomial, then take the set of 
real numbers

/  (c), f t  (c), h  (0» • • •» fs (c)

delete all numbers equal to zero and denote by W  (c) the number 
of variations in sign in the remaining sequence; we call W (c) the 
number of variations in sign in the Sturm sequence (3) of polynomial 
f (#), x — c*

The following theorem holds.
Sturm’s theorem. If the real numbers a and b, a <  b, are not the 

roots of a polynomial f  (x) which does not have any mul
tiple roots, then W(a) W(b) and the difference W(a) — 
— W(b) is equal to the number of real roots of f {x) in the interval be
tween a and b.

Thus, to determine the number of real roots of a polynomial 
/  (x) lying between a and 6 [recall that /  (x) does not, by hypothesis, 
have multiple roots], it suffices to establish the reduction in the 
number of variations of sign in the Sturm sequence of this polyno
mial when moving from a to b.

To prove this theorem, let us see how the number W (x) varies 
with increasing x. So long as x, as it increases, does not encounter any 
of the roots of the Sturm sequence (3), the signs of the polynomials 
of the sequence do not change and so the number W  (a:) remains 
unaltered. For this reason, and also because of Condition (2) of the 
definition of a Sturm sequence, it remains for us to consider two 
cases: the passage of x through a root of one of the intermediate poly
nomials fk (x), 1 ^  k ^  s —  1 , and the passage of x through a root 
of the polynomial f (x) itself.

Let a be a root of the polynomial fh (x), i  ^  k ^  s — 1. Then, 
by Condition (1), fh _4 (a) and fh+1 (a) are different from zero. We 
can thus find a positive number e, which may be very small, such 
that in the interval (a — e, a  +  e) the polynomials f h (x) and 
fh+1 (x) do not have any roots and therefore preserve constant signs; 
Condition (3) states that these signs are distinct. From this it fol
lows that each of the sequences of numbers

/ * - 1 (« ~  e), / ft (a — e), f h+l (a — e) (4)

* Quite naturally, the variations in sign in the Sturm sequence of the 
polynomial f (ac) have nothing in common with the variation in sign of the 
polynomial / (s) itself, which variation occurs when x passes through a root 
of the polynomial.
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and
/ft-1 (« +  e), fh (a +  e), f h+ i (a +  e) (5)

has exactly one variation in sign, irrespective of the signs of the 
numbers fk (a — e) and fk (a +  e). Thus, for instance, if the poly
nomial / h _i (a:) is negative on the interval in question and f h + 1  (x) is 
positive and if fh (a — e) >  0 , f h (a +  e) <  0 , then the sequences
(4) and (5) are associated with the sign sequences

—» -K + ;  —» — t -f*
Thus, when x passes through a root of one of the intermediate poly
nomials in Sturm’s sequence, the variations in sign in the sequence 
can only shift position, but do not disappear or reappear, and so the 
number W (x) does not change in such a transition.

On the other hand, let a  be a root of the given polynomial /  (#). 
By Condition (1), a  will not be a root of (x). Hence, there is a posi
tive number e such that the interval (a — e, a  +  e) does not contain 
any roots of the polynomial / t (a;), and therefore fi (x) preserves its 
sign over this interval. If the sign is positive, then, by Condition
(4), the polynomial /  (a;) itself changes sign from minus to plus when 
x passes through a, i.e., /  (a — e) <  0, /  (a +  e) >  0. Hence, to 
the number sequences

/  (a — e), fi (a — e) and /  (a +  e), f t (a +  e) (6)
there correspond the sign sequences

—, +  and + ? +
Thus, the Sturm sequence loses one variation in sign. But if the 
sign of ft (x) is negative on the interval (a — e, a -j- e), then again, 
by Condition (4), the polynomial /  (x) changes sign from plus to 
minus as x passes through a, i.e., /  (a — e) >  0 , /  (a +  e) <  0 . 
To the number sequences (6 ) there now correspond the sign sequences

+» — and —
The Sturm sequence again loses one variation in sign.

Thus, as x increases, the number W (x) changes only when x passes 
through a root of the polynomial f (x), in this case it is diminished exact
ly by unity.

This obviously proves the Sturm theorem. To use it for finding 
the total number of real roots of a polynomial /  (a:), it is sufficient 
to take, for a, the lower limit of the negative roots, and for b, the 
upper limit of the positive roots. It is simpler however to do as fol
lows. By the lemma proved in Sec. 23 there exists a positive number 
N, which may be very large, such that for | x \ >  N  the signs of all 
polynomials of the Sturm sequence will coincide with the signs of 
their highest-degree terms In other words, there exists a positive



40. STURM’S THEOREM 241

value of the unknown x which is so large that the signs of the corres
ponding values of all the polynomials of the Sturm sequence coincide 
with the signs of their leading coefficients. This value of x, which 
need not be computed, can be denoted by oo. On the other hand, there 
exists a negative value of x which is so large in absolute value that 
the signs of the corresponding values of the polynomials of the 
Sturm sequence coincide with the signs of their leading coefficients 
for polynomials of even degree and are opposite to the signs of the 
leading coefficients for polynomials of odd degree. Let us agree 
to denote this value of x by — oo. In the interval (—oo, oo) we obvio
usly have all the real roots of all the polynomials of Sturm’s sequence 
and, in particular, all the real roots of the polynomial /  (x). Applying 
the Sturm theorem to this interval, we find the number of these 
roots; application of the Sturm theorem to the intervals (—-oo, 0) 
and (0 , oo) yields, respectively, the number of negative and the 
number of positive roots of the polynomial /  (x).

It remains to demonstrate that any polynomial f (x) with real 
coefficients and without multiple roots has a Sturm sequence. Of a varie
ty of methods used for constructing such a sequence, we give the 
most widely used one. Set fi (x) =  f  (x), thus ensuring fulfillment 
of Condition (4) of the definition of a Sturm sequence. Indeed, if 
a is a real root of the polynomial /  (x), then f  (a) =£ *0. If f  (a) >• 0, 
then f  (x) 7> 0  in the neighbourhood of the point a  and therefore 
f (x) changes sign from minus to plus when x passes through a; this is 
then also true for the product /  (a;) fi (x). Similar reasoning is like
wise valid for f  (a) <C 0. Then divide f (x) by /* (x) and take the 
remainder (with reversed sign) for / 2 (x):

f (x) =  fi (*) 9i (x) — U ’(x)
Generally, if the polynomials fh_i (x) and fh (x) have already been 
found, then fk+1 (x) will be the remainder after dividing / (x) 
by fh (z) taken with reversed sign:

fh- 1 {x) fh {x) qh {x) fk+i (x) (7)
This method differs from the Euclidean algorithm as applied 

to the polynomials /  (x) and f  (x) solely in the fact that the sign 
of the remainder is reversed every time, and the next division 
is performed by the remainder with reversed sign. Since such a varia
tion in sign is inessential when seeking the greatest common divisor, 
our process will terminate at some f s {x), which is the greatest 
common divisor of the polynomials /  (a:) and /' (x); since /  (x) has 
no multiple roots [it is prime to f  (x)] it will follow that f s (x) is 
actually some nonzero real number.

This implies that the sequence of polynomials we have construc
ted,

/  (x) =  fo (x), f  (x) =  ft (.X), f  ̂ (x), . . ., /s (x)
16—5760
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also satisfies Condition (2) of the definition of a Sturm sequence. 
To prove that Condition (1) is met, assume that the consecutive 
polynomials fh (a:) and fk+l (x) have a common root a. Then, hy (7), 
a  will also be a root of the polynomial fk _ i  (x). Passing to the equa
tion

fh- 2 (•*") fh- 1 {x) 7 k-l (“2-) fh (.x)
we find that a is a root of fh _ 2 (x) as well. Continuing, we find that 
a is a common root of f  (x) and f  (x), which is in conflict with our 
assumptions. Finally, fulfillment of Condition (3) follows directly 
from equation (7); if fh (a) =  0, then f k _i (a) =  — / fe+j (a).

Let us apply the Sturm method to the polynomial
h (x) =  xh +  2x* — 5a:3 +  8a:2 — lx  — 3

which we considered in the preceding section. We will not make 
a preliminary check to see that h (x) does not have any multiple 
roots, because the method of constructing a Sturm sequence as 
given above is a simultaneous check on the relative primality of the 
polynomial and its derivative.

Let us find a Sturm sequence for h (x) by using this method. In 
the division process, we will (in contrast to the Euclidean algorithm) 
multiply and divide only by arbitrary positive numbers since the 
signs of the remainders play a fundamental role in the Sturm method. 
We obtain the following sequence:

h {x) =  a:5 +  2a* — 5a:3 +  8a:2 — lx  — 3, 
hi (x) — 5â  -f- 8a:3 — 15a;2 -f- 16a: — 7, 
h% (x) =  6 6a:3 — 150a:2 +  172a: +  61, 
h3 (x) =  -464a:2 +  1135a: +  723, 
hk (x) =  -32,599,457a; -  8,486,093,
K  (x) =  - 1

We determine the signs of the polynomials of this sequence for 
x =  — oo and x =  oo; to do this, we (as indicated above) only 
examine the signs of the leading coefficients and the degrees of the 
polynomials. We get the following table:

h  ( * ) *1 ( * ) A2 {x) * 3  ( X) h* (x) *5 ( X )
Number of 

variations in 
sign

— oo — + — — + — 4

oo + + + — — — 1
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Thus, when x passes from —oo to oo, the Sturm sequence loses 
three variations in sign and so the polynomial h (x) has exactly 
three real roots. It will be recalled that when we constructed the 
graph of this polynomial (in the preceding section) we did not lose 
a single root.

Let us apply the Sturm method to a simpler polynomial:

/  (a:) =  xz +  3a:2 — 1

Let us find the number of its real roots and also the integral bounds 
within which each of the roots is located. We shall not construct 
the graph of this polynomial.

The Sturm sequence associated with the polynomial /  (x) is

/  (a:) =  x9 +  3a:2 — 1, 
f t (a:) =  3a:2 +  6a:,
/ 2 (x) =  2x +  1 ,

h  (z) =  1

Let us find the number of variations of sign in this sequence 
for x =  — oo and x =  oo

/  (*) f l  (X ) /2 ( X) f i  ( X) Number of varia
tions in sign

—  OO — + — + 3

o o . + + + 0

Consequently, the polynomial /  (a:) has three real roots. For a more 
precise location of the roots, continue the above table:

f  {X) f l  ( x ) /2 (*) /s (*)
Number of varia

tions in sign

x ~  — 3 — + — + 3

x —  — 2 + 0 — + 2

x =  — 1 + — — + 2

x =  0 — 0 + + 1

x =  i + + + + 0

16*
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Thus, the Sturm sequence of the polynomial /  (x) loses one varia
tion of sign each time x moves from —3 to —2, from —1 to 0 and 
from 0 to 1. The roots a i5 a 2 and a 3 of this polynomial thus satisfy 
the inequalities

—3 <  a x <  —2 , — 1 <  a 2 <  0 , 0  <  a 3 <  1

41. Other Theorems on the Number of Real Roots

The Sturm theorem completely resolves the question of the num
ber of real roots of a polynomial, but it has one essential defect and 
that is the cumbersome computations involved in constructing a 
Sturm sequence, as the reader could see after performing all the 
computations of the first example above. We now prove two theorems 
which do not yield the exact number of real roots but only bound 
the number from above. These theorems are employed after a graph 
has been used to bound the number of real roots from below and at 
times enable us to find the exact number of real roots without resor
ting to the Sturm method.

Suppose we have an nth-degree polynomial /  (x) with real coef
ficients; we assume it can have multiple roots. Let us consider a se
quence of its consecutive derivatives:

/  (*) =  /<°> Or), f  (x), f" (*), • • / <n-1} (x), / <n) (x) (1)

of which the last one is equal to the leading coefficient a0 of f (x) 
multiplied by n\ and for this reason preserves sign at all times. If 
a real number c is not a root of any one of the polynomials of the 
sequence (1), then by S (c) we denote the number of variations in 
sign in the ordered sequence of numbers

/  (c), r  (*), r  ( c ) , . . w,  r>  oo

Thus, we can consider the integer-valued function S (x) defined 
for those values of x which do not make any one of the polynomials 
in (1) vanish.

Let us see how S {x) varies with increasing x. The number S (x) 
remains unchanged until x passes through a root of one of the poly
nomials of (1). We thus have two cases to consider: the passage of x 
through a root of the polynomial /  (x) and the passage of x through 
a root of one of the derivatives / (ft> (z), 1  ̂ ^  k ^  n — 1 .

Let a be an Z-fold root of the polynomial f (x), Z >-1,  i.e.,
/  (a) =  /' (a) =' .  . . =  / (M) (a) =  0 , / (/) (a) = £ 0

Let a positive number e be so small that the interval (a — e, a -j- e) 
does not contain any roots of the polynomials /  (x), f  (x), . . .  
. . ., fa ~ 11 (x), different from a  and does not contain any root of the
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polynomial / (l> (a) either. We will prove that in the number sequence 
/  (a — e), /' (a — e), . . /<*-*> ( a  — e), /<*> (a  — e)

any two consecutive numbers have opposite signs, whereas all the 
numbers

/  (a  +  e), / '  (a  +  e), . . f f l~ ^  (a  +  e), /<*> (a  +  e)

have the same sign. Since each one of the polynomials of (1) is a 
derivative of the preceding polynomial, all we have to prove is that 
if x passes through the root a  of polynomial /  (x), then, irrespective 
of the multiplicity of this root, /  (a:) and f  (x) had different signs 
prior to the passage and have coincident signs after the passage. 
If /  (a  — s ) >  0, then f  (x) diminishes on the interval (a  — e, a ) ,  
and so f  (cs — e) <  0 ; but if /  (a  — e) <  0 , then /  (x) increases and 
so f  (a — e) >  0. Hence in both cases the signs differ. On the 
other hand, if f (a e) >* 0 , then f (x) increases on the interval
(a, a  -J- 8) and so f  (a +  e) >  0 ; similarly, from /  (a +  e) <  0  
it follows that f  (a -f  e) <  0. Thus, after the passage through the 
root a ,  the signs of f (x) and f  (x) must coincide.

From what has been proved it follows that when x passes through 
an Z-fold root of the polynomial /  (x) the sequence

/  (*), f  (a), . . /('-*> (or), /CO (x)

loses I variations in sign.
Now let a be a root of the derivatives
fW (.x), p h+1> (*), k /(H i-D  (x), 1 <  k <  n -  1 , I >  1

but not a root of (#) or of f h+l' (a;). By what has been proved 
above, the passage of x through a implies a loss in the sequence

/(ft) (ar), /<fe+i> (a), . . ., / W - D  (x), /(*+*> (x)

of I variations in sign. True, this passage possibly creates a new 
variation in sign between /(ft-1) (a) and /(ft) (x); however, because 
I ^  1 , the number of variations in sign, when x passes through a in 
the sequence

/(ft-D (x), /W (x)r (x), . . /(ft+*—D (a), /(ft*H> (x)
either does not change or decreases. It can then decrease only by an 
even number since the polynomials / (a) and /<ft+ i> (x) do not 
change sign when x passes through the value a.

These results imply that if the numbers a and 6 , a <C b, are not 
roots of any one of the polynomials of the sequence (1 ), then the number of 
real roots of the polynomial f (x) lying between a and b (each counted 
according to its multiplicity) is equal to the difference S {a) — S (b) 
or is less than this difference by an even number.
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In order to relax the restrictions imposed on the numbers a and 
b, let us introduce the following notations. Suppose the real number 
c is not a root of the polynomial /  (x), though it may be a root of some 
of the other polynomials of the sequence (1). Denote by S+ (c) the 
number of variations in sign in the number sequence

m  r  (e), r ( c ) , . . ( * > ,  r > (*> (2>
which is computed as follows: if

/<*> (c) =  /<h+1) (C) =  . . . =  i) (c) =  0 (3)
but

(c) *^0, /<*+*> (c) (4)

then we take it that / (ft> (c), / (h+1> (c), . . / (ft+f-1) (c) have the
same sign as f k+l) (c); this is obviously the same as deleting the zeros 
in a count of the number of variations of sign in the sequence (2 ). 
On the other hand, by S _ (c) we denote the number of variations of 
sign in the sequence (2 ), which is counted as follows: if conditions
(3) and (4) hold, then we take it that /<fe+i> (c), 0 ^  i ^  I — 1, has 
the same sign as f ik+l) (c) if the difference I — i is even, and opposite 
sign if this difference is odd.

If we now desire to determine the number of real roots of the 
polynomial /  (x) between a and b, a «< 6 , and a and b are not roots 
of /  (x) but, possibly, are roots of the other polynomials of the se
quence (1), then we do as follows. Let e be so small that the interval 
(a, a +  2 e) does not contain any roots of /  (a:), or any roots (distinct 
from a) of the other polynomials of the sequence (1 ); on the other 
hand, let r\ be so small that the interval (b — 2rj, b) also fails to con
tain any roots of /  (x) and any roots (distinct from b) of the other 
polynomials of the sequence (1). Then the number we want of real 
roots of the polynomial /  (x) will be equal to the number of the real 
roots of this polynomial between a -j- s and b — q, that is, from 
what has been proved, it will be equal to the difference S (a -f- e) — 
— S (b — q) or less than this difference by an even number. Howe
ver, it is easy to see that

S (a +  e) =  S+ (a), S (b -  q) =  (6)
This is proof of the following theorem.
Budan-Fourier theorem. If the real numbers a and b, a <  b, are 

not the roots of a polynomial f (x) with real coefficients, then the number 
of real roots of this polynomial between a and b, each counted according 
to its multiplicity, is equal to th„ difference S+ (a) — S _ (b) or is 
an even number less than this difference.

Use the symbol oo to denote a positive value of the unknown x 
so large that the signs of the associated values of all the polynomials 
of the sequence (1) coincide with the signs of their leading coeffi-
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cients. Since these coefficients are, sequentially, the numbers a0, 
na0, n (n — 1 ) a0, . . ., n\a0, whose signs coincide, it follows that 
S (oo) =  S _ (oo) =  0. On the other hand, since

/  (0 ) =  aft, f  (0 ) =  f n (0 ) =  o„_22 !, 
f  (0 ) = o n_33!, - .  r>  (0) =  a, n\

where aQ, at, . . an are coefficients of the polynomial /  (a:), then 
S+ (0 ) coincides with the number of variations in sign in the sequence 
of coefficients of /  (x), zero coefficients being deleted. Thus, applying 
the Budan-Fourier theorem to the interval (0, oo) we arrive at the 
following theorem.

Descartes’ theorem (Descartes’ rule of signs). The number of 
positive roots of a polynomial f  (x), a root of multiplicity m being 
counted as m roots, is equal to the number of variations in sign in the 
sequence of coefficients of this polynomial (zero coefficients are not 
counted) or is less by an even number.

To determine the number of negative roots of the polynomial 
/  (x) it is obviously sufficient to apply Descartes’ theorem to the 
polynomial /  (—x). If none of the coefficients of f (x) is zero, then, 
obviously, changes of sign in the sequence of coefficients of the poly
nomial /  (—x) will be associated with preservation of signs in the 
sequence of coefficients of the polynomial /  (a:), and conversely. Thus, 
if the polynomial f (x) does not have zero coefficients, then the number 
of its negative roots (counting multiplicities) is equal to the number of 
preservations of signs in the sequence of coefficients or is less by an even 
number.

We give another proof of the Descartes theorem that does not 
rely on the Budan-Fourier theorem. We first prove the following 
lemma.

If c >  0, then the number of variations of sign in the sequence of 
coefficients of the polynomial f (x) is less than the number of variations 
of sign in the sequence of coefficients of the product (x — c) f (x) by an 
odd number.

Indeed, enclosing in parentheses successive terms of the same 
sign, we can write the polynomial f (x), the leading coefficient a0 
of which can be considered positive, as follows:
f  (a:) =  (a0xn -f . . .  +  b1a:fti+1) _  (aixhi -f- . . .  -f- bzxh2+ i)

+  • • • +  ( — l)s (aŝ fts+  • • • +  (5)

Here, a0 >  0, ^ > 0 ,  . . ., >  0, whereas bu b2, . . ., bs are
positive or zero, but fes+i is considered strictly positive, that is, xl, 
where t ^  0 , is the smallest power of the unknown x that enters into 
the polynomial /  (a;) with a nonzero coefficient. The parenthesis

( ^ + . . . + ^ 1+ 1)
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may accidentally consist of a single term, namely, when fei +  1 =  n. 
An analogous remark is applicable to the other parentheses of formu
la (5).

Now write a polynomial equal to the product (x — c) f (x); we will 
single out only those terms which contain x to the powers n +  1 *

-j- 1, . . ., k3 -f* 1, and t. We obtain
(x — c) f {x) — {aQxn+1 -}- . . . )  — (a^ f t l+ 1 +  . . . )

+  . . . + ( — l)s (a'sX^+i - f  . . .  — cbs^x1) (6)

where a\ =  at +  cbt, i =  1 , 2 , . . ., s, and therefore, since c ;> 0 , 
all the a'i are strictly positive. Thus, there was one change of sign 
in the sequence of coefficients of the polynomial /  (x) between the 
terms a0xn and —aixhl (also between the terms —aixhl and a2xh2, 
etc.), whereas in the polynomial (x — c) f (x) there will either be 
one change of sign between the corresponding terms a0xn+l and 
—a[xhl+1 (respectively between the terms —a[x h l+ 1  and a2xk2+1, etc.) 
or more changes (but always more by an even number). We are not 
interested in the exact places of these changes in sign. It may happen, 
for example, that the coefficient of xkl+2 in (6) is negative, like the 
coefficient —a[, and so there is no change of sign between these two 
successive coefficients; that is to say, the change in sign in the first 
parenthesis is located at some previous position. Now notice that 
the last parenthesis in (5) did not have any variation in sign, whereas 
the last parenthesis in (6 ) did have variations in sign—an odd num
ber of them: it suffices to note that the last nonzero coefficients of 
the polynomials /  (x) and (x — c) f (x), that is, (—l)sfcs+1  and 
(—l) s+1fes+1c have different signs. Thus, between /  (x) and 
(x — c) f  (x) the total number of variations of sign in the sequence 
of coefficients invariably increases and by an odd number (the sum 
of several terms, one of which is odd and the others even, will natu
rally be odd!). The lemma is proved.

To prove Descartes’ theorem, denote all the positive roots of the 
polynomial f (x) by ai, a 2, . . ., a k. Then

/  (x) =  (x — at) (x — a 2) . . .  (x — a fe) cp (s)
where <p (a:) is a polynomial with real coefficients which now has 
no positive real roots. This implies that the first and the last non
zero coefficients of the polynomial tp (x) are of the same sign, which 
means that the sequence of coefficients of this polynomial contains 
an even number of variations of sign. Applying the above-proved 
lemma to the polynomials

<p (x), (x — aO <p (x), (x — a A) (x — a 2) cp (x), . . ., /  (x)
in succession, we find that the number of variations of sign in the 
sequence of coefficients increases each time by an odd number, that
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is to say, by unity plus an even number, and so the number of varia
tions of sign in the sequence of coefficients of the polynomial /  (x) 
is greater than k by an even number.

Let us apply the theorems of Descartes and Budan-Fourier to 
the earlier considered polynomial

h (z) =  x6 +  2a:4 — 5a;3 -f- 8a;2 — lx  — 3

The number of variations of sign in the sequence of coefficients 
is three, and so by Descartes’ theorem, h (a;) can have three positive 
roots or one. On the other hand, h (a:) has no zero coefficients, but 
since the sequence of coefficients has two preservations of sign, 
h (x) either has two negative roots or none. We compare with the 
results obtained earlier with the aid of the graph and see that two 
is the exact number of negative roots of our polynomial.

To determine exactly the number of positive roots, use the Budan- 
Fourier theorem, applying it to the interval (1, oo), since in Sec. 39 
it was demonstrated that 1 serves as a lower bound to the positive 
roots of the polynomial h (x). The successive derivatives of h (x) 
were also written out in Sec. 39. Let us find their signs for x =  1 
and x =  oo:

h ( X ) h' (x) h" (x) h"f ( x ) ftlV (sc) h V ( X)
Number of 

variations in sign

X  =  1 — + + + + + 1

X =  oo + + + + + + 0

From this it follows that when x moves from 1 to oo the sequence 
of derivatives loses one change of sign, and so h (a;) has exactly one 
positive root.

In connection with this example, it should be noted that, gene
rally speaking, when seeking the number of real roots of a polyno
mial it is best to begin by constructing a graph and applying the 
theorems of Descartes and Budan-Fourier, and then only in extreme 
cases to go on to construct a Sturm sequence.

The Descartes theorem admits of a certain refinement in the 
special case when we know beforehand that all the roots of the poly
nomial are real, as for instance in the case of the characteristic 
polynomial of a symmetric matrix. Namely,

If all the roots of a polynomial f (x) are real, and the constant term 
is nonzero, then the number kt of positive roots of the polynomial is 
equal to the number Si of variations in sign in the sequence of its coeffi
cients, and the number k2 of negative roots is equal to the number s2 
of variations in sign in the sequence of coefficients of the polynomial
f ( -* ) .
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Indeed, under our assumptions,
ki +  k2 =  n (7)

where n is the degree of the polynomial /  (x), and, by Descartes’ 
theorem,

k± k2 ^  s2 (8)
We will prove that

si +  s2 <  n (9)
We will prove it by induction with respect to n, since for n =  1, 

due to a 0 0, ax 0, only one of the polynomials
f (x) =  atfc +  au f (—x) — —a x̂ +

has a change of sign; that is, for this case, Si +  s2 ~  1* Let formu
la (9) be proved for polynomials whose degree is less than n. If

/  (^/) Q-qX  -f- dj^ — iX  ■")- . . . -J-  CLn

where I ^  n — 1, an_l =̂ =0, we assume
g (x) =  an-ixl — an

Then
f (x) =  aQxn g (x), f (—x) =  (—l)n a0xn +  g (~x)

If 5' and s2 are, respectively, the numbers of variations in sign in 
the sequences of coefficients of the polynomials g (x) and g (—x), 
then, by the induction hypothesis (it is clear that I 1),

If I — n — 1, then the variation in sign in the first place, i.e., for 
/  (.x), between a0 and ax =  an^x will occur only in the case of one of 
the polynomials f (x), f (—x), and so

si T‘ S2 = S j -1-S2 4- 1^==^H- 1 = w

But if I ^  n — 2, then variations of sign are possible in the first 
places of each of the polynomials /  (x), f {—x)\ however, in this case 
as well,

Si +  $2 ^  4” ■ 2 ^  Z +  2 ^  (n — 2) -f- 2 =  n
Comparing (7), (8) and (9), we see that 

ki =  Sj, k2 — s2 .
The proof is complete.

42. Approximation of Roots
The methods described in the preceding sections enable us to 

isolate the real roots of a polynomial /  (x) with real coefficients, 
that is to say, they permit indicating for each root the interval
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containing it alone. If the interval is small enough, then any number 
in the interval may be taken as an approximation of the desired 
root. Thus, after it has been demonstrated by the Sturm method 
(or any other more efficient method) that there is only one root of 
the polynomial /  (x) between the rational numbers a and b, the 
problem remains of narrowing this interval so that the new limits 
a' and b' possess a prescribed number of coincident first decimals. 
The desired root will thus be computed to the needed accuracy.

There are many methods which per
mit us to speedily approximate the value 
of a root with any desired accuracy. We 
will describe two. They are simple theo
retically and general enough so that when 
used in conjunction they quickly yield
results. The methods we are about to x
describe can be applied not only to poly
nomials but also to the broader classes 
of continuous functions.

From here on we assume that a  is 
a simple root of a polynomial f (x), since 
we can always dispose of multiple roots, and that the root a is 
isolated between the limits a and b, a «< a <C b; this implies, for one 
thing, that /  (a) and f (b) have different signs.

The method of linear interpolation (also called the method of 
false position or regula falsi). For an approximate value of the root
a we could take, say, the half sum of the limits a and b, , i.e.,
the midpoint of the interval from a to b. It is more natural, however, 
to assume that the root is closer to that endpoint of the interval 
(a, b) which corresponds to the smallest absolute value of the poly
nomial. The method of linear interpolation consists in taking a 
number c for the approximate value of the root a, such that divides 
the interval (a, b) into parts proportional to the absolute values 
of the numbers f (a) and /  (&); that is,

c — a _ f  (a)
b=Tc-~TW )

The sign of the right member is minus because /  (a) and /  (b) have 
different signs. Whence

bf(a)~af{b)
(1)

Geometrically, as Fig. 10 indicates, the method of linear inter
polation consists in replacing the curve y =  f (x) on the interval 
(a, b) by its chord connecting the points A (a, /  (a)) and B (b, f  (b)); 
for the approximate value of the root a  we take the abscissa of the 
point of intersection of the chord and the x-axis.
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Newton’s method. Since a is a simple root of the polynomial 
f (x), it follows that f  (a) =̂= 0. We also assume that /" (a) 0
since otherwise the problem would reduce to computing the root of 
the polynomial /" (x) of lower degree than /  (x). We likewise assume 
that the interval (a, b) does not contain roots of /  (z) different from 
a, neither does it contain any root of the polynomial f  (x) or the 
polynomial f n (x).* Thus, as follows from mathematical analysis, 
the curve y — f (x) is either monotonic increasing on the interval

a, b) or monotonic decreasing; also, it is either convex up at all 
points of the interval or convex down at all points. Consequently, 
there are four cases (shown in Figs. 11 to 14) of the location of the 
curve on the interval (a, 6).

Denote by a0 the endpoint a or b in which the sign of /  (x) coin
cides with the sign of /" (x). Since /  (a) and /  (b) have different signs, 
and /" (x) preserves sign throughout the interval (a, b), such an a0 
can be indicated. In the cases given in Figs. 11 and 14, a0 =  a, 
in the other two cases, a0 =  b. At the point of the curve y — f (x)

* There is usually no difficulty in narrowing the interval so that this 
condition is satisfied, since the methods given earlier permit establishing the 
number of roots of polynomials f'(x) and f ( x )  in any interval.
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with abscissa a0, that is, at the point with coordinates (a0» /  (a0))» 
draw a tangent line to this curve and denote by d the abscissa of the 
intersection point of this tangent with the a;-axis. Figs. 11 to 14 
show that the number d may he taken as an approximate value of 
the root a. The Newton method thus consists in replacing the curve 
y — f (x) on the interval (a, b) by its tangent at one of the endpoints 
of the interval. The condition imposed on the choice of the point

a0 is very essential. Fig. 15 shows that if this condition is not obser
ved, the intersection point of the tangent line and x-axis may not 
at all give an approximation to the desired root.

Let us derive a formula for finding the number d. We recall that 
the equation of the tangent to the curve y =  f (x) at the point (a0, 
/  (a0)) may be written as

y — f (do) =  f  (a0) (x — <20)
Substituting the coordinates (d, 0) 
of the point of intersection of the 
tangent line with the z-axis, we 
get

— /  (do) =  f  (d0) (d — a0) 
whence

/ (g0) /o\
f  ( a 0 )

d =  a0

If in Figs. 11-14 the reader connects A and B by chords, he will 
see that in all cases the methods of linear interpolation and of Newton 
yield approximations to the true value of the root a from different sides. 
It is therefore advisable, if the interval (a, b) is such as required 
by Newton s method, to combine the two methods. In this way we 
obtain much closer endpoints c and d for the root a. If the accuracy 
of the approximation is not sufficient, apply both methods (see
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Fig. 16) once again to the interval, and so on. We can demonstrate 
that this process does indeed permit computing the root a  to any 
desired accuracy.

Let us apply these methods to the polynomial
h (x) =  a? +  2a* — 5a:3 +  8x2 — lx  — 3

which we dealt with in preceding sections.
We know that this polynomial has a simple root a t lying between 

1 and 2. We can say right off that these limits are too broad for the 
methods of linear interpolation and of Newton, used only once each, 
to yield a decent result. However, let us employ them so as to have 
one example that does not require involved computations.

As we saw in Sec. 41, for £ =  1 the derivatives h' (x), h” (x), . . .  
. . ., hY (x) receive positive values. This implies, on the basis of the 
results of Sec. 39, that the value x =  1 serves as an upper bound of 
the positive roots for hr (x) and also for h " (x). Hence, the interval 
(1, 2) does not contain any roots of these derivatives and so we can 
apply the Newton method. Besides, h" (x) is positive everywhere 
in the interval, and since

h (1) =  - 4 ,  h (2) =  39
we have to take a0 =  2. Seeing that h' (2) ■= 109, we get, by formu
la (2),

2 J39_
109

179 4 ft/
i09= 1 -64-

On the other hand, formula (1) yields
2-(—4)— 1-39 

C~~ —4 —39
47
43 1.09. . .

and, consequently, the root lies within the interval
1.09 <  ctj <  1.65

This narrowing of the interval that we obtained is too slight 
to consider the result satisfactory. We could of course apply our 
methods to the new interval, hut it is more advisable from the very 
beginning to find a sufficiently small interval for a 1} say to within 
0.1 or even 0.01, and only then apply the methods. Quite naturally, 
this at once makes all the computations very cumbersGme, but in 
the solution of concrete problems requiring exact knowledge of the 
roots of a polynomial, this has to be done.

Let us return to our polynomial h (x) and its root a t; note that 
all values of the polynomials given below are computed by the 
Horner method. Since

h (1.3) =  -0.13987, h (1.31) == 0.0662923851
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it follows that
1,3 <  cti <  1.31

that is, we have the value of the root a t to an accuracy of 0.01. Now 
let us apply the method of linear interpolation to the new interval:

1.31.( — 0.13987)—1.3-0.0662923851 0.26940980063 ,  o0fi7o
C~~ —0.13987 — 0.0662923851 ~  0.2061623851 — • •

We also apply Newton’s method to this interval, setting a0 — 
=  1.31. Since

V  (1.31) =  20.92822405
it follows that

y  ,, 0>l 0.0662923851 27.3496811204 A onaoo
a — 1.61 20.92822405 20,92822405 l.oUOoo

Thus,
1.30678 <  a 4 <  1.30684

and therefore, setting a 4 =  1.30681, we have an error of less than 
0.00003.

We have not yet shown that the foregoing methods actually 
permit computing a root to any desired accuracy, that is to say we 
have not proved the convergence of these methods. Let us do so at 
least with respect to Newton’s method.

As above, let the simple root a  of the polynomial f  (x) lie in the 
interval (a, b) chosen as required by the Newton method. For one 
thing, this implies the existence of positive numbers A and B such 
that everywhere on the interval (a, 5),

| / ' (* )  | >  A, | r { x ) \ < B  (3)
We introduce the notation

and assume that
C ( b - a ) d  (4)

To fulfil this inequality it may be necessary to replace the interval 
(a, b) of the root a  by a smaller one; but this will not affect the vali
dity of inequalities (3). Let a0 be the endpoint of the interval (a, b) 
at which Newton’s method is to be applied. On the basis of formula 
(2) we get a succession of approximate values of the root a: au a2, . . .
. . ., aA, . . lying in the interval (a, b) and related by the equali
ties

=  i &=1> 2, . . .

Let
a — 4" A — 0, 1, 2, . . . (6)
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Then
0 =  /  (a) =  /  (a») +  hkf  (ak) +  ^ - f  (a* +  6h„)

where 0 <  0 <C 1. Since f  (ah) ^=0 due to the condition imposed 
on the interval (a, b), we get, taking into account (5) and (6),

h% f" (ah - ] -Qhk ) u , f ( a h )

2 f ' ( a h) n h  1 f ' ( a k )

Whence

« -  =  <*-«*.,=* A*,

Thus

hk+i | = r(gfc+flAQ 
2 r  («k) < H ^  =  Chl, k*= 0, 1, 2, . . .

\h k+l \ < C h , l < C * h . U t < C h ’k- 2 <  . . .  <C2‘rt- 1* f+1
or, since | I =  | a — a0 | <C b — a,

|* * « l< C -‘ [C(i>-o))2’‘tl. * =  0 , 1 , 2 , . . .  (7)
Whence, because of condition (4), it follows that the difference hh 
between the root a and its approximate value ah obtained by successive 
application of the Newton method tends to zero with increasing k. The 
proof is complete.

Note that (7) gives an estimate of the error for the (k +  l)th 
step; this is essential if the Newton method is used by itself and 
not in conjunction with the method of linear interpolation.

Texts dealing with the theory of approximations give procedures 
with better arranged computations (that simplify their use) than 
those we have given. Such courses also describe many other methods 
for approximating roots. These include the method of Lobachevsky 
(sometimes erroneously called the GraeSe method). This method 
enables one to find at once the approximate values of all roots, inclu
ding complex roots, and does not require a preliminary isolation 
of the roots. However, the computations are extremely unwieldy. 
Underlying this method is the theory of symmetric polynomials, 
which we describe in Chapter 11 below.



CHAPTER 10

FIELDS 
AND POLYNOMIALS

43. Number Rings and Fields

In the earlier parts of this book we have frequently been in a 
position where we investigated complex numbers or only real numbers 
with the proviso that the results obtained hold true if we restrict 
ourselves to the real numbers (or, correspondingly, that they carry 
over word-for-word to the case of any complex numbers). As a rule, 
in all these cases it might be noted that the theory would hold true 
completely if we confined ourselves solely within the scope of the 
rational numbers. The time has now come to indicate the reasons 
for this parallelism and thus enable us to present the material 
(which follows) in its natural generality, that is to say, in accepted 
algebraic language. To do this, we introduce the concept of a field, 
and also the broader concept (which plays a subsidiary role in our 
course) of a ring.

Evidently, the systems of all complex, real and rational numbers, 
like the system of all integers, have one property in common: they are 
all closed not only under addition and multiplication, but under sub
traction as well. This property of the enumerated number systems 
distinguishes them, say, from the system of positive integers or posi
tive real numbers.

Any system of numbers, complex or (in the particular case) 
real, containing a sum, a difference and a product of any two of its 
numbers is termed a number ring. Thus, the systems of all integers, 
and of rational, real and complex numbers are number rings. On 
the other hand, no system of positive numbers is a ring since if a 
and b are two different numbers, then either a — 6, or & — a is 
negative. Neither is a system of negative numbers a ring because* 
the product of two negative numbers is positive.

The four examples given above do not by any means exhaust 
the range of number rings. A few more instances will now be given; 
each time it is left to the reader to verify that the number system 
is indeed a ring.

17—5760
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The even numbers form a ring; generally, for any natural number 
n the collection of integers exactly divisible by n is a ring. The 
odd numbers do not constitute a ring since the sum of two odd numbers 
is an even number.

Another instance of a ring is the collection of rational numbers 
whose denominators, in lowest terms, are powers of 2. This collec
tion includes, for example, all integers, since when simplified their 
denominators are 1, that is, two to the power zero. In this example, 
in place of 2 we can of course take any prime number p. Generally, 
taking any (finite or infinite) set of prime numbers and considering 
the system of rational numbers whose simplified denominators are 
divisible only by primes belonging to the given set, we again get a 
ring. On the other hand, the collection of rational numbers whose 
simplified denominators are not divisible by the square of any prime 
will not be a ring, since the indicated property of the numbers is not 
preserved in their multiplication.

Let us now examine number rings that do not lie entirely in the 
ring of rational numbers. A collection of numbers of the form

a +  b V  2 (1)

where a and b are any rational numbers, is a ring; in particular, 
this ring includes all rational numbers (for b =  0) and also the number 
Y 2 itself (for a =  0, b =  1). We would also have obtained a ring 
if we had confined ourselves to numbers of the form (1) with inte
gral coefficients a, b. In these examples, we could of course have 
taken J/̂  3 or Y 5, etc. in place of V 2.

The system of numbers of the form

a +  b Y l  (2)

with rational (or only integral) coefficients a, b is not a ring because 
the product of j/^2 by itself cannot, as can easily be checked, be 
written as (2).* However, the system of numbers of the form

a +  b +  c (3) * 2

* Indeed, let
y i  =  a+b,Y2 (2')

where the numbers a and & are rational. Multiplying both sides of this equation 
by f /2 , we get

2 =  a y / 2+&*/4

Substituting the expression (2') for >/4, we arrive (after some obvious manipula
tions) at the equation

(a+  62) Y2 =  2 — ab (2")
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with arbitrary rational coefficients a, b, c, is a ring, and this is 
also true if we confine ourselves to the case of integral coefficients.

Let us now consider all real numbers obtainable by applying 
several times the operations of addition, multiplication and sub
traction to the familiar number pi (ji) and any rational numbers. 
These will be numbers that can be written as

a0 +  atn +  a%Jt2 +  . . . +  (4)
where aQ, al5 a2, . . ., an are rational numbers, n 0. Note that 
no number can have two distinct notations of the type (4), for other
wise, by taking their difference, we would find that the number % 
satisfies some equation with rational coefficients; now methods of 
mathematical analysis tell us that actually ji cannot satisfy any 
equation with rational coefficients, which is to say that n is trans
cendental. Incidentally, even without taking advantage of this 
result, that is, assuming that the notation of a number in the form
(4) is unique, we can show that numbers like (4) constitute a ring.

Another ring is the collection of numbers obtained from n and 
rational numbers via operations of addition, multiplication, sub
traction and division applied several times. To prove this, there is 
no need to seek a particularly suitable notation for these numbers 
(though it may possibly be found). If the numbers a and p are obtai
ned from n and some rational numbers by the indicated operations, 
then quite naturally it will be true of the numbers a -f- p, a — p,
ap and also (for p =£ 0) of the number ^ .

Finally, if we take the collection of complex numbers a +  bi 
with arbitrary rational a, b, we get a ring; this will also be true 
if we confine purselves to integral coefficients a, b.

The examples given above do not give a full picture of the great 
diversity of number rings. But we will not now continue the list 
of examples and will examine one special and very important type 
of number ring. We of course know that in the systems of rational, 
real, and complex numbers, division (except by zero) is unlimited, 
whereas these number systems are not closed under division of inte
gers. Up to now we paid but slight attention to this difference. Actu
ally, it is very essential and brings us to the following definition.

A number ring is called a number field if it contains the quotient 
of any two of its numbers (the divisor is of course assumed to be

If a +  fc2 =£ 0, then
3/« 2—ab
V '2'~  a +  62

which is impossible since the number on the right is rational. But if a -f- b2 =  
=  0, then, by (2") we have 2 — ab — 0. From these two equations follows the 
fact that b3=  —2 which is again out of the question since the number b is 
rational.
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different from zero). We can thus speak of the field of rational num
bers, the field of real numbers, the field of complex numbers, 
whereas the ring of integers does not constitute a field.

Some of the earlier considered examples of number rings are 
actually fields. To begin with, notice that there do not exist number 
fields different from the field of rational numbers and entirely embed
ded in it (we do not consider the system of zero alone to be a field).

Even the following more general assertion holds true.
The field of rational numbers lies entirely within any number field.
Indeed, let there be some number field, call it P. If a is any 

number of P different from zero, then P also contains the quotient 
of the division of a by itself, that is, the number 1. Adding unity 
to itself several times, we find that all the natural numbers lie in 
the field P. On the other hand, P must also contain the difference 
a — a, which is the number 0, and so P contains the result of sub
tracting any natural number from zero, which is to say, any negative 
integer. Finally, P contains the quotients of all integers, or, gene
rally, all rational numbers.

The field of complex numbers contains many different fields, and 
the field of rational numbers is only the smallest in it. Thus, the 
ring, considered above, of numbers like

a -f- b ']/' 2 (5)
with arbitrary rational (and not only integral) coefficients a, b is 
a field. To see this, consider the quotient of two numbers of the 
form (5), a +  b ]/ 2 and c +  d Y 2 \ consider the second number to 
be different from zero, hence the number c — d ] /2  is also nonzero, 
and so

q  +  fc-1 / 2  _ ( a  +  b V 2 ) ( c - d ] / 2) _ac— 2 bd . be —  ad 
c - f d l / 2  [c +  d - y i )  ( c - d  V 2 )  c 2—  2d2 +  C2 -2 d *  V

We again have a number of type (5), and the coefficients remain 
rational. In this example, the number ]/"2 may naturally be repla
ced by the square root of any rational number whose square root 
cannot be taken in the field of rational numbers. Thus, the field is 
made up of numbers of the form a -f- bi with rational a, b.

44. Rings
In various divisions of mathematics, and also in applications 

of mathematics to science and engineering, one often has to perform 
algebraic operations with a variety of nonnumerical entities. The 
preceding chapters of this book afford numerous examples: the 
multiplication and addition of matrices, the addition of vectors, 
operations involving polynomials, operations on linear transforma-
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tions. The general definition of an algebraic operation that is sati
sfied by the operations of addition and multiplication in number 
rings, and also by operations in the indicated examples, consists 
in the following.

A set M  is given that consists either of numbers or of objects 
of a geometrical nature, or, generally, of certain things which we 
will call elements of the set. We say that an algebraic operation is 
defined on the set M  if a law is indicated according to which any 
two of elements a, b of the set are uniquely associated with some 
third element c which also belongs to M. This operation may be 
called addition, then c is termed the sum of the elements a and b and 
is denoted by the symbol c =  a ~f- b\ the operation may be called 
multiplication, then c is the product of the elements a and &, c ~  ab) 
finally, it may be that a new terminology and symbolism will be 
introduced for an operation defined on M.

In each of the number rings are defined two independent opera
tions, addition and multiplication. Subtraction and division will 
not be considered new operations since they are the inverses of addi
tion and multiplication if we accept the following general defini
tion of an inverse operation.

Let an algebraic operation, say addition, be defined on the set
M. Then we say that there is an inverse operation called subtraction 
if for any two of elements a, b of M  there exists in M  an element d 
that is unique and that satisfies the equation b d =  a. The ele
ment d is then called the difference between the elements a and b 
and is denoted by the symbol d — a — b.

It is obvious that in number fields, both addition and multipli
cation have inverses. True, there is one restriction relative to multi
plication: the divisor must be different from zero. Now in number 
rings that are not fields (say, in the ring of integers), only addition 
has an inverse operation.

On the other hand, in the system of all polynomials in the un
known x, whose coefficients belong to a fixed number field P, there 
are also defined two operations: addition and multiplication, addi
tion having the inverse operation of subtraction.

As we know, both in number rings and in the system of polyno
mials, the operations of addition and multiplication have the follo
wing properties (a, b, c are arbitrary numbers in the number ring 
under consideration or are arbitrary polynomials in the system at 
hand):

I. Addition is commutative: a +  b — b -f- a.
II. Addition is associative: a +  (b +  c) — (a -{- b) - f  c.

III. Multiplication is commutative: ab =  ba.
IV. Multiplication is associative: a (be) =  (ab) c.
V. Multiplication is distributive over addition:

(a +  b) c =  ac -{- be.
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We are now prepared for a general definition of the concept of 
a ring, one of the most important concepts of algebra.

A set JR is called a ring if on it are defined two operations: addi
tion and multiplication, both commutative and associative and also 
related by the distributive law, addition having the inverse opera
tion of subtraction.

We thus have the following examples of rings: number rings, 
rings of polynomials in the unknown x with coefficients from the 
given number field or even from the given number ring. Let us take 
one more example which illustrates the breadth of the ring 
concept.

The course of mathematical analysis begins with a definition 
of a function of a real variable x. Let us consider the collection of 
functions that are defined for all real values of x and that take on 
real values; let us define algebraic operations in this collection as 
follows: the sum of two functions /  (z) and g (x) is a function whose 
value for any x — xQ is equal to the sum of the values of the given 
functions, that is, it is equal to /  (a:0) +  S (̂ o)- The product of these 
functions is a function whose value for every x =  x0 is equal to the 
product /  (#0) •g (.Zo)- For any two functions of the collection at hand, 
there obviously exists a sum and a product. The truth of Proper
ties I to V is verified without ahy difficulty. The addition and multi
plication of functions reduce to the addition and multiplication 
of their values for any x, which is to say, they reduce to operations 
on real numbers, for which the Properties I to V hold. Finally, ta
king for the difference of the functions f  (#) and g (x) a function whose 
value for any x =  xQ is equal to the difference /  (x0) — g (xQ), we 
arrive at the operation of subtraction, the inverse of addition. This 
proves that the collection of functions defined for all real x becomes 
a ring as soon as we introduce (as indicated above) the operations of 
addition and multiplication.

Other examples of rings of functions may be obtained by conside
ring otherwise defined functions, while preserving the definitions 
of operations on functions given above: functions defined, say, only 
for positive values of the unknown x, or functions defined for values 
of x over the interval [0, 1]. Generally, a system of all the functions 
having some given domain of definition is a ring. We could also obtain 
rings by regarding not all the functions defined in a given domain, 
but only the continuous functions studied in the course of mathema
tical analysis. On the other hand, we could consider the complex 
functions of a complex variable. Generally speaking, there are very 
many different function rings, just as there are a great diversity of 
number rings.

Let us now establish some of the more elementary properties 
of rings which follow directly from the definition of a ring. For 
numbers, these properties are quite ordinary, but the reader will
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possibly be surprised to find that they are consequences only of the 
Conditions I to V and the existence of unique subtraction.

First a few remarks regarding the significance of Conditions I 
to V. The role of the commutative laws is evident enough. The signi
ficance of the associative laws consists in the following: the defini
tion of an algebraic operation speaks of the sum or product of only 
two elements. If we attempt to define the product of, say, three 
elements a, b, c, then we have the difficulty that the products au 
and vc, where be =  u, ab =  v, may, generally speaking, not coin
cide, that is, a (be) (ab) c. The associative law demands that 
these products be equal to one and the same element of the ring: 
it is natural to take this element for the product abc, written without 
brackets. What is more, the associative law permits defining uniquely 
the product (sum) of any finite number of elements of the ring; that 
is, it permits proving that a product of any n elements is independent 
of the original arrangement of parentheses.

Let us prove this assertion by means of induction with respect 
to the number n. It has already been proved for n =  3, and so let 
us assume n >  3 and also that for all numbers less than n our asser
tion has already been proved. Let there be elements a2, . . ., an 
and let there be some kind of arrangement of parentheses in this 
system indicating the order in which multiplication is to be perfor
med. The last step will be the multiplication of the product of the 
first k elements a^ . . . ah (where — 1) by the pro
duct ah+iah+2 . . . an. Since these products consist of a smaller, 
than n, number of factors and for this reason, by hypothesis, are 
uniquely defined, it remains to prove the following equation for 
any k and I:

( & la 2 • • • ®fc) ( f l / t+ i ® f c + 2  * • • d i )  (®1®2 • • * ( ® / + l ® Z + 2  • • • d l )

To do this, it will suffice to consider the case I =  k -}- 1. But then, 
setting

^  bj ® fc+2® fc+3 • • • di. = C

we get, by the associative law,

& (flft+ic) =  (bah+i) c

Which proves our assertion.
We can speak, in particular, about the product of n equal ele

ments; that is, we can introduce the concept of a power, an, of the 
element a with positive integral exponent n. It is easy to verify that 
all the ordinary rules for operating with exponents hold true in any 
ring. Analogously, the associative law of addition leads to the 
concept of a multiple, na, of the element a by a positive integral 
coefficient n.
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The distributive law, that is, the usual rule for removing brackets, 
is the only requirement in the definition of a ring that connects addi
tion and multiplication; it is only through this law that the joint 
study of the two indicated operations yields more than could be 
obtained in their separate study. The statement of the distributive 
law involves the sum of only two terms. However, it can readily 
be proved that the equality

(a* +  a2 -j- . . . +  ah) b =  â b -j- a%b +  . . . -j- ahb
holds for any k and that the general rule of multiplication of a sum 
by a sum is true.

Also, the distributive law holds true in any ring for a difference as 
Well. Indeed, by the definition of a difference, the element a — b 
satisfies the equality

b {a — b) — a
Multiplying both sides of this equation by c and applying the distri
butive law to the left member, we get

be +  (a — b) c =  ac
Element (a — b) c is consequently the difference of the elements ac 
and be:

(a — b) c — ac — be
Very important properties of rings follow from the existence 

of subtraction. If a is an arbitrary element of a ring R , then the 
difference a — a will be some quite definite element of the ring. 
Its role is similar to that of zero in number rings, but, by definition, 
it may depend on the choice of the element a and therefore we will 
provisionally denote it by 0a.

We will prove that actually the elements 0a are equal for all a. 
Indeed, if b is some other arbitrary element of a ring R , then by 
adding the element 0a to both sides of the equation

a -f- (b — a) =  b

and using the equation 0a +  a =  a, we get
0a -f- b — 0a -f- a (fb — £i) — a -j- *(6 — d) — b

Thus, 0a =  b — b =  0b.
We have proved that any ring R possesses a uniquely defined ele

ment which when added to element a of that ring is a. We call this 
element the zero element of the ring R and we denote it by 0. We 
believe there is no real danger of confusing it with the number zero. 
Thus,

a +  0 == a for all a in R
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To continue, in any ring there exists for any element a uniquely 
defined inverse element —a which satisfies the equation

a +  (—a) =  0

Namely, this element is the difference 0 — a; the uniqueness follows 
from the uniqueness of subtraction. It is obvious that —(—a) =  a. 
The difference b — a of any two elements of a ring may now be 
written as

b —- a =  b +  (—o)
Indeed,

[b +  (—a)] +  a =  b +  t(—a) +  a] =  6 +  0 =  6
For any element a of the ring and for any positive integer n we 

have the equality
n (—a) =  —(na)

And true enough, grouping the terms we get
na +  n (—a) — n [a +  (—a)] =  n-0 =  0

We are now in a position to define negative multiples of an ele
ment of a ring: if n >  0, then the equal elements n (—a) and -—(na) 
will be denoted by (—n) a. Let us finally agree to use the term zero 
multiple 0 a of any element a for the zero element of the ring under 
consideration.

We have defined zero solely by means of the operation of addi
tion and its inverse, that is to say, without using multiplication. 
However, in the case of numbers, the number zero has a characte
ristic and very important property with respect to multiplication 
too. It turns out that this property is possessed by the zero element 
of every ring: in any ring the product of any element by zero is zero. 
The proof rests directly on the distributive law: if a is an arbitrary 
element of a ring R, then no matter what the auxiliary element x 
of this ring, we get

a-0 =  a (x — x) — ax — ax — 0
Using this property of zero, we can prove that in any ring the 

following equality holds for any elements a, 6:
(—a) 6 =  —ab

True enough,
ab +  (—a) b =  [a +  (—a)] 6 =  0-6 =  0

Which implies that the familiar yet somewhat mysterious rule 
for the multiplication of negative numbers, “two negatives make 
a positive”, also follows from the definition of a ring, that is, in
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any ring we have the equality
(—a) (—6) =  ah

Indeed,
(—a) (—b) — —[a (—6)3 =  —(—ab) — ab

The reader will not find any difficulty now in proving that in any 
ring all the rules for operating with the multiples of any number hold 
true for the multiples (including negative multiples) of any element.

Thus, the algebraic operations in an arbitrary ring have many 
of the familiar properties of operations on numbers. However, one 
should not think that every property of addition and multiplica
tion of numbers is preserved in any ring. For instance, the multi
plication of numbers has a property which is the converse of the 
one considered above: if a product of two numbers is equal to zero, 
then at least one of the factors is zero. This property cannot be 
carried over to all rings. In some rings we can find pairs of nonzero 
elements whose product is equal to zero, that is, a =£ 0, b ^  0, but 
ab =  0; elements a and b with this property are called divisors 
of zero.

Naturally, among the number rings one cannot find any instances 
of rings with zero divisors. Likewise there are no zero divisors among 
the rings of polynomials with numerical coefficients. However, many 
function rings have zero divisors. First of all, let us note that in any 
function ring a zero is a function equal to zero for all values of the 
variable x. Let us now construct the following functions f (x) and 
g [x) defined for all real values of x:

f (x) — 0 for x ^  0, /  (x) =  x for x >  0,
g (x) =  x for x ^  0, g {x) =  0 for x >  0

Both functions are nonzero since their values are not equal to zero 
for all values of x, but the product of these functions is zero.

Not all the requirements I to V that enter into the definition 
of a ring are necessary in equal measure. The development of mathe
matics shows that whereas the properties I and II of addition and 
the distributive law V occur in all applications, the inclusion of 
the multiplication properties III and IV in the definition of a ring 
is too confining and narrows the sphere of application of this con
cept. Thus, when the set of square matrices of order n with real 
elements is regarded with the operations of addition and multipli
cation of matrices, it satisfies all the requirements in the definition 
of a ring, with the exception of the commutative law of multipli
cation. Noncommutative multiplications are encountered so often 
and in such important instances that the term “ring” is now usually 
interpreted to mean a noncommutative ring (or, more precisely, a not 
necessarily commutative ring, in the sense of possible noncommuta-
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tivity of multiplication), and the special type of ring in which requi
rement III is fulfilled is termed a commutative ring.

There has also been much interest recently in rings with nonas- 
sociative multiplication and the general theory of rings under con
struction is now a theory of nonassociative (that is to say, not neces
sarily associative) rings. An elementary instance of such a ring is 
the set of vectors of three-dimensional Euclidean space under the 
operations of the addition and (taken from the course of analytic 
geometry) the vector multiplication of vectors.

45. Fields
In the set of number rings, we singled out and gave the name 

number fields to those rings which admit division (except by zero). 
It is natural to do this in the general case as well. First note that 
no ring admits division by zero in virtue of the above-proved property 
of zero under multiplication: to divide an element a by zero means 
to find, in that ring, an element x such that 0 -x =  a, which for 
a ■=/= 0 is impossible, since the left-hand side is equal to zero.

Let us introduce the following definition.
A ring P is termed a field if it consists of more than zero alone 

and if division can be performed uniquely in all cases except divi
sion by zero; that is to say, for any elements a and b in P, b 0, 
there is in P a unique element q which satisfies the equality bq =  a. 
The element q is called the quotient of the elements a and b and is
denoted by the symbol q — —

Quite naturally, all number fields are instances of fields. A ring 
of polynomials in the unknown x with real coefficients and, gene
rally, with coefficients taken from some number field, is not a field. 
The division with a remainder that polynomials have differs of 
course from exact division, which is assumed in the definition of 
a field. On the other hand, it is easy to see that the set of all fractional 
rational functions with real coefficients (see Sec. 25) will be a field 
containing the ring of polynomials, just like the field of rational 
numbers contains the ring of integers.

We could point to certain other instances of fields within the 
ring of functions, but instead we will examine examples of quite 
a different sort.

All the number rings, and in general all the rings we have con
sidered so far, contain infinitely many elements. There are, however, *

* The uniqueness of division in a field, just like the assumed uniqueness 
of subtraction in the definition of a ring, can actually be proved without any 
difficulty by means of the requirements that enter into the definition of a field 
(or ring).
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rings and even fields consisting only of a finite number of elements. 
The simplest examples of finite rings and finite fields which are essen
tial objects in the theory of numbers are constructed in the follo
wing manner.

Take any natural number n different from 1. The integers a and b 
are called congruent modulo n,

a zz= b (mod n)
if these numbers yield the same remainder when divided by n, 
that is to say, if their difference is exactly divisible by n. The entire 
ring of integers is separated into n mutually exclusive (noninter
secting) classes

Cqi C\, . . . »  Cn-1 (1)
of numbers congruent modulo n, the class Ch, k =  0, 1, . . . »  n — 1, 
consists of numbers which yield, upon division by n, the remainder 
k. It turns out that it is possible, in a very natural way, to define 
the addition and multiplication of these classes.

For this purpose, let us take any (not necessarily distinct) classes 
C h and Ci from the system (1). Adding any number of class C h to 
any number of class Ci, we obtain numbers lying in one very defi
nite class, namely, in the class Ch+i, if k +  I <C n, or in the class 
Ch+i-n  if k +  I 72. This leads to the following definition of the 
addition of classes:

Ch +  Cl =  Ch+l for /c +  Z<72, (2)
Ch +  Ci =  Ch+i-n for k -f- I n

On the other hand, multiplying any number of class by any 
number of class Ci we get numbers lying in a definite class, namely 
the class CT, where r is the remainder left after dividing the product 
kl by 72. We thus have the following definition of the multiplication 
of classes:

Ch'Cx =  Cr, where kl =  nq +  r, 0 ^  r <  72 (3)
The system (1) of classes of integers congruent modulo n is a ring 

with respect to the operations defined by the conditions (2) and (3). 
Indeed, the requirements I-V are readily seen to be valid from the 
definition of a ring, but this validity also follows from the truth of 
these requirements in the ring of integers and from the relationship, 
indicated above, between operations on integers and operations 
on classes. Zero is obviously the class C0 consisting of numbers exactly 
divisible by n. The class opposite to Cfe, k =  1, 2, . . ., n — 1, is 
the class Cn-h. In the system (1) of classes it is thus possible to 
define subtraction, that is, this system satisfies all the requirements 
of the definition of a ring. Let us agree to denote the resulting ring 
by Zn.
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If the number n is a composite number, then the ring Zn possesses 
zero divisors and therefore, as will be shown below, it cannot be a 
field. Indeed, if n =  kl where 1 < ik < in , 1 < il< in ,  then the classes 
Ch and Ci are different from the zero class C0, but by the definition 
of the multiplication of classes [see (3)], Ch-Ci =  C0.

But if the number n is prime, then the ring Zn is a field.
To see this, let there be classes Ch and Cm, C C 0, i.e., 1 ^  

^  k ^  n — 1. We have to show that it is possible to divide Cm by 
Ck, or to find a class Ci such that Ch-Ci =  Cm. If Cm =  C0, then 
Ci =  Co as well. But if Cm C0, then we consider the set of numbers

k, 2k, 3k, . . (n — 1) /c (4)

All these numbers lie outside the zero class C0, since the product of 
two natural numbers less than a prime n is not divisible by n. Also, 
no two numbers sk and tk from (4), s <  t, can be in one class, for 
then their difference

tk — sk — (t — s) k
would be divisible by n , which again is in conflict with the primality 
of the number n. Thus every nonzero class contains exactly one num
ber from the set (4). For instance, in the class Cm there is the number 
Ik, where 1 ^  I ^  n — 1, that is, CrC^ =  Cm, and then class Ci 
will be the desired quotient resulting from the division of Cm by Ch.

We have thus obtained an infinity of distinct finite fields: the 
field Z2, consisting of only two elements, and also the fields Z3, Z5, 
Z7, Zn and so on.

Let us examine some properties of fields that follow from the 
existence of division. These properties are similar to those of rings 
based on the existence of subtraction and are demonstrated by the 
same arguments, and so the proof will be left to the reader.

Every field P has a uniquely defined element whose product by any 
element a of the field is equal to a. This element, which coincides with
equal quotients for all nonzero a is called the unity (unit) element
of the field P and is denoted by 1. Thus,

a -i =  a for all a in P
For every nonzero element a, there is, in every field, a unique inverse 
element a~l which satisfies the equality

a-a-1 =  1

namely, a-1 =  —. It is obvious that (a-1)"1 =  a. The quotient y  
may now be written in the form

— — b-a 1 a
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For any element a different from zero and for any positive inte
ger n we have the equality

(a-!)n =  (a")-1

Denoting these equal elements by a~n, we arrive at negative powers 
of an element of the field for which the ordinary operating rules hold. 
Let us finally agree that a0 =  1 for all a.

The existence of a unit element is not a characteristic property 
of fields: the ring of integers, for instance, has a unit element. Yet 
the example of the ring of even numbers shows that not all rings pos
sess a unit element. On the other hand, any ring possessing a unit ele
ment and an inverse for every nonzero element is a field. Indeed, in
this case for the quotient — , a =/= 0, we have the product ba~x. It
is easy to prove the uniqueness of this quotient.

Notice that no field has zero divisors. Let ah =  0, but a =̂= 0. 
Multiplying both sides of the equality by the element o r 1 , we get 
(<a~xa) h == 1 -b — h on the left and a- 1 0 =  0 on the right, or b — 0. 
From this it follows that in any field any equality may be divided by a 
common nonzero factor. This is so, since if ac =  be and c =̂= 0, then 
(a — b) c — 0, whence a — b — 0, or a — b.

From the definition of the quotient (where b 0) and from
the above-proved possibility of writing it as the product a&~\ it is 
easy to see that all the ordinary rules for handling fractions hold true 
in any field, namely:

=  Y  if and only if ad=bc, 
a ( c ad ±  be

T ± 7 == bd ’
a c ac
T ' ~ d = ~bd ’

— a _  a 
~b~~~ ~ ~ T

The characteristic of a field. Not all properties of number fields 
hold true in the case of arbitrary fields. Say, if we take 1 and add 1 
to it several times, that is, if we take any positive integral multiple 
of one, we will never get zero, and, generally, all these multiples 
(that is, all natural numbers) are distinct. But if we take integral 
multiples of unity in some finite field, then there will invariably be 
equal integral multiples, since the field has only a finite number of 
distinct elements. If all the integral multiples of unity of a field P 
are distinct elements of P, that is, k -i =/= l- \  for k ={=■ I then we say 
that the field P has characteristic zero. Such for example are all the 
number fields. But if there exist integers k and I such that k >  I,
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but in P we have the equality 7c 1 =  Z l, then (k — Z)-l =  0, 
i.e., there exists in P a positive multiple of unity which is equal 
to zero. In this case P is called a held of a finite characteristic, namely 
of the characteristic p, if p is the first positive coefficient with which 
the unit element of the field P vanishes. All finite fields are examples 
of fields of a finite characteristic. Incidentally, there also exist infi
nite fields having a finite characteristic.

If a field P has a characteristic p, then the number p is prime.
Indeed, from the equality p =  st, where s < p ,  t <; p, would 

follow the equality (s-1) ( t - 1) =  p -1 =  0, that is to say, since a 
field cannot have zero divisors, then either s-1 =  0 or t-1 = 0 ,  
which, however, runs counter to the definition of a characteristic as 
the least positive coefficient which makes the unit element of the 
field vanish.

If the characteristic of a field P is equal to p, then for any element a 
of the field we have the equality pa — 0. But if the characteristic of 
the field P is 0 and a is an element of the field, n an integer, then from 
a 0 and n ^  0 it follows that na 0.

Indeed, in the first case the element pa (that is, the sum of p 
terms equal to a) can, by factoring out a, be represented as

pa =  a (p-1) =  a 0 =  0
In the second case, from the equality na — 0, that is, a (n-1) =  0, 
we would get n -1 = 0 ,  a 0; that is,'since the characteristic of 
the field is zero, n =  0.

Subfields, extensions. Suppose in the field P a portion of the 
elements (some set P') is itself a field with respect to the operations 
defined in P; that is to say, for any two elements a, b in P ', the
elements (in the field P) a -f b, ab, a — b, and, for b 0, — belong
to P' (the laws I to V will of course hold in P' since they hold in P). 
Then P' is a subfield of the field P, and P is an extension of the field P'. 
Quite naturally, the zero and unity of P will lie in P' as well and 
will also serve in P' as zero and unity. Thus, the field of rational 
numbers is a subfield of the field of real numbers; all number fields 
are subfields of the field of complex numbers.

Let there be given in the field P a subfield P f and an element c 
exterior to P' and suppose we have a minimum subfield P" of P 
which contains both P r and c. There can only be one such minimum 
subfield, since if Pm were one more subfield with these properties, 
then the intersection of subfields P" and Pm (i.e., the collection 
of elements common to both subfields) would contain P' and the 
element c and, together with any two of its elements, it would 
contain their sum (this sum must lie both in P" and in P m , and so 
also in their intersection) and likewise their product, difference and 
quotient; in other words the intersection would itself be a subfield,
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but this contradicts the minimality of the subfield P". We will say 
that the field P" is obtained by adjoining an element c to the field P'; 
symbolically, we write P" =  P' (c).

The field P' (c) naturally contains, besides the element c and 
all the elements of the field P ', also all the elements which are 
derived from them by the operations of addition, multiplication, 
subtraction and division. By way of illustration, recall the extension 
(considered in Sec. 43) of the field of rational numbers consisting 
of numbers of the form a -j- b V 2 with rational a, b; this extension 
results from adjoining the number ]/"2 to the field of rational num
bers.

46. Isomorphisms of Rings (Fields).
The Uniqueness of the Field of Complex Numbers

The concept of an isomorphism plays an important role in the 
theory of rings. Namely, the rings L and L' are called isomorphic if 
a one-to-one correspondence can be set up between them such that 
for any elements a, b in L and for the corresponding elements a', b' 
in L ', the sum a -f- b corresponds to the sum a1 +  b', and the pro
duct ab corresponds to the product a'b'.

Suppose an isomorphic correspondence exists between the rings 
L and V . In this correspondence, the zero 0 of L corresponds to the 
zero O' of L’. Indeed, suppose the element Ois associated with an ele
ment c' of V . Take an arbitrary element a of L and the associated 
element a' of L '. Then to the element a +  0 there has to correspond 
the element a +  c'\ but a +  0 =  a, and so a' +  c' =  a', whence 
c' — O'. Furthermore, the element —a is associated with the element 
—a'. Indeed, let the element —a be associated with the element d'. 
Then to the element a +  (—a) =  0 there will have to correspond 
the element a' +  d’, that is, a' d' =  O', whence d' — — a'. This 
implies that to a difference of elements in L there corresponds a diffe
rence of the corresponding elements of L '. By similar arguments it 
may be shown that if the ring L has a unit element, then the image 
of this element (i.e., the element corresponding to it in V  under 
the given isomorphism) will be the unit element of the ring L ’, 
and if the element a from L has the inverse a-1, then in L ' the image 
of a~l is the inverse element of a .

This implies that a ring isomorphic to a field is itself a field. It 
is also easy to see that the property of a ring not to have zero divi
sors also holds in an isomorphic correspondence. Generally speaking, 
isomorphic rings can differ as to the nature of their elements, but 
they are identical with respect to their algebraic properties. Any 
theorem which has been proved relative to some ring will hold true 
for all rings isomorphic to that ring, provided that the proof does 
not involve any individual properties of the elements of the ring
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but only the properties of the operations. For this reason we will 
not consider isomorphic rings or fields to be distinct; for us they will 
simply be different copies of one and the same ring or field.

Let us apply this concept to the problem of constructing the 
field of complex numbers. The construction, given in Sec. 17, of 
the field of complex numbers was based on the use of points in the 
plane. This is not the only possible construction. In place of points, 
we could have taken line segments (vectors) in the plane that emanate 
from the coordinate origin, and by specifying these vectors via their 
components a, b on the coordinate axes, we could have defined addi
tion and multiplication of the vectors with the aid of the same formu
las (2) and (3) of Sec. 17, as in the case of points in the plane. We 
could have gone further still and dispensed with geometrical mate
rial altogether: noting that points in a plane and also vectors in a 
plane can be represented by ordered pairs of real numbers (a, b), we 
could simply take the collection of all such pairs and introduce 
addition and multiplication via formulas (2) and (3) of that section.

With respect to their algebraic properties, all these fields would 
be indistinguishable, as witness the following theorem.

All extensions of the field D of real numbers derived by adjoining 
to D a root of the equation

x* +  1 =  0 (1)
are isomorphic among themselves.

Indeed, suppose we have a field P which is an extension of the 
field D and contains an element satisfying equation (1). The choice 
of denoting this element is up to us, and we use the letter i. We thus 
get the equation ia 1 =  0 (whence i2 =  — 1), where involution 
and addition are to be understood in the sense of the operations 
defined in the field P. We now want to find the field D (i) obtained 
by adjoining the element i to the field Z>, that is, we wish to find the 
minimal subfield of the field P  containing both D and the element i.

For this purpose, let us examine all the elements a of the field 
P which can be written in the form

a =  a -f- bi (2)
where a and b are arbitrary real numbers, and the product of the 
number b by element i and the sum of the number a and this pro
duct are to be understood in the sense of the operations defined in 
the field P. No element a  of P can possess two different representa
tions of that form: from

a = a - { - b i = a - { - b i  
and b =̂ =b there would follow

a — a  I = ---- —
b—b

18—5760
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That is, i would be a real number, but if 6 =  6, then a =  a. In 
particular, the elements of P written as (2) include all real numbers 
(the case 6 =  0) and also the element i (the case a =  0, 6 =  1).

We will now show that the collection of all elements of type (2) 
constitutes a subfield of the field P. This will then be the desired 
field D (i). Suppose we have the elements a =  a +  hi and |3 =  
=  c +  di. Then, using the commutativity and associativity of addi
tion and the distributive law, all of which hold in P, we get

oc J3 =  (a - j -  bi) - f -  (c - f -  di)  — (a -\- c) - f -  ( bi - f -  di)
whence

a +  p =  (a +  c) +  (6 -f- d) i (3)
Thus, this sum again belongs to the set of elements under considera
tion. Furthermore,

—P =  {—c) -f  (—d) i
since, by (3), the equality p +  (—{3) =  0 -j- Oi =  0 holds true. 
Therefore

a -  p =  a 4- ( -p )  =  (a -  c) +  (6 -  d) i (3')
That is to say, this set is also closed under subtraction. Again using 
properties from I to V, which hold for operations in the field P 
(see Sec. 44), and relying on the equality i2 =  — 1, we get 

ccfi =  (a -f- bi) (c -j- di) =  ac ~h adi -f- bci -f- bdi2
that is,

a|3 =  (ac — bd) -f- (ad +  be) i (4)
Thus the product of any two elements of the type (2) is again an ele
ment of this type. Finally, suppose that p ^=0, i.e., at least one of 
the numbers c, d is nonzero. Then we will also have c — di =£0 and

(c +  di) (c — di) =  c2 — (di)2 =  c2 — d2i2 =  c2 -f- d2
and c2 d2 ^  0. Therefore, using the assertion (stated in the pre
ceding section) that all the ordinary rules of handling fractions 
hold true in any field, and thus, in particular, that a fraction remains 
unchanged when the numerator and denominator are multiplied 
by the same nonzero element, we obtain

a __ a - \ - b i  _  ( a - \ - b i )  (c —  d i)  _  (a c - \ - b d ) - \ - ( b c — a d ) i  
P c-j-rfi (c - \ - d i ) ( c —d i )  c2-f-c22

That is to say, the element
a   a c - \ - b d  , be — a d  . ///x
]T ~  c2-f d2 c2-f-rf2 1 (4 )

again has the form (2).
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We will now show that the subfield D (i) which we have derived 
from the field P is isomorphic to that field of points in a plane that was 
constructed in Sec. 17. Associating with the element a -J- bi of the 
field D (i) a point (a, b), we obtain [due to the uniqueness—just 
proved—of the notation (2) for elements of the field D (i)] a one-to- 
one correspondence between the elements of this field and all the 
points in the plane. In this correspondence, the real number a is 
associated with the point (a, 0) because of the equality a — a +  Oi, 
and the element i =  0 +  1-i is associated with the point (0, 1). On 
the other hand, comparing formulas (3) and (4) of this section with 
formulas (2) and (3) of Sec. 17, we find that the sum and product of 
the elements a  and (3 of the field D (i) are correlated with the points 
which are the sum and, respectively, the product of points associa
ted with the elements a  and [3.

This completes the proof of the theorem, since all fields that are 
isomorphic to some given field are isomorphic among themselves. 
For one thing, we see that the choice (in Sec. 17) of formulas (2) and
(3) for determining operations involving points was not accidental 
and cannot be altered.

There are many other ways of constructing the field of complex 
numbers. Let us examine one which uses the addition and multi
plication of matrices.

We consider a noncommutative ring of second-order matrices 
over the field of real numbers. It is obvious that the scalar matrices

constitute in this ring a subfield that is isomorphic to the field of 
real numbers. It turns out, however, that in the ring of second-order 
matrices over the field of reals, we can also find a subfield that is isomor
phic to the field of complex numbers. Indeed, associate with every 
complex number a +  bi the matrix

In this way, the entire field of complex numbers is mapped one-to-one 
onto a part of the ring of second-order matrices, and from the equa
tions

— (ad-{-be) ac — bd

— (b-\-d) a-f-e/ ’
ac — bd ad-\- be

a-\-c 6 - f d \)

18*
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it follows that this mapping is isomorphic, since the matrices in 
the right-hand members correspond to the complex numbers 
(a -f- c) +  (b +  d) i =  (a +  bi) -|- (c +  di) and (ac — bd) +  (ad -f- 
+  be) i =  (a +  bi) (c +  di). In particular, the role of the imagi
nary unit i is played by the matrix

The foregoing result indicates yet another possible way of con
structing the field of complex numbers that is just as satisfactory 
as those considered earlier.

47. Linear Algebra and the Algebra of Polynomials 
over an Arbitrary Field

In the earlier chapters of this book devoted to linear algebra, the 
base field was the field of real numbers. It is easy to verify, however, 
that much of what was written in those chapters can be carried over 
word for word to the case of an arbitrary base field.

Thus, for an arbitrary base eld P, the Gaussian method for solving 
systems of linear equations, the theory of determinants and Cramer's 
rule, which were given in Chapter 1, all hold true. It is only the remark 
concerning skew-symmetric determinants (at the end of Sec. 4) 
which requires the assumption that the characteristic of the field 
P is different from two. Incidentally, the proof of Property 4 (same 
section) also breaks down if the characteristic of the field P is equal 
to two, though the property itself holds true.

It is also useful to note that the assertion (mentioned repeatedly 
in Chapter 1) on the existence of an infinity of distinct solutions to 
an indeterminate system of linear equations holds true in the case 
of any infinite base field P, but ceases to hold if P is finite.

The following carry over completely to the case of an arbitrary 
base field: the theory of linear dependence of vectors, the theory of die 
rank of a matrix and the general theory of systems of linear equations 
(see Chapter 2), and also the algebra of matrices (Chapter 3).

The general theory of quadratic forms constructed in Sec. 26 is 
carried over to the case of any base field P whose characteristic is different 
from two. As can be readily demonstrated, the fundamental theorem 
of this section ceases to hold without this restriction.

For example, let P  =  Z2, that is, let P  be a field consisting of 
two elements 0 and 1; let 1 -f- 1 — 0, whence —1 =  1, and let there 
be a quadratic form /  =  xix2 over this field. If there exists a linear 
transformation

xi — f" 1̂2̂ 2>
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which reduces f  to canonical form, then in the equation
/  =  (buVi +  bi2y2) (b2lyi +  b22y2)

=  bnb2iyl +  (6ii622 +  bi2b2l) yty2 +  6i2622y*

the coefficient 6h 6 22 -j- 6 426 2l of the product yiy2 must be equal to 
zero. But this coefficient is equal to the determinant of the linear 
transformation that we took, since irrespective of whether 6 126 21 =  1 
or 612621 =  0, we have 6 i26 2i — — 6 i26 2l in both cases. Our linear 
transformation turned out to be singular.

The rest of Chapter 6 is largely devoted to quadratic forms with 
complex or real coefficients.

Finally, the entire theory of linear spates and their linear trans
formations which was constructed in Chapter 7 holds true for the case 
of an arbitrary base field P. Incidentally, the concept of a characteri
stic root is connected with the theory of polynomials over an arbi
trary field (this will be discussed below). Notice that the theorem, 
in Sec. 33, on the relationship between characteristic roots and 
eigenvalues will now be formulated as follows: the characteristic 
roots of a linear transformation cp which lie in the base field P, and 
they alone, serve as the eigenvalues of this transformation.

Now the theory of Euclidean spaces (Chapter 8 ) is essentially 
connected with the field of real numbers.

We can also extend to the case of an arbitrary base field P  certain 
of the above-discussed sections of the algebra of polynomials. Howe
ver, it is first necessary to make precise the meaning of the concept 
of a polynomial over an arbitrary field.

In Sec. 20 we indicated two viewpoints concerning the concept 
of a polynomial: the formal-algebraic view and the function-theore
tic view. Both can be transferred to the case of an arbitrary base 
field. However, though they are equivalent in the case of number 
fields (see Sec. 24), and, as can readily be verified, of infinite fields 
in general, they cease to be equivalent in the case of finite fields.

Consider, for instance, the field Z2 introduced in Sec. 45 and 
consisting of two elements 0 and 1 with 1 -J- 1 =  0. The polynomials 
x -f- 1 and x2 +  1 with coefficients from this field are distinct; 
that is to say, they do not satisfy the algebraic definition of equality 
of polynomials. Yet, for x =  0, both these polynomials become 1, 
and for x — 1 they have the value 0 , that is to say, they must be 
considered equal as “functions” of the “variable” x , which takes on 
values in the field Z2. In the field Z3, consisting of three elements: 
0 , 1 , 2 , with 1 2 =  0 , the situation is the same relative to the
polynomials 3? +  x -f- 1 and 2x 1. Examples of this type can, 
generally, be indicated for all finite fields.

Thus, in the theory of an arbitrary field P, one cannot accept the 
function-theoretic view of polynomials. It consequently becomes
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necessary to make explicit the formal-algebraic definition of a poly
nomial. For this purpose, we will construct a ring of polynomials 
oyer an arbitrary field P such that dispenses, from the very start, 
with the ordinary notation of polynomials in terms of an “unknown” 
x.

Consider all possible ordered finite systems of elements of the 
field P having the form

(#0) • • •> O 'Jl-il ®7l) (1)

Here, n is arbitrary, n ^  0, but for n >  0 it must be true that 
a™ ¥= 0. Defining addition and multiplication for systems of the form 
(1) in accord with formulas (3) and (4), Sec. 20, we convert the col
lection of these systems into a commutative ring; the necessary proofs 
of the properties repeat word for word what was accomplished for 
number polynomials in Sec. 20.

In the ring we have constructed, systems of the form (a) (the 
case n — 0) constitute a subfield isomorphic to the field P. This 
permits identifying such systems with corresponding elements a 
of the field P, that is, setting

(a) =  a for all a in P (2)

On the other hand, denote the system (0, 1) by the letter x,
x =  (0, 1)

Then, applying the above-indicated definition of multiplication, we 
find that x2 — (0, 0, 1) and, generally,

»* =  (0, 0, 1) (3)

h times

Now using the definitions of addition and multiplication of 
ordered systems, and also equalities (2) and (3), we get

(«0. ®1» » • • •? 7̂1—1? ®7l)
— (flo) H- (0> a i) (0? ̂ 2)

+ (0, 0, . . ., 0, O n - 1) +  (0, 0, . . ., 0, a n )

v ■■ 1
n— 1 times

——
n times

— (a0) +  (#l) (0* 1) +  ( 2̂) (0> 0’ 1)
+  • • * +  i a n - l )  (0, 0, . . ., 0, 1) +  (a n) (0, 0, . . ., 0, 1)

v------y---- / v-----v------ '
n—1 times n times

=  aQ +  diX +  a2x 2 +  . . . +  an^x*1' 1 +  anxn
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Thus, any ordered system of type (1) can be written as a poly
nomial in x with coefficients from the field P, and this notation will 
evidently be unique. Finally, starting with the already proved com
mutativity of addition, we can go over to the notation in descending 
powers of x.

Consequently, we construct a commutative ring which it is na
tural to call a ring of polynomials in the unknown x over the field P. 
This ring is symbolized as P [x\.

The ring P [x\ contains the field P itself, as was demonstrated 
above. Now, as in the case of rings of polynomials over number fields 
(see Sec. 20), the ring P [ad has a unit element, does not have zero di
visors and is not a field.

If the field P is contained in a greater field P, then the ring P [ad 
is a subring of the ring P  [ad: any polynomial with coefficients from 
P can of course be considered a polynomial over the field P too; 
now the sum and product of polynomials depend solely on their 
coefficients, and for this reason they do not change when passing 
to a larger field.

To get a still better picture of the true extent of the concept 
of a “ring of polynomials over a field Pn, let us examine it from yet 
another angle.

Let the field P be contained as a subring in some commutative 
ring L. The element a of ring L is called algebraic over the field P 
if there exists an equation of degree n, n ^>.1, with coefficients from 
the field P that is satisfied by the element a. If there is no such equa
tion, then the element a  is termed transcendental over the field P. Natu
rally, the element x of the ring P [ad is transcendental over the 
field P.

The following theorem holds true.
If the element a of ring L is transcendental over the field P, then 

the subring L' obtained by adjoining the element a to the field P (i.e., 
the minimal subring of the ring L containing the field P and the 
element a) is isomorphic to the ring P [x\ of polynomials.

Indeed, any element |3 of the ring L which can be written as

P =  a0an +  aia71-1 +  . . . +  a*-!a +  a„, n >  0 (4)

with coefficients aQ, ax, . . ., an_i, an from the field P will be con
tained in the subring V . The element (3 cannot have two distinct 
notations of the form (4), since by subtracting one from the other we 
would find that there exists an equation over the field P satisfied 
by the element a, but this is in conflict with the transcendental 
nature of this element. Combining the elements of type (4) by the 
rules of addition in the ring L, it is of course possible to combine 
coefficients of like powers of a; but this coincides with the rule for
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adding polynomials. On the other hand, by multiplying elements 
of form (4) hi the rules for multiplication in the ring L, we can, 
using the dis ibutive law, perform termwise multiplication and 
then collect like terms. This evidently leads to the familiar law of 
multiplication of polynomials. This proves that elements of the 
type (4) constitute, in the ring L, a subring containing the field P 
and the element a  (that is, a subring coinciding with Z/), and that 
this subring is isomorphic to the polynomial ring P [x\.

We see that the choice of definitions for operations on polyno
mials we made above was not accidental; it is fully determined by 
the fact that the element x of the ring P [x\ must be transcendental 
over the field P.

Note that in constructing the polynomial ring P [x] we never 
used the division of elements of the field P and only once (namely, 
in proving the assertion on the degree of a product of polynomials) 
had to refer to the absence of zero divisors in the field P. It is there
fore possible to take an arbitrary commutative ring L and, repea
ting the foregoing construction, derive a polynomial ring L [x] over 
the ring L\ if in this case the ring L does not contain divisors of zero, 
the power of the product of the polynomials will be equal to the sum 
of the powers of the factors and therefore the polynomial ring L [x] 
will not contain divisors of zero either.

Returning to polynomials with coefficients from an arbitrary 
field P, notice that actually the entire theory of divisibility of 
polynomials (described in Secs. 20-22 of this book) is carried over 
to this case. Namely, in the ring P [x] we have the division algorithm, 
and both the quotient and the remainder will themselves belong 
to the ring P [x]. Also, the concept of a divisor is meaningful in the 
ring P [x] and all its basic properties are preserved. The fact that the 
division algorithm does not take us outside the base field P , permits 
us to assert that the property of a polynomial cp (x) to be a divisor of 
f (x) does not depend upon whether we consider the field P or any exten
sion of it.

Also preserved in the ring P [x] are the definition and all the proper
ties of a greatest common divisor, together with the Euclidean algorithm 
and the theorem proved in Sec. 21 with the aid of this algorithm. Notice 
that since the division algorithm is, as we know, independent of the 
choice of the base field, we can assert that the greatest common divi
sor of two given polynomials is likewise independent of whether we con
sider the field P or an arbitrary extension of it, P.

Finally, for polynomials over the field P , the concept of a root is 
meaningful and the basic properties of roots hold true. Likewise pre
served is the theory of multiple roots. Incidentally, we will return 
to this question at the end of the next section.

These remarks will enable us, in our subsequent study of poly
nomials over any field P, to refer to Secs. 20-22.
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48. Factorization of Polynomials 
into Irreducible Factors

On the basis of the theorem on the existence of a root, we 
proved in Sec. 24 the existence and uniqueness of factorization of a 
polynomial into irreducible factors for fields of complex and real 
numbers. These results are particular cases of general theorems 
referring to polynomials over an arbitrary field P. The present sec
tion is devoted to this general theory, which parallels the theory 
of the prime factorization of integers.

First let us define those polynomials which play the same role 
in the polynomial ring as primes play in the ring of integers. We 
stress from the start that in this definition we deal solely with poly
nomials whose degree is greater than or equal to unity. This is in 
full accord with the fact that in the definition of prime numbers and 
in the study of the factorization of integers into prime factors, the 
numbers 1 and —1 are ruled out.

Suppose we have a polynomial /  (x) of degree n, n^> 1, with 
coefficients from the field P. By Property V, Sec. 21, all polynomials 
of zero degree are divisors of /  (x). On the other hand, by Property 
VII, all polynomials cf (x), where c is a nonzero element of P, will 
also be divisors of f (x); note that these polynomials exhaust all 
the divisors (with degree n) of the polynomial f (x). As to divisors 
(of /  (x)) whose degree is greater than 0 but less than n, it w'll be seen 
that they may or may not be in the ring P lx]. In the foimer case, 
the polynomial f  (x) is called reducible in the field P (or over the 
field P), in the latter case, irreducible over this field.

Recalling the definition of a divisor, we may say that a polyno
mial f  (x) of degree n is reducible over the field P if it can be factored 
over this field (i. <?., in the ring P [x]) into a product of two factors 
of degree less than n:

/ («) =  <P (*) ^ (*) (!)

and f  {x) is irreducible over the field P if in any factorization of the 
type (1), one of its factors is of degree 0 and the other is of degree n.

Note particularly that one can speak of reducibility or irredu- 
cibility of a polynomial only as regards a given field P, since a poly
nomial that is irreducible over one field may prove to be reducible 
over some extension P of that field. Thus, the polynomial x2 — 2 
with integral coefficients is irreducible over the field of rational 
numbers: it cannot be factored into a product of two linear factors 
with rational coefficients. However, this polynomial is reducible 
over the field of real numbers, as the following equation shows:

x2 — 2 =  (x — |/^2) (x +  y  2)
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The polynomial x2 +  1 is irreducible not only over the field of ratio
nal numbers but also over the field of real numbers. It becomes redu
cible however in the field of complex numbers, since

x2 +  1 =  (x — i) (x -f- i)

Let us point to certain basic properties of irreducible polyno
mials, bearing in mind that we will be speaking of polynomials 
irreducible over the field P.

(a) Any polynomial of degree one is irreducible.
This is rather evident since if the polynomial could be factored 

into a product of factors of lower degree, then they would have to 
be of degree 0. But the product of any polynomials of zero degree 
is again a polynomial of zero degree and not first degree.

(b) If a polynomial p (x) is irreducible, then any polynomial cp (.x), 
where c is a nonzero element of P, is also irreducible.

This property follows from Properties I and VII of Sec. 21. It 
will permit us, where necessary, to confine our consideration to 
irreducible polynomials whose leading coefficients are unity.

(c) If f  (,x) is an arbitrary polynomial and p  (x) is an irreducible 
polynomial, then either f  (x) is divisible by p (x) or the polynomials 
are coprime (relatively prime).

If (/ (x), p (x)) =  d (x), then d (x), being a divisor of the irreducible 
polynomial p (x) is either of degree 0 or is a polynomial of the form 
cp (x), 0. In the former case, / (x) and p  (a;) are coprime, in the
latter, f (x) is divisible by p  (a:).

(d) If the product of the polynomials f (x) and g (x) is divisible by an 
irreducible polynomial p (x), then at least one of these polynomials 
is divisible by p (x).

Indeed, if f (x) is not divisible by p  (a:), then, by (c), f (x) and 
p (x) are coprime, and then, by Property (b) of Sec. 21, the poly
nomial g (a:) must be divisible by p (x).

Property (d) is readily carried over to the case of a product of any 
finite number of factors.

The two theorems which follow are the main purpose of this 
whole section.

Any polynomial f  (x) in the ring P [x] having degree n, n 1, 
can be factored into a product of irreducible factors.

Indeed, if a polynomial /  (x) is itself irreducible, then the indi
cated product consists of only one polynomial. But if it is reducible, 
then it can be factored into a product of factors of lower degree. If, 
among these factors, we again find irreducibles, then we decompose 
them into factors again, etc. This process will cease after a finite 
number of steps, since in any factorization of /  (#) into factors, the 
sum of the degrees of the factors must be equal to n and therefore 
the number of factors dependent on x cannot exceed n.
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The factorization of integers into prime factors is unique if we 
confine our consideration to positive integers. However, in the 
ring of all integers, uniqueness only occurs to within sign: thus, 
—6 =  2 - ( -3 )  =  ( -2 ) .3 ,  10 =  2-5 =  (—2).(—5) and so on.
A similar situation obtains in the polynomial ring as well. If

/  (*) =  Pi (x) p 2 (x) . . . p s (x)
is a factorization of the polynomial f (x) into a product of irreducible 
factors and if the elements cu c2, . . ., cs from the field P are such 
that their product is equal to 1, then

/  (x) =  [ci/h (aOHcaPa (z)] . . . [csp s (a:)]
will also, by (b), be a factorization of f (x) into a product of irre
ducible factors. It turns out that this exhausts all factorizations 
of /  (z).

If a polynomial f (a:) from a ring P [ad can be decomposed in two 
ways into a product of irreducible factors',

f 0*0 =  Pi 0*0 p 2 0*0 •• • p» (x) =  qi {x) q2 {x) , . . qt (x) (2)
then, s =  t, and, with appropriate numbering, we have the equalities

qt (x) =  CiPi (x), i — 1, 2, . . ., s (3)
where Ci are nonzero elements from the field P.

This theorem holds for polynomials of degree one, since they 
are irreducible. We will therefore argue by induction with respect 
to the degree of the polynomial, that is, we will prove the theorem 
for /  (x), assuming that for polynomials of lower degree it is already 
proved.

Since qi {x) is a divisor of /  (a;), it follows, by Property (d) and 
equality (2), that qi (x) will be a divisor of at least one of the poly
nomials pi (x), say of pi (x). However, since the polynomial pt (x) 
is irreducible and the degree of qi (ac) is greater than zero, there exists 
an element Ci such that

qt (a;) =  CiPi (x) (4)
Substituting this expression of qx (x) into (2) and cancelling p t {x) 
(which is permissible since there are no zero divisors in the ring 
P  lad), we obtain the equation

P2 (x) Ps (x) . . . p s (x) =  [ctq2 (a;)] q3 (x) . . . qt (a?)
Since the degree of the polynomial equal to these products is lower 
than that of /  (a:), then it is already proved that s — 1 =  t — 1, 
whence s =  t, and there exist elements c2, c3, . . ., cs such that 
4 ^ 2  ( x ) =  ctq2 (x), whence q2 (a:) == (qV') p 2 (a:) and ctpi (x) =  
=  qt (a;), i =  3, . . ., s. Assuming c^c  ̂ =  c2 and taking into ac
count (4), we get the equations (3) completely.
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The theorem we have just proved may be stated more succinctly: 
every polynomial may be uniquely decomposed into irreducible factors 
to within zero-degree factors.

Incidentally, it is always possible to consider the following 
special type of factorization which will be quite unique for every poly
nomial: take any factorization of the polynomial f (x) into irreducible 
factors and factor out of each the leading coefficient. We get the 
factorization

/  (x) =  a0pi (x) p 2 (x) . . . p s {x) (5)

where all the Pi (x), i =  1, 2, . . s, are irreducible polynomials 
with leading coefficients equal to unity. The factor a0 will be equal 
to the leading coefficient of the polynomial /  (x), as can readily be 
verified by multiplying out the right member of (5).

The irreducible factors in (5) do not necessarily have to be di
stinct. If an irreducible polynomial p (x) appears several times in 
the factorization (5), it is called a multiple factor of f {x), namely 
a k-fold (double, triple, etc.) factor if (5) contains exactly k factors 
equal to p  (x). But if the factor p (x) appears in (5) only once, then 
it is called a simple (or single) factor of f (x).

If in the factorization (5) the factors pi (x), p 2 (x), . . ., pi (x) 
are distinct and any other factor is equal to one of them and if p t (x), 
i — 1, 2, . . ., I, is a &r fold factor of the polynomial /  (x), then 
(5) may be rewritten as

/  (x) =  a0p*i (x) p\* (x) . . . p)i (x) (6)
This is the notation that we will ordinarily make use of without spe
cifying that the exponents are equal to the multiplicities of the 
corresponding factors, i.e , that p t (x) pj (x) for i =̂= f.

If we are given the factorizations of the polynomials f (x) and g (x) 
into irreducible factors, then the greatest common divisor d (x) of these 
polynomials is equal to the product of the factors appearing in both 
factorizations at the same time, and each factor is taken to the power 
equal to the least of its multiplicities in the two given polynomials.

Indeed, the indicated product will be a divisor of each of the 
polynomials f (x), g (x) and therefore also of d (x). If this product 
were different from d (x), then the factorization of d (x) into irredu
cible factors would either contain a factor that does not appear in 
the factorization of at least one of the polynomials /  (x) and g (x), 
which is impossible, or one of the factors would have a higher power 
than it has in the factorization of one of the polynomials /  (x) and 
g (x), which is again impossible.

This theorem is similar to the rule ordinarily used to find the 
greatest common divisor of integers. However, in the case of poly
nomials, it cannot replace the Euclidean algorithm, for, since there 
is only a finite number of primes less than a given positive integer.
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the factorization of an integer into prime factors is attained by 
a finite number of trials. This is not the case in a polynomial ring 
over an infinite base field, and, in the general case, one cannot 
offer a method for factoring polynomials into irreducible factors. 
What is more, it is very hard even to decide in the general case the 
question of whether a polynomial /  (x) is irreducible over a given 
field P. Thus, the description of all irreducible polynomials for the 
case of the fields of complex and real numbers was obtained in Sec. 24 
as a corollary to a very profound theorem on the existence of a root. 
As to the field of rational numbers, only a few assertions of a spe
cific nature concerning polynomials that are irreducible over this 
field will be made in Sec. 56.

We have shown that in the polynomial ring (as in the ring of 
integers) we have a factorization into “prime” (irreducible) factors 
and that this factorization is in a certain sense unique. The question 
arises as to whether it is possible to carry over these results to broader 
classes of rings. We confine ourselves here to the case of such commu
tative rings as have a unit element and do not have divisors of zero.

We will use the term divisor of unity for an element a of the ring 
such that in this ring there exists an inverse element a~1'.

aa~x — 1
In the ring of integers, these are the numbers 1 and —1, in the ring 
P [x] of polynomials, all the polynomials of zero degree (that is* 
nonzero numbers from the field P). The element c, which is nonzero 
and is not a divisor of unity, will be called a prime element of the 
ring if in any decomposition of it into a product of two factors, 
c — ab, one of the factors is invariably a divisor of unity. In the 
ring of integers, the prime elements are prime numbers, in the poly
nomial ring they are irreducible polynomials.

Will every element of the ring under consideration that is non
zero and is not a divisor of unity be decomposable into a product 
of prime factors? If it is, will the factorization be unique? This is 
to be understood as follows: if

a — PiPi • • • Pk — • • • Qi
are two factorizations of the element a into prime factors, then 
k =  I and (possibly after a change in the numbering)

Qt =  PiCi, i =  1, 2, . . ., k
where ct is a divisor of unity.

It turns out that in both instances the answer is no. We give 
one example, namely, we indicate a ring in which factorization 
into prime factors is possible but not unique.

Consider complex numbers of the form
a =  a +  b y —3 (7)
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where a and 6 are integers. All such numbers form a ring without 
divisors of zero and containing a unit element; indeed,

(a +  b 1 /^ 3 )  (c +  d /^ = 3 )  =  (ac- 3bd) +  (be +  ad) ] / ^ 3  (8)
We use the term norm of a number a =  a +  b Y  —3 for the positive 
integer

N  (a) =  a2 +  3b2 
By (8), the norm of a product is equal to the product of the norms

N  (ap) =  N  (a) N  (P) (9)
Indeed,

(ac — 3bd)2 -f- 3 (be ad)2 =  a2c2 +  9b2d2 -f- 3b2c2 -f- 3a2d2 
=  (a2 +  362) (.c2 +  3d2)

If in our ring the number a is a divisor of unity, that is the num
ber a -1 is also of the form (7), then, by (9),

N  (a)-N (a-1) =  N  (aa"1) =  N  (1) =  1
and therefore N (a) =  1, since the numbers N (a) and N  (a-1) are 
integers and are positive. If a =  a +  b Y  —3, then from IV (a) =  1 
it follows that

N  (a) =  a2 +  3b2 =  1
which, however, is possible only when 6=0, a — ±  1. Thus, in 
our ring, as in the ring of integers, only the numbers 1 and —1 will 
be divisors of unity, and only these numbers have a norm equal to unity.

The equation (9) for the norm of a product can naturally be 
extended to the case of any finite number of factors. It is thus easy 
to conclude that any number a in our ring can be factored into a pro
duct of a finite number of prime factors. We leave the proof to the reader.

However, we cannot assert that the factorization into prime factors 
is unique. For example, the following equations hold true:

4 =  2-2 =  (1 +  1^—3) (1 -  V ^ )
In our ring there are no other divisors of unity except 1 and —1, 
and so the number 1 +  1^—3 (like the number 1 — ]/"—3) cannot 
differ from the number 2 solely by a factor which is a divisor of unity. 
It remains to show that each one of the numbers 2, 1 +  V  —3, 1 — 
— y  —3 will be prime in the ring under consideration. Indeed, the 
norm of each of these three numbers is equal to 4. Let a  be any one 
of these numbers and let

a  =  p y
Then, by (9), one of the following three cases is possible:
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(1) N  (P) =  4, N (y) =  U (2) N  (P) =  1, N  (y ) =  4; (3) N  (P) =  
=  N  ( y ) =  2. In the first case, the number y will, as we know, be 
a divisor of unity; in the second case, P will be a divisor of unity. 
The third case is impossible due to the impossibility of the equality

a2 -f Sbz =  2
where a and b are integers.

Multiple factors. Although, as has been demonstrated above, 
we are not able to decompose polynomials into irreducible factors, 
there exist methods which enable us to determine whether a given 
polynomial has multiple factors or not and, if it does, to reduce 
the study of that polynomial to the study of polynomials that do not 
contain multiple factors. True, these methods require that we impose 
certain restrictions on the base field. In the rest of this section we 
will assume that the field P has characteristic 0. Without this 
restriction, the theorems on multiple factors that will be proved 
below break down. At the same time, the case of fields of characte
ristic zero is the most important one from the viewpoint of appli
cations since, for one thing, all number fields are included here.

To begin with, notice that we can extend to this case both the 
concept of a derivative of a polynomial (introduced in Sec. 22 for 
polynomials with complex coefficients) and the basic properties 
of this concept.* Let us now prove the following theorem.

If p (x) is a k-fold irreducible factor of the polynomial f (a), k ^  1, 
then it will be the (k — 1 )-fold factor of the derivative of this poly
nomial. In particular, a prime factor of the polynomial does not enter 
into the factorization of the derivative.

Indeed, let
/  (x) =  Ph (x) S (*) (10 )

g (x) is no longer divisible by p {x). Differentiating (10), we get
/ '  (x) =  Pk (x) S’ (x) +  kPh~x (x) P' (x) S ix)

=  pb-1 (X) Ip (x) g' (x) +  kpr (x) g (x)l
The second term in the brackets is not divisible by p (x); indeed, 
g (x) is not divisible by p (x) by hypothesis, p' (x) is of lower degree, 
i.e., it is not divisible by p (x) either; hence, due to the irreducibi- 
lity of the polynomial p (x) and Property (d) of this section and 
Property IX of Sec. 21, our assertion follows. On the other hand, 
the first term in the sum in the square brackets is divisible by p (a:) 
and so the entire sum cannot be divisible by p {x)\ which is to say 
that the factor p (x) does indeed appear in f  {x) with a multiplicity 
of k — 1.

* For fields of a finite characteristic, the assertion that the derivative of 
a polynomial of degree n is of degree n —1 fails.
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From our theorem and from the above-indicated method of fin
ding the greatest common divisor of two polynomials it follows that 
if a factorization of the polynomial /  (x) into irreducible factors is 
given,

/  (x) =  a0p^  (a:) p \2 (x) . . .  p î (x) (11)

then the greatest common divisor of f  (x) and of its derivative has the 
following factorization into irreducible factors'.

(f (*), /' (*)) =  p*i-1 (x) p \*~1 (x) . . .  p\i~1 (x) (12)

where the factor p** 1 (a;) should naturally be replaced by unity 
for ki =  1. In particular, a polynomial f (x) does not contain multi
ple factors if and only if it is relatively prime to its derivative.

We now know how to answer the question of the existence of 
multiple factors in a given polynomial. What is more, since neither 
the derivative of a polynomial nor the greatest common divisor of 
two polynomials depend on whether we are considering the field 
P  or any extension P of it, we obtain the following corollary to 
the result that has just been proved.

If a polynomial f (x) with coefficients in a field P of characteristic 
zero does not have multiple factors over this field, then neither will 
there be any multiple factors over any extension P of the field P.

In particular, if /  (a:) is irreducible over P and P is some exten
sion of P, then, although /  (a:) can be reducible over P, it will defi
nitely not be divisible by the square of an irreducible (over P) 
polynomial.

Isolating multiple factors. If we have a polynomial /  (x) with 
the factorization (11) and if by dt (x) we denote the greatest com
mon divisor of /  (x) and of its derivative /' (a:), then (12) will be a 
factorization of di (x). Dividing (11) by (12), we get

Vi (*)=  ~J x̂) =  &  p* (*)•*• Pl (x>
That is, we obtain a polynomial without multiple factors, and any 
irreducible factor of vt (x) will also he a factor of f (x). In this way, 
finding the irreducible factors of /  (x) is reduced to finding them for 
the polynomial vt (x) which, generally speaking, is of lower degree 
and, at any rate, contains only prime factors. If the problem is 
solved for vx (a:), then it only remains to determine the multiplicity 
of the irreducible factors found in /  (x); this is done by means of the 
division algorithm.

A more sophisticated variant of this method enables us to con
sider several polynomials without multiple factors; also, having 
found the irreducible factors of these polynomials, we not only 
find all the irreducible factors of /  (a:), but also their multiplicities.
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Let (11) be a factorization of /  (x) into irreducible factors, the 
greatest multiplicity of the factors being s, s ^  1. Denote by Fi (x) 
the product of all single factors of f Or), by F2 (x) the product of all 
double factors, but taken only once at a time, and so forth; finally, 
denote by Fs (x) the product of all 5-fold factors taken once at a 
time, as before. If under these conditions, for some / in /  (a:), there 
are no /-fold factors, set Fj (x) =  1. Then /  {x) will be divisible by 
the kth degree of the polynomial Fh (a:), k =  1, 2, . . ., s, and 
the factorization (1 1 ) becomes

/  (*) =  a0Fi (*) F\ (x) FI (x) . . . F\ (x)
and the factorization (12) for dt (x) =  (/ (x), /' Or)) will be rewrit
ten as

di (x) =  F2 (x ) FI (x) . . . Ft'1 Or)
Denoting by d2 (x) the greatest common divisor of the polynomial 

dt (x) and of its derivative, and generally by dk (x) the greatest com
mon divisor of the polynomials dĥ i (x) and d'h-i (x), we obtain 
in the same fashion

d2 (x) =  F 3 Or) F*(x) . . .  FT1 Or),
d3 (x) = F , ( x ) F l  (x) . . . F r a (x),

ds- i 0*0 =  F's (x), 
d8 (x) =  1

Whence

Vt & = i j j t ) =  a°F‘ fx> F* (*) F> (*) • • • F> (x')’

V, (X) =  =  F2 (x) F3 (x) . . .  F. (x),

vs (x) =  ̂  =  Fs (x) . . . F . ( x )

and, therefore, finally,

F‘ w * F* <*> ■ ■  • • •> F° w  -  w
Thus, using only procedures that do not require a knowledge 

of the irreducible factors of the polynomial /  Or), namely, taking 
the derivative, using the Euclidean algorithm and the division 
algorithm, we can find the polynomials Fi Or), F2 (x), . . ., Fs (x) 
without multiple factors; every irreducible factor of the polynomial 
Fk Or), k — 1, 2, . . ., s, will be &-fold for /  (x).

19—5760
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This method cannot, of course, be regarded as a procedure for 
factoring a polynomial into irreducible factors, since for the case 
of s =  1 (that is, for a polynomial without multiple factors) we 
only get f (x) =  Ft (x).

49. Theorem on the Existence of a Root

Quite naturally, the fundamental theorem (proved in Sec. 23) 
on the existence, for every numerical polynomial, of a root in the 
field of complex numbers cannot be extended to the case of an arbi
trary field. In this section we will prove a theorem which in the 
general theory of fields replaces to some extent the afore-mentioned 
fundamental theorem of the algebra of complex numbers.

Let there be given a polynomial /  (x) over a field P. A natural 
question arises: if the polynomial /  (x) does not have any roots at all 
in the field P, then does there exist an extension P of P in which there 
will be at least one root of /  (#)? We can assume that the degree of 
the polynomial /  (#) is greater than unity: the question is meaning
less for a zero-degree polynomial, and every polynomial of degree
one, ax +  b, has the r o o t------in the field P  itself. On the othera
hand, we can evidently confine ourselves to the case of /  (#) being 
irreducible: if it is reducible over P, then the root of any one of its 
irreducible factors will be a root of f (x) itself.

The answer to the question that interests us is given by the 
following theorem on the existence of a root.

For every polynomial f (x) that is irreducible over the field P there 
is an extension of the field such that contains a root of f  (#). A ll mini
mal fields containing the field P and a root of this polynomial are 
isomorphic among themselves.

Let us first prove the second part of the theorem.
Suppose we have a polynomial irreducible over P:

f (x) =  a0xn +  a1zn ~1 +  . . .  -4- an-iX -\-an (1)
and n^> 2, that is, f (x) has no roots in the field P itself. Suppose 
that there is an extension P of P which contains a root a of /  (,z). 
Let us prove the following lemma which will be needed later on but 
which is of interest in itself.

If a root a, in P, of a polynomial f (x) which is irreducible over 
P serves also as a root of some polynomial g (#) in the ring P [#] then 
f (x) will be a divisor of g (x).

Indeed, the polynomials /  (x) and g (x) over the field P have 
a common divisor x — a and so are not relatively prime. The pro
perty of polynomials not to be relatively prime does not, however, 
depend on the choice of the field. It is therefore possible to pass 
to the field P and apply Property (c) of Sec. 48.
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Now let us find the minimal subfield P (a) of P which contains 
the field P and the element a. It definitely includes all elements of 
the form

P =  bo +  biCL +  b2a 2 -f- . . . +  la71""1 (2)
where b0, b b 2, . . bn -1 are elements of P. No element of P can
have two distinct notations of the form (2); if it is also true that

P =  c0 - f  cta  +  c2a 2 +  . . . +  cn_ice*1-1
and for at least one k, ck bh, then a will be a root of the polynomial
g (x) =  (b0 — c0) +  (h  — Ci) z -+  (b2 — c2) x2

+  • • • +  (&71-1 — cn~i) xn~1

which runs counter to the lemma proved above since the degree 
of g (x) is lower than the degree of /  (x).

The elements of the field P having the form (2) include all the 
elements of the field P (for bt — b2 =  . . . =  bn_i =  0), and also 
the element a  itself (for =  1 , b0 =  b2 =  . . . =  6„_i =  0 ). 
We now prove that elements of the form (2) constitute the entire sought- 
for subfield P (a). Indeed, if we are given elements p [with ngtation 
(2)] and

y =  cQ +  Cia -f  c2a 2 +  . . . +  cn. ia*1" 1 

then, on the basis of the properties of operations in the field P, 
P ±  Y =  (̂ o ±  c0) +  (h  ±  Ci) a  +  (b2 ±  c2) a 2

+  • • * +  (bn-i dtz cn.i) a n_1

That is to say, the sum and difference of any two elements of the 
type (2) are again elements of that type.

If we multiply p and y, we get an expression containing an and 
other higher powers of a. However, it follows from (1) and the equa
lity /  (a) =  0  that an and therefore an+1, a n+2 and so on can be 
expressed in terms of lower powers of the element a. The simplest 
way of finding an expression for Py is this: let

q> (s) =  b0 -f  btx +  . . . +  bn-iXn~l,
(x) =  C0 +  CiX +  . . . -f- cn-1xn~1

whence <p (a) =  p, iJj (a) =  y. Multiply the polynomials <p (x) and 
(x) and divide the product by /  (x). This yields

<P (x) (x) =  f (x) q (x) r (x) (3)
where

r (x) =  d0 +  dtx +  . • • +  dn-iX71-1 
Taking the values of both sides of (3) for x =  a we find that 

q> (a) al? (a) =  /  (a) q (a) +  r (a)

I9!S-
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That is to say, by /  (a) — 0,
0 Y =  dQ +  dta +  . . . -f  an_1

Thus, the product of two elements of the type (2) will again be an 
element of this type.

Finally, we will show that if element |3 is of the type (2), (3 ^  0, 
then the element (3-1 existing in the field P can also be written as 
(2). To do this, take the polynomial

q> (x) =  b0 - f  biX +  .  .  .  - f  bn-tx11-1
in the ring P [x]. Since the degree of cp (x) is lower than the degree 
of /  (a:), and the polynomial /  (x) is irreducible over P,  it follows that 
tp (x) and /  (a;) are relatively prime and therefore, by Secs. 21 and 
47, there exist in the ring P [a:] polynomials u (x) and v (a:) such 
that

<p (x) u (x) -f- /  (x) v (x) — 1 
We can assume here that the degree of u (x) is less than n:

U (x) == S0 +  SiX +  . . . +  Sn-iX71-1
Whence, by /  (a) =  0, it follows that

cp (a) u (a) =  1 

and therefore, by the equality cp (a) =  (3, we have 
p-1 =  u (a) =  s0 +  sta +  .  .  .  +  an_1

Thus, the collection of elements of the field P  having the form 
(2) constitutes a subfield of P, which is the desired field P (a). Fur
thermore, since we saw that in seeking the sum and product of the 
elements j3 and y of the type (2) we need only know the coefficients 
of the expressions of these elements in terms of powers of a, we can 
assert the truth of the following result. If besides P there is another 
extension P' of the field P, which also contains a root a ' of the 
polynomial f  (a:), and if P (a') is a minimal subfield of the field P f 
containing P and a' then the fields P (a) and P (a') are isomorphic. 
To obtain the isomorphic correspondence between them, it is neces
sary to associate with the element J3 of type (2) in P (a) an element

P '  =  b0 +  M '  +  M ' 2  +  .  .  .  +
in P (a') having the same coefficients. This completes the proof 
of the second part of the theorem.

Let us now prove the basic first part of this theorem. The fore
going will help to point the way. We have a polynomial /  (a:) of de
gree 2 that is irreducible over the field P and it is required to 
construct an extension of P containing a root of /  (x). To do this,
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let us take the entire polynomial ring P  [x1 and partition it into 
disjoint classes, combining in one class the polynomials which yield 
the same remainders upon division by the given polynomial f (x). 
In other words, the polynomials <p (x) and 9  (x) belong to the same 
class if their difference is exactly divisible by /  (,x).

We agree to denote the resulting classes by the letters A, B, C 
and so on and to define the sum and product of classes in the following 
natural manner. Take any two classes A and B; choose in A a poly
nomial tpi (a:), in B a polynomial 9i (x) and denote by %i (x) the sum 
of these polynomials:

Xi ( x )  =  <Pi (*) +  9i (*)
and by ©i (x) their product:

©i (x) =  <pi (x) (x)
Now choose any other polynomial <p2 (x) in A and any polynomial 
9 2 (x) in B and denote by %2 (x) and 0 3 (x) their sum and product, 
respectively:

X3 (s) =  <Pa ( x )  +  9 2 (*),
© 2  (*) =  92 ( x )  *92 { x )

By hypothesis, the polynomials q?i (a:) and qj2 (a:) are in the same 
class A and therefore their difference cpi (x) — cp2 (x) is exactly 
divisible by f (x); the difference % (x) — 9 2 (x) has the same pro
perty. From this it follows that the difference

Xi ( x )  — { x )  =  [<Pi ( x )  +  9i (z)] — [(p2 ( x )  +  9 2 («)1
=  l9i (x) — <p2 (a:)l +  [ij), (x) — 9 2 (z)J (4)

is also exactly divisible by the polynomial f (x). This is also true
of the difference ©i (x) — © 2 (a:) since
@i (x) — © 2 (x) == <pt (x) 9 i (a:) — (p2 (x) 9 2 (x)

— 9i (x) 9l (x) — <Pi (x) 9 2 (x) +  <Pi (x) 9 2 (x) — 92 (x) 2̂  (X)
=  9i (x) l9i (x) — 9 2 (z)J +  [9i (*) — 92 (*)] 92 (x) (5)

Equation (4) shows that the polynomials %i (a:) and %2 (x) lie 
in the same class. In other words, the sum of any polynomial from 
class A and any polynomial from class B belongs to a very definite 
class C, which does not depend on what polynomials are chosen as 
“representatives” in classes A and B. We call this class C the sum 
of the classes A and B:

C — A +  B
Similarly, because of (5), there is a class D which is independent 

of the choice of representatives in classes A and B and in which lies 
the product of any polynomial of A by any polynomial of B. We
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call this class the product of the classes A and B:
D =  AB

We shall show that the collection of classes into which we have 
partitioned the ring P [x] of polynomials is converted into a field 
after the indicated introduction of the operations of addition and 
multiplication. Indeed, the validity of the associative and commu
tative laws for both operations and of the distributive law follows 
from the validity of these laws in the ring P \x\, since operations 
on classes reduce to operations on the polynomials lying in these 
classes. The role of zero is evidently played by the class composed of 
polynomials divisible exactly by the polynomial /  (x). We call 
this the zero class and denote it by the symbol 0. The opposite of 
class A, which is made up of polynomials that yield the remainder 
<p (x) upon division by f  (x), is the class made up of polynomials 
which yield the remainder —cp (x) upon division by /  (x), whence it 
follows that subtraction is unique on the set of classes.

To prove that division is possible on the set of classes, we have 
to show that there exists a class playing the role of unity and that 
for any class different from zero there is an inverse class. The class 
of polynomials which upon division by /  (x) yields a remainder 1 
will obviously be unity. We call this the unit class and denote it 
by the symbol E.

Now suppose we have a class A different from zero. A polynomial 
cp (x) chosen in A as a representative will thus not be exactly divi
sible by /  (x) and therefore, because of the irreducibility of /  {x), 
these two polynomials are relatively prime. Thus, in the ring P [zl 
there exist polynomials u {x) and v (x) that satisfy the equation

<p (#) u (x) -f- f {x) v (x) — 1
whence

(p {x) u (x) =  1 — /  (x) v (x) (6)
Upon division by /  (x), the right member of (6) yields a remain

der 1, which means it belongs to the unit class E. If the class to 
which the polynomial u (x) belongs is denoted by B, then (6) shows 
that

AB =  E

whence B =  A~x. This is proof of the existence of an inverse class 
for every nonzero class; in other words, this completes the proof 
that classes form a field.

We will denote this field by P and will show that it is an extension 
of the field P. With every element a of the field P is associated a class 
composed of polynomials which upon division by f (x) yield a remain
der a; the element a itself, regarded as a zero-degree polynomial,
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belongs to this class. All classes of this special type constitute, in 
the field P, a subfield that is isomorphic to the field P. Indeed, the 
one-to-one nature of the correspondence is obvious; on the other 
hand, for representatives in these classes we can choose elements 
of the field P  and therefore with the sum (product) of elements of 
P is associated a sum (product) of corresponding classes. Consequen
tly, in the future we will not need to distinguish between the ele
ments of a field P and the classes corresponding to them.

Finally, use X  to denote the class made up of polynomials 
which upon division by f (x) yield the remainder x. This class is 
a definite element of the field P, and we wish to demonstrate that 
it is a root of the polynomial f (x). Let

/  (x) “I- a\X -f~ . . .  ~1~ Oji—̂x -j- an

We denote by At the class corresponding, in the foregoing sense, to 
the element at of the field P, i =  0 , 1 , . . ., n, and will find out 
what the element

A 0Xn +  A tX +  . . . +  A ^ X  +  An (7)
of the field P is equal to. Assuming elements a*, £ =  0, 1, . . 
to be representatives of the classes A\ and the polynomial x to be 
a representative of the class X , and using the definition of addition 
and multiplication of classes, we find that the polynomial /  (x) 
is itself contained in class (7). However, /  (z) is exactly divisible 
by itself and therefore class (7) turns out to be the zero class. Thus, 
by replacing in (7) the classes Ai by the elements a* of P correspon
ding to them, we find that the following equality holds in the field P: 

a0Xn -f- ajZ” - 1 +  . . . +  an-iX =  0

That is to say, the class X  is indeed a root of the polynomial /  (a:).
This completes the proof of the theorem on the existence of a 

root. Note that by taking the field of real numbers for P and setting 
f (x) =  x% +  1 , we obtain yet another method for constructing the 
field of complex numbers.

Certain corollaries can be derived from the theorem on the exi
stence of a root similar to those derived in Sec. 24 from the funda
mental theorem of the algebra of complex numbers. One remark is 
in order first, however. Since any linear factor x — c of a polyno
mial f (x) is irreducible, it must appear in the unique factorization 
of /  (x) into irreducible factors.

However, the number of linear factors in the factorization of 
f (x) into irreducible factors cannot exceed the degree of the poly
nomial. We get the following result.

A polynomial f  (a:) of degree n cannot have more than n roots in 
the field P, even if each of the roots is counted with its multiplicity.
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We use the term splitting field of a polynomial /  (x) of degree 
n over the field P for an extension Q of P such that contains n roots 
of /  (x) (counting multiplicity in the case of multiple roots). Con
sequently, over the field Q the polynomial /  (a:) will decompose into 
linear factors, and no further extension of the field Q can make new 
roots appear for /  (x).

For every polynomial f (x) in the ring P [a:] there is a splitting 
field over the field P.

Indeed, if a polynomial /  (a;) of degree n, n 1, has n roots in 
the field P itself, then P will be the desired splitting field. But if 
/  (x) does not decompose into linear factors over P, then we take 
one of its nonlinear irreducible factors (p (x) and, on the basis of the 
theorem of the existence of a root, we extend P to the field P ', which 
contains a root of cp (x). If the polynomial /  (x) still does not break 
up into linear factors over P ', we again extend the field, thus crea
ting a root for one more of the remaining nonlinear irreducible 
factors. In a finite number of steps we will obviously arrive at the 
splitting field for /  (z).

Quite naturally, f (x) can have many, different splitting fields. 
One can prove that all the minimal fields containing the field P 
and n roots of the polynomial /  (x) (where n is the degree of the 
polynomial) are isomorphic. However, we will not make use of this 
assertion and will therefore not give the proof.

Multiple roots. In the previous section we proved that a polyno
mial f (x) over a field P of characteristic 0 does not have multiple 
factors if and only if it is relatively prime to its derivative; it was also 
noted that the absence, in /  (x), of multiple factors over P implies 
the absence of such factors over any extension P of the field P. 
Let us apply this to the case when P is a splitting field for /  (#); 
recalling the definition of a miltiple root, we arrive at the following 
result.

If a polynomial f (x) over a field P of characteristic 0 does not have 
multiple roots in the given splitting field, then it is relatively prime 
to its derivative f  (a:). Conversely, if f {x) is relatively prime to its deri
vative, then it does not have multiple roots in any one of its splitting 
fields.

Whence, in particular, it follows that a polynomial f {x) which 
is irreducible over a field P of characteristic 0, cannot have multiple 
roots in any extension of the field. This assertion does not hold in 
fields of a finite characteristic. This circumstance plays a perceptible 
role in the general theory of fields.

Note in conclusion that for an arbitrary field, the Vieta formulas 
hold too (see Sec. 24); here, the roots of the polynomial are taken 
in some splitting field of this polynomial.
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50. The Field of Rational Fractions
The theory of rational fractions described in Sec. 25 holds in full 

for the case of an arbitrary base field as well. However, when passing 
from the field of real numbers to an arbitrary field P , the view taken

f  (x)of the expression as a function of the variable x must be rejected,
for, as we know, it is not applicable to polynomials. Our job here 
is to figure out the meaning of these expressions for the case when 
the coefficients belong to an arbitrary field P. More precisely, we 
want to construct a field containing the polynomial ring P [x] 
and in such a way that the operations of addition and multipli
cation defined in the new field coincide, as applied to polynomials, 
with the operations in the ring P [ad; in short, the ring P [a:] must 
be a subring of this new field. On the other hand, any element of 
the new field must he representable (in the sense of division as defined 
in this field) in the form of a quotient of two polynomials. As will 
now be shown, such a field can be constructed for any P. We denote 
it by P (x) (the unknown is in the parentheses) and call it the field 
of rational fractions over the field P.

First assume that the ring P [ad is already a subring of some field 
Q. If /  (x) and g {x) are arbitrary polynomials from P [ad, and 
g (x) =̂= 0, then there is, in the field Q, a uniquely defined element 
equal to the quotient obtained by the division of /  (a;) by g (x). Deno
ting this element by , as is the usual way in the case of a field,
we can write the following equation on the basis of the definition 
of a quotient:

/< * )= « (* )~ £ H  (i)

where the product is to be understood in the sense of multiplica-
f  ( x)tion in the field Q. It may happen that some quotients —— and

5—  are one and the same element of 0.  The condition for this is 
the ordinary condition of equality of fractions:

g H  ^  and only  ^  ( * )  ^  ( * )  =  <P ( * )  H ( * ) •
Indeed, if =  =  then, by (1),

/  (x) =  g (x) a , <p (a) =  i|> (x) a
whence

/  (x) (x) =  g (x) f  (x) a =  g (x) cp (x)
Conversely, if /  {x) ij) (x) =  g (x) cp (x) =  u (x) in the sense of multi
plication in the ring P [ad, then, passing to the field Q, we obtain
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the equalities
/(g) __ U (X) _  (p (x)

g ( x )  g(g)1>(g) 'M*)
Furthermore, it is easy to see that the sum and product of any ele
ments of Q, which are quotients of polynomials in P [a;], can again 
be represented in the form of such quotients, and the ordinary rules 
of addition and multiplication of fractions hold true:

f ( x )  <p-.(a)_  /(g)^(g) +  g(g)q>(g)
g  (*)  ̂ (g) ^(g)^(g)

f { x )  <p(g) __/(g)»<p(g) 
g  (x)  ' op (x)  g ( x ) - i p ( x )

(2)

(3)

Indeed, multiplying both sides of these equations by the pro
duct g (x) ip (x) and applying (1), we get equalities which hold true 
in the ring P [x]. The validity of (2) and (3) now follows from the 
fact that, thanks to the absence of zero divisors in the field Q, both 
sides of each of the resulting equalities may be reduced by a nonzero 
element g (x) ip {x) without spoiling the equalities.

These preliminary remarks suggest the path we should take in 
constructing the field P (x). Suppose we have an arbitrary field P 
and over it a polynomial ring P [a:]. With every ordered pair of po
lynomials f (x), g (x), where g (x) 0 , we associate the symbol
— j , called a rational fraction with numerator f {x) and denominator
g (x). We stress the fact that this is only a symbol corresponding 
to the given pair of polynomials, since, generally speaking, divi
sion of polynomials in the ring P [x\ itself is impossible, and so far 
the ring P [x] is not contained in any field. Even if g (x) is a divisor
of /  (x) , the new symbol —— should for the time being be distingui
shed from the polynomial obtained as the quotient in the division 
of /  (x) by g (x).

We now call the rational fractions and equal,
f ( x )  _  <p (x) 
g  (g) (g)

l|)(z)

(4)
if in the ring P [x] we have the equality /  (x) ^ (x) =  g (x) cp {x) . 
It is obvious that any fraction is equal to itself and that if one frac
tion is equal to another, then the second one is equal to the first. 
Let us prove the transitive property of this concept of equality. We 
are given equalities (4) and

q> (a;) u  (x)
i|) (x)  v  (x)

From the equalities
/  (x) ij) (x) =  g (x) (p (.z), q> (a:) v (x) =  ip [x) u (x)

(5)
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equivalent to them in the ring P [x] it follows that
/  (x) v (.x) (x) =  g (x) tp (x) v (x) =  g (x) u (x) i|> (a:)

and therefore, after cancelling out the nonzero (as the denominator 
of one of the fractions) polynomial if) (x), we get

/  (x) v (x) =  g (x) u (x) 
whence, by the definition of the equality of fractions,

/  (x) __ u (x) 
g (x) v (x)

This completes the proof.
Now let us combine into one class all fractions equal to some 

one given fraction, and therefore (by virtue of the transitivity of the 
equality) equal among themselves. If one class has even a single 
fraction not contained in another class, then, as follows from the 
transitivity of the equality, these two classes do not have a single 
element in common.

Thus, the collection of all rational fractions written by means 
of polynomials from the ring P  [a:] breaks up into disjoint classes of 
fractions equal among themselves. We would now like to define 
algebraic operations in this set of classes of equal fractions so that 
it becomes a field. To do this, we will define operations on rational 
fractions and will each time verify that the replacement of summands 
(or factors) by fractions equal to them replaces the sum (or product) 
also by an equal fraction. This will enable us to speak of the sum 
and product of classes of equal fractions.

First, let us make the following remark which will be used re
peatedly in what follows. A rational fraction becomes an equal frac
tion if its numerator and denominator are multiplied by one and the 
same nonzero polynomial, or reduced by any common factor. Indeed,

/  (x) _  /  (x) h (x) 
g (x) g (x) h (x)

since in the ring P [a;]
f (x) [g (x) h (x)] =  g {x) [f (x) h (a:)]

We define the addition of rational fractions by formula (2), 
since from g (x) 0  and ip (x) 0  it follows that g (x) i|) (a:) =̂= 0 ,
the right member of this formula is indeed a rational fraction. 
Furthermore, if it is given that

/  (s) _  /o (s) y(x) _  cpo(x)
g (*) go (x) ’ ^ (*) % (x)

that is,
/  (*) go (z) =  g (z) fo (s)» 9 (x) ^ 0  (̂ ) =  ^ (x) <Po (x) (6)
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then, by multiplying both members of the first of the equalities (6) 
by (a;) ipo (z), both members of the second equality by g (x) g0 (x) 
and then adding these equalities termwise, we obtain
[/ (x) {x) +  g (.x) <p (a:)] gQ (x) (x)

=  [/o (x) ^ 0  (z) +  go (a) <Po (a:)] g (x) t|> (x) 
which is equivalent to the equation

/  (x) (x) +  g (x) (p (x) __ f0 (x) yp0 (x) -{-gp (x) tp0 (x)
g (*) ^ (*) 0̂ (*) % (*)

Thus, if we have two classes of equal fractions, the sum of any 
fraction of one class and any fraction of the other class is equal to 
any other such sum, that is to say, such sums lie in some definite 
third class. This class is called the sum of the two given classes.

The commutativity of this addition follows directly from (2); 
the associativity is proved as follows:
V f i x )  cp (a:) ~| u (x ) f  (x) ij? (x) +  g (x) <p (x) u (x)
L g{x) ^ (x) J v (x) g (x) yp (x) ' v (x)

_ f{x)yp (x) v (x) 4 - g <z) <p (x) v (a) - f  g (x) tfr (x) u (x) 
g (x) (x) v (x)

_  f i x)  , <p (x) v(x) +  q?(x) u(x)  __ f (x)  f  <p(a) . u (x) |
g (*) ' tp (x) v (x) g (x) L (X) v (ar) J

From the definition of equality of fractions it is easy to derive
that all fractions of the form , i.e., fractions with zero numerator,g(x) ’
are equal and that they form a complete class of equal fractions. 
We call this class the zero class and we will prove that in our addition
it plays the part of zero. Indeed, if we have an arbitrary fraction 2— j ,
then

0 . tp (a?) _  0-1p (x)-f-g (x) (p (x) ^ _ g (x) <p (x) __ tp (x)
g(x)~*~ tj) (x) g (x) yp (x) g (x) ip (x) tjj (x)

From the equation
f ix)  , — f{x) __ o 
g{x)  ~r  g (x) g2 (x)

the right side of which belongs to the zero class, it now follows that 
the class of fractions equal to the fraction  ̂ will be opposite to the

i (x̂class of fractions equal to the fraction — { . From this, as we know, 
^ g i x )

follows the validity of unique subtraction.
We define multiplication of rational fractions by formula (3); 

since g (#) (#) =/= 0 , the right member of this formula will indeed
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be a rational fraction. Furthermore, if
f  (*) _  fo (x ) 9 (x ) __ <po (*)
8 (*) go (*) ’  ̂(*) ^0  (*)

that is,
/  (x) gQ (x) =  g (x) f0 (x), <p (x) to (x) =  t  (x) <Po (̂ )

then, by multiplying out these latter equations termwise, we get
/  (z) go (x) <P (x) to (x) =  g (x) fo (x) t  (a:) <p0 (a;)

which is equivalent to the equation
/  (a) <P (a) _  fo (g) to  («) 
g (x) t  (x) g0 (x) to  ix )

Thus, by analogy with the above-defined sum of classes, we can speak 
of a product of classes of equal fractions.

The commutativity and associativity of this multiplication follow 
immediately from (3) and the validity of the distributive law is 
proved as follows:
I' f i x )  , <p(s)l  u (x) _  /  (x) t  (x) (g) Cp (x) u (x)
L g (X) "1~ t  (*) J V (x) g (x) t}> (x) * V (x)

[ / (*) t  (*) +  g (g) t  (*)] u (x) _ /  (x) t  (a) U (x) +  g (x) cp (x) u (x)
g (x) t  (x) v (x) g (x) t  (X) V (x)

_ /  (x) t  (*) u (x) v {x) -\-g (x) (p (x) u (x) v (x) _ /  (x) u (x) , q> (x) u (x)
~  g (x) t  (*) y2 (*) g (*) i> (x) ' t  v (x)

f i x )  ' u ( x )  , q > ( x ) ' u j x )  

g  (x) * v  (x) t  (x)' v  (x)

It is easy to see that fractions of the type , i.e ., fractions whose
numerators are equal to the denominators, are equal and constitute 
a separate class. This class is termed the unit class and in our multi

plication plays the role of unity:
/  (x) q? (x) _  /  (x) <p (x) _  cp (x) 
/  (x) ’ lj> (x) f  (X) 1|3 (x) (x)

Finally, if the fraction f ix)
8ix) does not belong to the zero class,

i.e., f (a:) =£ 0 , then there is a fraction g j x )  

f i x )  ’
Since

f ix)  g (x) _  f (x) g (x) 
g ix) '  f iX) g {x) f (x)

and the right member of this equality belongs to the unit class, the
class of fractions equal to the fraction will be inverse to the classf ix)
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of fractions equal to . Whence follows the validity of unique divi
sion.

Thus, the classes of equal rational fractions with coefficients from 
the field P constitute, in our definition of operations, a commutative 
field. This is the desired field P (x). Incidentally, we still have to 
prove that this field which we have constructed contains a subring 
isomorphic to the ring P [x] and that every element of the field can 
be represented as a quotient of two elements of this subring.

If we associate with an arbitrary polynomial f {x) from the ring
fix)P [x] a class of rational fractions equal to the fraction — • (among all

these fractions there are of course fractions whose denominators 
are equal to unity), we obtain a one-to-one mapping of the ring P [#] 
into the field we have constructed. Indeed, from the equality

/  (x) <P (x)
1 1

it would follow that f (x) 1 =  1 tp (x), that is to say, f (x) =  cp (x). 
This mapping will even be isomorphic, as the following equations 
show:

/(*) , g (*)_ /(*)•! +  £ (*)•! /(*) +  £(*)
1 t- i 12 i ’

/(*) £(*)_ /(*)•£(*)
1 ‘ 1 1

Thus, the classes of fractions equal to fractions of form  ̂ consti
tute, in our field, a subring that is isomorphic to the ring P \x\. The 

f (x)fraction can therefore be denoted simply as f (x). And finally, 

since for g (#) =f= 0 , the class of fractions equal to the fraction

is the inverse of the class of fractions equal to the fraction
it follows from the equality

/  (a) 1 _  /  (a)
1 * g (x) g (x)

that all elements of our field may be considered (in the sense of 
operations defined in this field) to be quotients of polynomials of the 
ring P be].

Over an arbitrary field P we constructed the field of rational 
fractions P (x). Using this same method, we can construct the field 
of rational numbers by taking the ring of integers in place of the 
ring of polynomials. Combining these two cases and using the same 
kind of method, we could prove a theorem asserting that, generally, 
any commutative ring without divisors of zero is a subring of some 
field.



CHAPTER 11

POLYNOMIALS 
IN SEVERAL UNKNOWNS

51. The Ring of Polynomials in Several Unknowns

One often has to consider polynomials that depend on two, three, 
and, generally, several unknowns. In the first chapters of this book 
we studied linear and quadratic forms, which are examples of such 
polynomials. Generally speaking, a polynomial f {xu x2, . . ., xn) 
in n unknowns xu x2, . . ., xn over some field P is the sum of a finite 
number of terms of the form x\ ,̂ x\z, . . ., x̂ n, where all kt ^  0 , 
with coefficients from the field P. It is assumed, quite naturally, 
that the polynomial /  (xi, x2, . . ., xn) does not contain like terms 
and that only terms with nonzero coefficients are considered. Two 
polynomials in n unknowns, /  (xi, x2, . . ., xn) and g (xu x2, . . . 
. . ., xn) are called equal (or identically equal) if the coefficients of 
like terms are equal.

If a polynomial f (xi, x2, . . ., xn) is given over a field P, then 
its degree with respect to the unknown Xi, i =  1 , 2 , . . ., n, is the 
highest exponent with which xt appears in the terms of the polyno
mial. By chance, the power may be 0 , which means that although /  
is considered a polynomial in n unknowns xlf x2, . . ., xt, . . ., xn. 
the unknown xt does not actually appear in the notation.

On the other hand, if we call the number kt +  k2 +  . . . -f- kn 
(that is, the sum of the exponents of the unknowns) the degree of the 
term

X i lX2

then the degree of the polynomial f (xi, x2, . xn) (that is, the degree 
of the unknowns taken together) is the highest degree of its terms. 
In particular, as in the case of one unknown, only nonzero elements 
from the field P will be polynomials of degree zero. On the other 
hand, as in the case of polynomials in one unknown, zero will be the 
only polynomial in n unknowns whose degree is not defined. Of cour
se, a polynomial can in the general case contain several highest-
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degree terms and therefore one cannot speak of the highest-degree 
term of a polynomial.

The operations of addition and multiplication are defined as 
follows for polynomials in n unknowns over a field P. The sum of the 
polynomials /  (xi, x2, . . Xn) and g (xi, x2, . . ., xn) is a polyno
mial whose coefficients are obtained by adding the corresponding 
coefficients of the polynomials /  and g; if some term occurs in only 
one of the polynomials /, g, then its coefficient in the other polyno
mial is naturally taken to be zero. The product of two “monomials” 
is defined by the equation

axhM 2 . . .  Xnn-bx i '4 2 •. .  =  (ab) x\1+hx f +l2 . . .  Xnn+ln
after which the product of the polynomials /  (xi, x2, . . ., xn) and 
g (xlf x2, . . ., Xn) is defined as the result of a termwise multiplica
tion and subsequent collecting of like terms.

Given this definition of operations, the collection of polynomials 
in n unknowns over the field P becomes a commutative ring, which does 
not contain divisors of zero. Indeed, for n =  1 our definitions coincide 
with those which were given in Sec. 20 for the case of polynomials 
in one unknown. Let it already be proved that the polynomials in 
n — 1 unknowns xu x2, . . ., xn _i with coefficients from the field 
P constitute a ring without divisors of zero. Any polynomial in n 
unknowns xx, x2, . . ., Xn-i, xn may be uniquely represented as a po
lynomial in the unknown xn with coefficients which are polynomials 
in xi, x2, . . ., xn-i, conversely, any polynomial in xn with coeffi
cients from the ring of polynomials in xu x2, . . ., xn-i over the 
field P may of course be regarded as a polynomial over this same 
field P with respect to the entire collection of unknowns xt , x2, . . .
. . ., Xn-1, Xn. It may readily be verified that the one-to-one corre
spondence we have obtained between the polynomials in n unknowns 
and the polynomials in one unknown over the ring of polynomials 
in n — 1 unknowns is isomorphic with respect to thq operations of addi
tion and multiplication. The assertion being proved follows now from 
the fact that polynomials in one unknown over the ring of polyno
mials in w — 1 unknowns themselves constitute a ring, and, as a ring 
of polynomials in one unknown over the ring without zero divisors, 
it does not itself contain any divisors of zero (see Sec. 47).

Consequently, we have proved the existence of a ring of polynomials 
in n unknowns over the field P. This ring is denoted by the symbol 
P \xi, X2, . . ., 2tj].

The following considerations permit regarding the ring of poly
nomials in n unknowns from a somewhat different angle. Let a field 
P be contained in some commutative ring L as a subring. In L take 
n elements a 1? a 2, . . ., and find the minimal subring V  of the 
ring L which contains these elements and also the entire field P, 
that is, the subring obtained by adjoining the elements a it a 2, . . .,



51 .THE RING OF POLYNOMIALS IN SEVERAL UNKNOWNS 305

to the field P. The subring V  consists of all-elements of the ring L 
which are expressed in terms of the elements cti, a 2, . . an and the 
elements of the field P  by means of addition, subtraction and mul
tiplication. It is easy to see that what we have are precisely those 
elements of the ring L which may be written (with the aid of the ope
rations occurring in L) in the form of polynomials in oti, a 2, . . a* 
with coefficients from P; these elements, being elements of the ring 
L, will add and multiply precisely in accord with the rules of addi
tion and multiplication of polynomials in n unknowns.

Of course, speaking generally, a given element {3 of the subring V  
will possess many different notations in the form of a polynomial 
in 0&!, a 2, . . On with coefficients from the field P. If for any |3 in 
L' such a notation is unique, i.e., if the different polynomials in 
exi, a 2, . . ., an are distinct elements of the ring V  (and, hence, of 
the ring L), then the system of elements a t, a 2, . . an is called 
algebraically independent ovpr the field P, otherwise it is algebraically 
dependent * From this we can draw the following conclusion.

If the field P is a subring of a commutative ring L and if the sys
tem of elements oti, a 2, . . ., an of L is algebraically independent over 
P, then the subring V  of die ring L generated by adjoining to P the 
elements a i5  a 2, . . ., an is isomorphic to die polynomial ring P [xif
#2, > . Xfi\.

Of the other properties of the ring P [xif x2, . . ., Xn] of polyno
mials in n unknowns we indicate the following: this ring may be 
included in the field P (xi, x2, . . ., xn) of rational fractions in n 
unknowns over the field P. Every element of this field can be written
as - j ,  where /  and g are polynomials of the ring P  bci, x2, . . ., zn];

then y  =  ■ if and only if /\J) =  gcp. Addition and multiplication
of these rational fractions is performed by the rules which, as indi
cated in Sec. 45, hold true for quotients in any field. The existence 
proof of the field P (a;*, x2> . . ., Xn) is carried out just as it was in 
Sec. 50 for the case n =  1.

We can construct a theory of divisibility for polynomials in se
veral unknowns that generalizes the theory of divisibility for polyno
mials in one unknown, which we studied in Chapters 5 and 10. 
However, since we do not intend to go into a detailed study of the 
ring of polynomials in several unknowns, we will confine ourselves 
to the problem of factoring a polynomial into irreducible factors.

First let us introduce the following concept: if all terms of a po
lynomial f (xi, x2, . . ., xn) have one and the same degree s, then

* The appropriate concepts for the case of n — 1 were introduced in 
Sec. 47: there, an element a,  algebraically independent over the field P in the 
sense of the foregoing definition, was called transcendental over P , otherwise 
it was algebraic over P.

20—5760
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it is called a homogeneous polynomial or, briefly, a form of degree s; 
we are acquainted with linear and quadratic forms, and we could 
consider cubic forms, all terms of which are of degree 3 in the unknowns 
taken together, etc. Any polynomial in n unknowns can be uniquely 
represented as a sum of several forms in these unknowns, the latter 
having various degrees. To obtain the desired representation, all 
we need to do is combine all terms of the same degree. For example, a 
polynomial of degree four /  fo , x2, x^ —S x ^  — x2 — 5xxx2xzJr
+  x\ — 2x3 — is the sum of the quartic form x* — 7xfx%, the
cubic form %xtx̂  — x̂̂ x̂ x̂  +  asj, the linear form x2 — 2x3 and the 
constant term (a form of degree* zero) —6 .

Let us now prove the following theorem.
The degree of a product of two nonzero polynomials in n unknowns 

is equal to the sum of the degrees of the polynomials.
First suppose that we have the forms <p (xif x2, . . . »  xn) of degree 

s and ij) (a?i, x2, . . ., xn) of degree t. The product of any term of the
form q> by any term of the form will obviously have the degree
s +  t, and so the product qn|) will be a form of degree s -j- t, since 
collecting like terms cannot make all the coefficients of this product 
vanish due to the absence of divisors of zero in the ring P  [a?i, x2, . . .
• • •» Xn\.

If we are now given arbitrary polynomials f  (xu x2, . . ., a )̂ and 
g (xi, x2, . . ., Xn) of degrees s and /, respectively, then, by represen
ting each of them as a sum of forms of different degrees, we get

f  faiy X2y . • •, Xn) <P (ajj, X2y . . ., Xn) "j- . . .,
g (̂ 1j • • •* b̂i) ^ (*̂1> X2y . . ., Xn) "I- . . .

where <p and are, respectively, forms of degrees s and t, and the 
dots stand for sums of forms of lower degrees. Then

fg =  qnp +  . . •

By what has been proved, the form qnj) is of degree s +  t, and since 
all terms replaced by dots are of lower degree, the degree of the pro
duct fg will be equal to s +  t. The theorem is proved.

The polynomial q> is called the divisor of the polynomial /, and /  
is the dividend which is divided by <p, if in the ring P [x\, x2> . . ., â J 
there is a polynomial ij? such that /  =  qnj). It is easy to see that the 
divisibility properties I-IX (Sec. 21) are preserved in this general 
case as well. A polynomial /  of degree k, k 1 is called reducible 
over a field P if it can be decomposed into a product of polynomials 
from the ring P [a?i, x2, . . ., xn\ whose degrees are less than k. 
Otherwise it is an irreducible polynomial.

Any polynomial in the ring P [x̂ , x2, . . ., Xn\ having a nonzero 
degree can be decomposed into a product of irreducible factors. This 
decomposition (factorization) is unique to within factors of degree zero.
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This theorem generalizes the corresponding results of Sec. 48 
which refer to polynomials in one unknown. The first assertion is 
proved by repeating exactly the reasoning of Sec. 48. The proof of 
the second assertion is much more difficult. Before attempting it, 
we note that from the second assertion of this theorem there follows 
a corollary: if the product of two polynomials f and g from the ring 
P [#i, a?2, . . avJ is divisible by an irreducible polynomial p, then at 
least one of these polynomials is divisible by p. This is so, for other
wise we would have, for the product fg , two decompositions into 
irreducible factors, one of which contains p  and the other does not.

Suppose the theorem has been proved for polynomials in n unk
nowns and we wish to prove it for a polynomial in n -j- 1 unknowns 
x, Xi, x2, . . ., Xn. Write this polynomial as (p (x). Its coefficients 
will consequently be polynomials in xiy x2, . . ., Xn. For these 
coefficients the theorem has already been proved, that is to say, each 
of them can be uniquely decomposed into a product of irreducible 
factors. Let us call q> (a:) a primitive polynomial (more exactly, pri
mitive over the ring P  [art, x2, . . ., a^l), if its coefficients do not con
tain a single common irreducible factor, that is to say, are all rela
tively prime, and let us prove the following lemma (Gauss’ lemma). 

The product of two primitive polynomials is itself primitive. 
Indeed, suppose we have the primitive polynomials

/  (x) =  aoXk -f- +  . . . +  aixh~l +  . . . +  flft,
g (x) =  b0xl +  biX1- 1 +  . . . +  bjxl~j +  . . . +  bt

with coefficients from the ring P [xj, x2, . . xn\ and let

f  (*) 8 (x) =  £0z ft+I +  Ci*ft+l~1 +  ■ • • -fCi+j^fe+U(i+i) +  . . .  +  Ck+i

If this product is not primitive, then the coefficients c0, ct, . . .
. . ., ch+i will have a common irreducible factor p =  p (xt , x2, . . .
. . ., x^. Since all the coefficients of the primitive polynomial 
/ (x) cannot be divisible by p,  let the coefficient at be the first that 
is not divisible by p; similarly, by bj denote the first coefficient of 
the polynomial g (x) that is not divisible by p. Multiplying f (x) 
and g (x) termwise and collecting terms in xk+l~(t+J>, we get

ci+/ =  aibj +  -j- fl*-2&/+2 • • ♦
The left member is divisible by the irreducible polynomial p. All 
terms of the right member (except the first) are also definitely divi
sible by p. Indeed, by the conditions imposed on the choice of i and 
7 , all coefficients j, at„2, . . ., and also bj-1, bj-2, . . . are divi
sible by p. From this it follows that the product atbj is also divisible 
by p  and therefore, as noted above, at least one of the polynomials 
at, bj must be divisible by p, which however is not the case. This

20*
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completes the proof of the lemma, under the assumption that the 
fundamental theorem for polynomials in n unknowns holds true.

As we know, the ring P [â , x2, . . 0:̂ ] is contained in the field
of rational fractions P (xt, x2, . . ., xn) which we will denote by Q:

Q P X2, • • •? Xji)
Let us consider the polynomial ring Q [a:]. If the polynomial cp (x) 
belongs to this ring, then each coefficient of it can be represented 
as a quotient of polynomials from the ring P l x x 2, . . ., xn]. 
Taking out the common denominator of these quotients and then 
removing the common factors from the numerators, we can represent 
cp (x) as

y ( x) =  j f ( x)

Here, a and b are polynomials of the ring P [xt, x2, . . ., â J and 
/  (x) is a polynomial in x with coefficients from P [xlf x2, . . ., â J; 
it is even a primitive polynomial since its coefficients do not have 
common factors.

In this way, we associate with every polynomial cp (x) of the ring 
Q [a:] a primitive polynomial /  (x). For the given polynomial cp (x), 
the polynomial f  {x) is defined uniquely to within a nonzero factor in the 
field P. Indeed, let

where g {x) is again a primitive polynomial. Then
adf (x) — beg (x)

Thus, ad and be are obtained by taking out all common factors from 
the coefficients of one and the same polynomial over the ring P lâ , 
x2, . . ., Xn\. Whence it follows, due to the validity, in this ring 
(on the induction hypothesis), of the unique factorization theorem, 
that ad and be can differ only by a factor of degree zero. Hence, the 
primitive polynomials /  (a:) and g {x) differ by the same factor.

The product of two polynomials from the ring Q [x] is associated 
with the product of the primitive polynomials corresponding to them. 
Indeed, if

<V(X) =  T  /(*)» >̂(x)^=-jg(x)

where /  (x) and g (x) are primitive polynomials, then 

cp (x )^(x )=^~f (x )g (x )

But, as was proved above, the product /  (a;) g (#) is a primitive poly
nomial.
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Furthermore, note that if the polynomial <p (x) from the ring Q [x] 
is irreducible over the field Q, then the corresponding primitive polyno
mial f  (x), regarded as a polynomial in x, xiy x2,. . ., Xn, is also irredu
cible, and conversely. Indeed, if the polynomial /  is reducible, /  — 
=  /j/g, then both factors must contain the unknown x, since other
wise the polynomial /  would not be primitive, whence follows the 
decomposition of the polynomial (p {x) over the field Q:

9(*) =  £ / ( * ) =  ( y / i )  /2

Conversely, if the polynomial <p (x) is reducible over Q, cp (a:) =  
cpi (x) <P2 (x)> then the primitive polynomials fi {x) and / 2 (x), corre
sponding to the polynomials <pi (x) and <p2 {x), will both contain x, 
but their product, as was proved above, is equal to /  (a:) (to within 
a factor from the field P).

Now let us take a primitive polynomial f  and factor it into irredu
cible factors, /  =  / i -/2 . . . fh. Not only must all these factors contain 
the unknown x, they will even be primitive polynomials, for other
wise the polynomial /  would not be primitive. This factorization of 
the primitive polynomial f is unique to within factors from the field P. 
True enough, due to the preceding lemma, we can regard this facto
rization as a factorization of /  (a;) into irreducible factors over the 
field Q, but we already know of the uniqueness of factorization of 
polynomials in one unknown over some field; this uniqueness occurs 
to within factors from Q. However, in our case, due to the primitivi- 
ty of all factors ft, it will be to within factors from P.

After these lemmas, proved by induction, the proof of our funda
mental theorem does not present any difficulties. Indeed, any irre
ducible polynomial in the ring P [x, xif x2, . . ., xn] will either 
be an irreducible polynomial from the ring P [xi, x%, . . .
• • xn] or an irreducible primitive polynomial. From this it follows 
that if we have some factorization of the polynomial cp {x, xx, x2, . . .
. . ., Xn) into irreducible factors, then, by combining factors, we 
can represent tp as

(p (X, Zj, X2, . . ., Xn) z= a {X\, X2, . . ., Xn) f (x, X%, X2, . . . »  Xn)
where a is independent of x, and /  is a primitive polynomial. However, 
we know that this factorization of cp is unique to within factors from 
P. On the other hand, since for the polynomial a in n unknowns the 
uniqueness of factorization into irreducible factors holds by the 
Induction hypothesis, and, for the primitive polynomial /, was pro
ved in the preceding lemma, the proof of our theorem for the case 
of -f- 1 unknowns is also complete.

An interesting corollary stems from the lemmas proved above: 
if a polynomial cp (x) with coefficients in P [xlf x%, . . ., xn] is reducible 
over the field Q =  P (xlt x2, . . xn) then it can be factored into factors
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dependent on x  and having, as coefficients, polynomials from the ring 
P  lari, x 2, . . ., Xn\. Indeed, if to the polynomial tp (a;) there corre
sponds a primitive polynomial f  (x), that is, <p (a:) =  af {x), then, as 
we know, the factorability of /  (x) follows from the factorability 
of <p (x). But this latter fact leads to the factorization of cp (a;) over 
the ring P [xu x 2, . . ., s j .

In contrast to the case of polynomials in one unknown, which, as 
we know from Sec. 49, can be factored into linear factors over an 
appropriately chosen extension of the base field under consideration, 
there exist over any field P  absolutely irreducible polynomials of arbi
trary degree in several (two or more) unknowns, that is to say, polyno
mials that remain irreducible under any extension of the field.

Such, for instance, is the polynomial
f  f a  y )  =  <p (z) +■ y  

where (p (a:) is an arbitrary polynomial in one unknown over the 
field P. Indeed, if there were a factorization

__ f  fa  y )  =  g fa  y ) h  f a  y )
in some extension P  of the field JP, then, by writing g  and h in terms 
of powers of y, we would have, say,

g fa  y) =  a0 (x) y +  flj (x), h (x, y) =  b0 {x)
that is, h is not dependent on y; and then, because a0 (x) b0 (x) =  1 , 
we would have that b0 (x) has degree 0 , i.e., h is not dependent 
on x  either.

Alphabetical order of the terms of a polynomial. For polynomials 
in one unknown, we have two natural ways’ of arranging the terms — 
as descending and ascending powers of the unknown. This is not 
possible for polynomials in several unknowns. If we have a polyno
mial of degree five in three unknowns,

/  (*̂ i5 X2f ^3) == '̂1̂ 2̂ '3 "I" *̂2*̂3 ~t" X̂ X2Xg
it may also be written as

/  fa'ij *̂2i *£3) — X]X% -f- X-yX2X$ “f" ^1^2*^3 4" •J'2‘̂'3
and there is no reason to prefer one notation to the other. There is, 
however, a very definite way of ordering the terms of a polynomial 
in several unknowns; it depends incidentally on the manner in which 
the unknowns are numbered. For polynomials in one unknown it 
reduces to ordering the terms in descending powers of the unknown. 
It is known as the alphabetical method.

Suppose we have a polynomial f  (xu x 2, . . ., Xn) in the ring 
P  [xi, x 2, . . ., Xn] and two distinct terms of the polynomial

x^x*2 . . .  x hn1 « Jt ( 1 )
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whose coefficients are certain nonzero elements of P. Since the 
terms (1) and (2 ) are distinct, at least one of the differences of the 
exponents on the unknowns

kt — lu i =  1 , 2 , . . n
is nonzero. Term (1) will be considered higher than term (2) land 
term (2) lower than term (1)] if the first of these differences 
(nonzero) is positive, that is, if there is an i, 1 ^  i ^  n, such 
that

Z?i == ij, k2 • • •) &i—i — i(-ii but kf Zj
In other words, term (1) will be higher than term (2) if the exponent 
onxi in (1) is greater than in (2), or if these exponents are equal but 
the exponent on x2 in (1) is greater than in (2), and so forth. It will 
readily be seen that from the fact that term (1) is higher than term 
(2) it does not follow that the degree of the former (all unknowns 
taken together) is greater than that of the latter: of the terms

/m3  m  /y* /y*8

the first is higher though it is of lower degree.
It is obvious that of any two distinct terms of the polynomial 

/  (#i» x2, • • •> %n)i one will be higher than the other. It is also easy 
to verify that if term (1) is higher than term (2), and (2), in turn, is 
higher than the term

. . .  x™n (3)

that is, there exists a /, 1 ^  ^  n, such that
Zi =  mi, l2— m2, . . ., lj-i =  mj-i, but lj >> m7-

then, irrespective of whether i is greater than, equal to, or less than 
7 , term (1) will be higher than term (3). Thus, placing first that term 
which is higher, we get a definite ordering of the terms of the poly
nomial f  (xi, x2, . . ., Xn), which is called alphabetical.

Thus, the polynomial
/  (xu x2, x3, £4) =  x* +  3x\x\x3 — x\x\x\ +  5xxxzx\ +  2x2Jrx\xtl — 4
is arranged in alphabetical order.

In the alphabetical notation of the polynomial /  (xif x2, . . ., Xn) 
one of its terms will occupy first place, that is, will be higher than 
any of the others. This term is called the highest term of the polynomial, 
in the example given above, x{ is the highest term. We will now prove 
a lemma concerning highest terms; it will be used in the proof of the 
fundamental theorem of the next section.

The highest term of a product of two polynomials in n unknowns is 
equal to the product of the highest terms of the factors.
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Indeed, suppose we are multiplying the polynomials/ ^ ,  x2, . . . 
• • •» %) and g ( î) x2<j • • ■> n̂)* If

ax*ix*2 . . .  x*n (4)

is the highest term of the polynomial /  {xu x2, . . xn), and
2 . . .  Xs* (5)

is any other term of this polynomial, then there is an i, 1 ^  ^  n,
such that

hi ■==: Si, < • •, i 1»
If, on the other hand,

bxl{xl* . . . x ln (6)
b'xtix** . . .  (7)

are the highest term and any other term of the polynomial 
g(x i, x2, . . ., xn), then there is a /, 1 ^  ^  n, such that

l i  —  tfo . . ., Zj_i == t j ^ i ,  l j  t j

Multiplying the terms (4) and (6) and also the terms (5) and (7), 
we get

abx*lJrl*X*2+l* . . . X̂ n+ln, (8 )
a'b'x^+tlx|2+<2. . .  x^+tn (9)

It is easy to see, however, that term (8) is higher than term (9); 
if, say, i ^  /, then

&! +  Zi =  Si -j- ti7 . , ., ki-i +  Zj_i — Sj-1 -j- ti-i but
kt -f~ h >  Si +  h

since kt >• st, lt Z*. In the same way, we see that term (8 ) is higher 
than the product of the terms (4) and (7), and also higher than the 
product of the terms (5) and (6). Thus, term (8 )—the product of 
the highest terms of the polynomials /  and g—will be higher than 
all other terms obtained by termwise multiplication of the polyno
mials /  and g, and so this term does not vanish when we collect terms; 
that is to say, it remains the highest term in the product fg. 52

52. Symmetric Polynomials
Conspicuous among polynomials in several unknowns are those 

that remain unchanged no matter what rearrangements of the un
knowns occur. Thus, all unknowns appear in these polynomials in 
symmetric fashion, whence the name symmetric polynomials (or 
symmetric functions). Among the simplest examples are the sum of
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all unknowns xt +  # 2 +  . . .  xn, the sum of the squares of
the unknowns #jH-#2-|- • • • +  #»> the product of the unknowns 
#i#2. „ .#71, and so on. Since any permutation on n symbols can 
be represented in the form of a product of transpositions (see 
Sec. 3), it is sufficient, when proving the symmetry of a poly
nomial, to verify that it remains unchanged under any transposition 
of two unknowns.

We shall now consider symmetric polynomials in n unknowns 
with coefficients from some field P. It is easy to see that the sum, diffe
rence and product of two symmetric polynomials are symmetric; that 
is to say, symmetric polynomials form a subring in the ring 
P [#i, x2, . . ., xn ] of all polynomials in n unknowns over the field P; 
this is called the ring of symmetric polynomials in n unknowns over the 
field P. It includes all elements of P (that is, all polynomials of deg
ree zero and also zero), since they definitely do not change under any 
rearrangement of the unknowns. Any other symmetric polynomial 
invariably contains all n unknowns and even has one and the same 
degree with respect to them: if a symmetric polynomial /  (#i, #2, • • • 
. . ., xn) has a term in which the unknown xt appears with an expo
nent k, then it also has a term obtained from the first one by a tran
sposition of the unknowns xt and xj, that is, one containing the un
known Xj to the same power A;.

The following n symmetric polynomials in n unknowns are called 
elementary symmetric polynomials’.

&i — Xi -f- # 2 . -f- . . . +  xn,
CFj — # l# 2  "I-  •£l%3 “I” • • • H~ #n-i*£nj
CF3 =  # i# 2 # 3  “f" # i # 2# 4  “f" . . . “f* ^71-2^71-1*^71, (*  \

0̂ 71-1 #1#2 . . . #71-1 "f“ #1#2 • • ' t̂i-2̂ 71 #2*̂ 3 •••#«,
(Jti — X\X2 . . .  #71

These polynomials, whose symmetry is obvious, play a very great 
role in the theory of symmetric polynomials. They are suggested 
by the Vieta formulas (see Sec. 24) and so we can say that the coeffici
ents of a polynomial in one unknown, the leading coefficient of which is 
unity, will, to within sign, he elementary symmetric polynomials with 
respect to its roots. This relationship between elementary symmetric 
polynomials and the Vieta formulas will be very essential for those 
applications of symmetric polynomials to the theory of polynomials 
in one unknown which justify their study.

Since symmetric polynomials in n unknowns #t, #2, . . ., xn 
over the field P constitute a ring, the following assertions are obvious: 
we have a symmetric polynomial in the case of any positive integer 
power of any one of the elementary symmetric polynomials, also in 
the case of a product of such powers (taken with any coefficient of P),
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and, finally, in the case of any sum of these products. In other words, 
any polynomial in the elementary symmetric polynomials a 2, . . .
. . ., on with coefficients from P, which polynomial is regarded as a 
polynomial in the unknowns X\, x2, . . ., Xn, will he symmetric. For 
example, set n =  3 and take the polynomial OiG2 +  2a3. Replacing 
Gi, a2 and a 3 by their expressions, we get

a xa2 +  2 a3 =  x\x2 +  xlx3 +  x^\ +  x\x3 +  xxx\ +  x2A  +  5xtx2x3
What we have on the right is obviously a symmetric polynomial 
in sjj, x2, x3.

An inversion of this result is the following fundamental theorem 
on symmetric polynomials.

Any symmetric polynomial in the unknowns xit x2, . . ., xn over 
the field P is a polynomial in the elementary symmetric polynomials 
o4, a 2, . . ., an with coefficients belonging to P.

Indeed, suppose we have the symmetric polynomial
/  ( l̂) X2, . . •, Xji)

and, in the alphabetical notation, let the highest term be
a0x\ix*2 . . .  (2)

The exponents on the unknowns in this term must satisfy the ine
qualities

k± k2 ^  ^  kn (3)
Indeed, suppose, for some i, we have kt <C However, since the 
polynomial f (xi, x2, . . ., xn) is symmetric, it must contain the 
term

a0xhix\ * . . .  . . .  x%* (4)

which is obtained from term (2 ) by a transposition of the unknowns 
xt and xt+1. This is a contradiction, since term (4) is higher than term 
(2) alphabetically: the exponents on xlt x2, . . ., arf_i coincide in 
both terms, but the exponent on x% in term (4) is greater than in 
term (2).

Let us now take the following product of elementary symmetric 
polynomials [all exponents will be nonnegative because of inequali
ties (3)1.:

<pt =  a0a*i“h2<j*2-h3 . . .  (5)

This is a symmetric polynomial in the unknowns xit x2, . . . »  xnt 
and its highest term is equal to term (2). Indeed, the highest terms 
of the polynomials o4, cr2, o 3, . . an are equal, respectively, to 
x\i XiX2, xix2x3j . . ., XiX2 . . . Xn, and since it was proved at the 
end of the preceding section that the highest term of a product is 
equal to the product of the highest terms of the factors, it follows
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that the highest term of the polynomial q)j is

a0xhil~h2 (xix2)k2~h3 (xixzx3)h3~i'i . . .  (xtxz . . .  xn- i)hn~1~hn (xtx2 . . .  xn)hn
— a0xhix*z. . .  x*n

From this it follows that when we subtract cpt from /, the highest 
terms of these polynomials cancel out, that is, the highest term of the 
symmetric polynomial /  — cpi =  f l will be lower than the term (2), 
which is the highest one in /. Repeating this same procedure for the 
polynomial /*, whose coefficients obviously belong to the field P, 
we get the equality

/i =  <p* +  h
where <p2 is the product of the powers of elementary symmetric 
polynomials with a coefficient in P, and / 2 is a symmetric polynomial 
whose highest term is lower than the highest term in fu whence 
the equality

/  =  <Pi +  9a +  h
Continuing this process, we get / a =  0 for some s and therefore 

arrive at an expression of /  in the form of a polynomial in cr2, . . .  
. . ., a„ with coefficients in P:

8

f  (̂ l» • • •» =  2  == (^1> • • • 5 ̂ n)i=i
Indeed, if this process were endless,* we would obtain an infinite 

sequence of symmetric polynomials:
ft, U------ - / . ------- (6)

and the highest term of each would be lower than the highest terms 
of the preceding polynomials, and all the more so lower than (2). 
However, if

bxlixlg . . .  x^1 (7)

is the highest term of the polynomial f8, then from the symmetry 
of this polynomial there follow the inequalities

k > h  >  - - > l n  (8)
which are similar to the inequalities (3). On the other hand, since 
term (2) is higher than term (7), it follows that

h > h  (9)

* One must bear in mind that, generally speaking, the polynomial (p« 
also contains terms not found in the polynomial fs- i  and therefore the transi
tion from fa-i  to f s — fa-i  — <PS is connected not only with eliminating certain 
terms from fa -1 but also with tne appearance of new terms. Here, s =  1, 2, . . ..
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It is readily seen, however, that the systems of nonnegative integers 
llt 2a, . . ., In which satisfy the inequalities (8 ) and (9), may be chosen 
in only a finite number of ways. Indeed, even if we give up the requi
rement (8) and only assume that all /f, i =  1 , 2 , . . ., n, do not 
exceed ku then the choice of numbers l t will be possible in only 
(hi -f* l)n ways. Whence it follows that the sequence of polynomials
(6 ) with strictly descending highest terms cannot be infinite.

This completes the proof of the theorem.
The above-indicated relationship between elementary symmetric 

polynomials and the Vieta formulas permits deriving the following 
important corollary from the fundamental theorem on symmetric 
polynomials.

Let f (x) be a polynomial in one unknown over the field P having the 
leading coefficient unity. Then any symmetric polynomial (with coeffici
ents from P) in the roots of the polynomial f (x), which roots belong to 
some splitting field of the polynomial f (x) over P, will be a polynomial 
(with coefficients from P) in the coefficients of the polynomial f (x) and 
therefore will be an element of P.

The foregoing proof of the fundamental theorem also provides 
us with a practical method for finding the expressions of symmetric 
polynomials in terms of elementary polynomials. Let us first intro
duce the following notation: if

axĥx^ . . .  (1 0)

is some product of powers of the unknowns xif x2, . . ., xn (some 
of the exponents may be equal to zero), then

S (ax^x** . . .  x^) (11)

will denote the sum of all terms obtained from (1 0) by all possible 
rearrangements of the unknowns. It is obvious that this will be a sym
metric polynomial and homogeneous too, and that any symmetric 
polynomial in n unknowns containing the term (1 0) will also contain 
all the other terms of the polynomial (11). For example, S fo) =
=  <Ji, S (xiX̂ i =  or2, S (â ) is the sum of the squares of all the 
unknowns, etc.

Example. Express the symmetric polynomial f  — S in n unknowns
in terms of the elementary symmetric polynomials.

Here, the highest term is x\x>2 and therefore (p* =  of-1a2 =  that is,
<Pl —  (®i +  + .  • • • +  X n )  (*1*2  +  *1*3  +  • • • +  * n - i* 7 i )

=  S (x\xi) +  351 (xixzxz)
whence

f i =  f  — (pi =  —35 (XyXzXz) — —3<j3

Therefore, /  =  <Pi +  L  =  cr^  — 3<t3.
In more involved cases, it is advisable first to determine which terms can 

enter into the expression of the given polynomial via elementary polynomials, (
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and then to find the coefficients of these terms by the method of undetermined 
coefficients.

Example 1. Find an expression for the symmetric polynomial f  — S {x\x\).
We know (see the proof of the fundamental theorem) that the terms of the 

desired polynomial cp (a1} o2, . . ., on) are determined via the highest terms 
of the symmetric polynomials f it f2, . . these highest terms being lower 
than the highest term of the given polynomial / ,  that is, lower than x\x\. We find 
all the products x[x x[2 . . . xl? that satisfy the following conditions: (1] they 
are lower than the term xfxf, (2) they can serve as the highest terms of sym
metric polynomials, i.e., they satisfy the inequalities >  l2 !> • . . >  Zn, 
(3) with respect to all unknowns taken together they have the degree 4 (since, 
as we know, all the polynomials /4, / 2, . . .  have the same degree as the homo
geneous polynomial /). Writing out only appropriate combinations of expo
nents and indicating, alongside, those products of powers of a which products 
are determined by them, we get the following table:

22000 . . .  af-2CT|-0 =  o|,
21100 . . .  CFf-̂ oJ-1^ ' 0 — 0^3,
11110 . . .  cr("1a|"1aj"1aj-0 =  cr4 

Thus, the polynomial /  has the form
/  =  < *! +  AOiOa +  Bo4

We set the coefficient of o2 equal to unity, since this term is determined by the 
highest term of the polynomial /  and, as we know from the proof of the funda
mental theorem, has the same coefficient. The coefficients A and B are found 
as follows.

Set Xi — x2 — x3 — 1, Xi =  . . . =  xn =  0. It is easy to see that for these 
values of the unknowns the polynomial /  has the value 3, and the polynomials 
olt o2, o3 and <r4, the values of 3, 3, 1, and 0, respectively. Therefore,

3 = 9  +  4-3 .1  +  5 - 0
whence A =  —2. Now put =  x2 — x3 ~  £4 =  1, x5 ~  . . . =  xn — 0. 
The values of the polynomials /, ou a2, o3 and o4 will be 6, 4, 6, 4, 1, respective
ly. Therefore,

6 =  36 -  2-4-4 +  B A  
whence B — 2. Thus, for /  the desired expression is

/  — o2 — 2oiCT3 +  2ct4
Example 2. Find the sum of the cubes of the roots of the polynomial 

/  (*) =  x* +  z3 +  2as2 +  x +  1
To solve this problem, let us find the expression for the symmetric poly

nomial S (arf) in terms of the elementary symmetric polynomials. Applying 
the same method as in the preceding example, we get the table

3000 . . /t3, . ox,
2100 . . , . 0102,
1110 . , . . 03

and therefore
S  (*?) =  of +  AOiOz +  B o3

First assuming Xi =  x2 ~  i ,  x3 =  . . . =  xn =  0, and then x i ~  x2 =  
=  x3 =  1, Xi =  . . . =  Xn =  0, we get A ~  —3, B =  3, that is,

S (xf) =  of — 3a4CT2 +  3<t3 (12)
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To find the sum of the cubes of the roots of the given polynomial / (x), it is 
necessary (because of the Vieta formulas) to replace, in the above-found expres
sion, ai by the coefficient of x3 with sign reversed, that is, by —1, then to rep
lace a2 by the coefficient of xa, that is, by 2 , and, finally, to replace <J3 by the 
coefficient of x  with sign reversed, i.e., by —1. Thus, the sum we are interested 
in (the sum of the cubes of the roots) is equal to

( _ 1 ) 3  -  3 -(-l)-2  +  3*(—1) =  2
The reader can verify this result if he takes into account that f  (x)  has

1 l / 3  1 ~l/3
as roots the numbers i, —i, — ^ +  t-Tj- and —  ̂ — i 2 " * ** *s a*so °bv*ous
that the formula (12) does not depend on the given polynomial f  (x) and enab
les us to find the sum of the cubes of the roots of any polynomial.

The method, obtained in the proof of the fundamental theorem, 
for expressing a symmetric polynomial /  in terms of the elementary 
polynomials leads to a very definite polynomial in a1? cr2, . . ., an. 
It turns out that there is no way of obtaining a different expression 
for /  in terms of 0 i, a 2, . . on. This is indicated by the following 
uniqueness theorem.

Every symmetric polynomial has only a unique expression in the 
form of a polynomial in the elementary symmetric polynomials.

Here is the proof. If a symmetric polynomial f (xi, x2, . . ., xn) 
over a field P had two distinct expressions in terms of a 2, . . ., an

f (,x 1> x2i * • •» Xn) fal» 02» * • •» 7̂l) ~  ^ (^1> > • • •» ®n)
then the difference
1 (ou <t2, . . ., on) =  cp (a4, a2, . . ., an) — a\> (au a2, . . ., an)

would be a nonzero polynomial in o4, a 2, . . ., an; that is, not all
its coefficients would be zero, whereas replacing Oi, cr2, . . ., an 
in this polynomial by their expressions in terms of xlf x2, . . ., xn 
would lead to the zero of the ring P  [xl5  a:2, . . ., xn\. It therefore 
remains to prove that if a polynomial % (ai-> °,2> • • •* ^n) is diffe
rent from zero, that is, has at least one nonzero coefficient, then 
the polynomial g {xy, x2, . . xn) obtained from % hy replacing 
tTi, a 2, . . . »  a„ by their expressions in terms of xit x2, . . ., xn,

5C f a i *  0 2 > • • •» =  g  (x l> *2> • • •> xn) ( 1 3 )

is also nonzero.
If aa?‘cr£* . . . a*n is one of the terms of the polynomial %, 

0 , then after replacing all or by their expressions (1), we get 
a polynomial in Xu x2, . . ., xn whose highest term (in the sense of 
alphabetical ordering) is, as we already know from the proof of the 
fundamental theorem, the term

CLXi1 (2^ 2)* 2 • • • (xlx2 • • • xn)hn =  OXlfxl2 . . . Xl„
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where
h — &i h2 +  • • • +  kn, 
1% k2 -f- . . • ~f~

In kn
Whence

hi If hn ln, i 1 , 2 , . . ., n 1

That is to say, using the exponents Zi, Z2, . . ., Ẑ , we can restore the 
exponents hit h2, . . ., kn of the initial term of the polynomial %. 
Thus, distinct terms of the polynomial %, which are regarded as 
polynomials in xit x2, . . xn, have distinct highest terms.

Let us now consider all the terms of the polynomial %: for each 
one of them let us find the highest term of its representation in the 
form of a polynomial in Xi,'x2, • • Xn and select that highest term 
which is highest in the alphabetical-ordering sense. As has been 
pointed out above, this term does not have any similar ones among 
the highest terms obtained from the other terms of the polynomial %, 
and since, by hypothesis, it is higher than each of these highest terms, 
it is all the more so higher than the other terms obtained when repla
cing in the terms of the polynomial % the elements a t, cr2, . . ., an 
by their expressions (1). We have thus found a term which, when pass
ing from % (au o 2, . . ., on) to g (xu x2, , . ., a^), appears (with 
nonzero coefficient) only once and for this reason cannot be cancelled 
out with anything in any way. Whence it follows that not all coeffi
cients of the polynomial g x2, . . ., Xn) are equal to zero, that 
is, this polynomial is not a zero element of the ring P [xu x21 . \  .
, , ., Xn\. The proof is complete.

Evidently, this theorem could also be stated in the following 
manner.

A system of elementary symmetric polynomials 0 4 ,  a 2, . . . ,  on 
regarded as elements of the polynomial ring P [xu x2, . . ., xn\ is al
gebraically independent over the field P. 53

53. Symmetric Polynomials Continued

Remarks on the fundamental theorem. The proof of the fundamen
tal theorem on symmetric polynomials given in the preceding section 
admits of a number of essential supplements to the statement of the 
theorem. We will make use of them in what follows. First of all, 
the coefficients of the polynomial <p (crl5 cr2, . . ., crn) which we found 
as an expression for the symmetric polynomial /  (x±, x2, . . ., xn) 
in terms of the elementary symmetric polynomials not only belong 
to the field P, but are even expressed in terms of the coefficients of the
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polynomial f by means of addition and subtraction, i.e., they belong 
to the ring L generated by the coefficients of the polynomial f inside the 
field P.

True enough, all coefficients of the polynomial cpi [see formula
(5) of the preceding section] in the unknowns xit x2, ■ • xn are, 
as will readily be seen, integral multiples of the coefficient a0 of the 
highest term of the polynomial /  and for this reason belong to the 
ring L. Let it be already proved that L contains all coefficients (in 
xu x2, . . ., xn) of the polynomials cpi, cp2, . . cpj. Then the coeffi
cients of the polynomial fi — f — cpi — q>2 — . . . —- <p/ will also 
belong to L, and therefore L also contains all coefficients of the poly
nomial <p*+i in xi, x2, . . ., xn.

On the other hand, the degree of the polynomial (p (al5  o 2, . . on) 
with respect to <r2, . . ., <yn taken together is equal to the degree of 
the polynomial f  (xlf x2, . . ., xn) with respect to each of the unknowns 
xt. Indeed, since (2) of Sec. 52, is the highest term of polynomial /, 
it follows that kt will be the degree of /  in the unknown xi, and there
fore, by symmetry, in any other of the unknowns xt as well. However, 
the degree of <pi with respect to a jointly is, by (5) of Sec. 52, equal 
to the number

(&i — k2) -f- (k2 — k3) +  . . . +  (Avi-i — kn) 4* K  =  kt
Furthermore, since the leading term of the polynomial fi is lower 
than the leading term of the polynomial /, it follows that the degree 
of f t with respect to each one of the xt will not exceed the degree of 
/  with respect to each one of these unknowns. However, for f t the 
polynomial <p2 plays the same role as tpi for /, and so the degree of 
cp2 with respect to a jointly is equal to the degree of f t with respect 
to each one of x that is, it does not exceed and so on. Thus, like
wise, the degree of cp (ui, u2, . . ., an) does not exceed But since 
no9 1 with i >» i can contain all <Ti, cr2, . . ., an to the same powers 
as (pi, the degree of cp (ctj, cr2, . . ., on) is exactly equal to Â . Our 
assertion is thus proved.

Finally, let acy[‘a£» . . .  ofr be one of the terms of the poly
nomial q> (04 , cr2, . . ., (j„). We give the name “weight” of this 
term to the number

Zi -f- 2 Z2 +  . . . -f- nln
that is, to the sum of the exponents multiplied by the indices of the 
corresponding a*. In other words, this is the degree of our term with 
respect to the unknowns xi, x2, . . ., xn taken together, as follows 
from the theorem (proved in Sec. 51) on the degree of a product of 
polynomials. Then the following assertion holds true.

// ,  with respect to the totality of unknowns, a homogeneous symmet
ric polynomial /  (xi, x2, . . ., xn) has degree s, then all terms of its 
expression <p (alf a 2, . . ., an) via a will have the same weight equal to s.
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Indeed, if (2) of Sec. 52 is the highest term of the homogeneous 
polynomial /, then

s =  ky +  k2 +  . . . +  kn

However, the weight of the term <pt is, by (5) of Sec. 52, equal to 
(fci — k2) +  2 (k2 — k3) +  . . . +  (n — 1) (&»-i — K )  +  nkn

=  ki -f- k2 +  k3 kn

That is, it is also equal to s. Furthermore, the polynomial fx — f  — 
— cpi, being the difference of two homogeneous polynomials of degree 
s, will itself be homogeneous of degree s, and therefore the term <p2 
of the polynomial (p will have weight s, etc.

Symmetric rational fractions. The fundamental theorem on 
symmetric polynomials can be extended to the case of rational frac-

4
tions. Let us call the rational fraction j i n  re unknowns xx, x2, . . .
. . ., Xn symmetric if it remains equal to itself under any rearrange
ment of the unknowns. It is easy to demonstrate that this definition
does not depend on whether we take the fraction -j- or an equivah t frac

tion — . Indeed, if to is some arrangement of our unknowns, and <p So
is an arbitrary polynomial in these unknowns, then let us agree to 
use cp® to denote the polynomial into which <p is carried by the arran
gement co. By hypothesis, for any to,

t  =  £ -
g g®

That is, fg° =  g/®. On the other hand, from

g go
it follows that fg0 =  g/0, whence /®g® =  g®/®. Multiplying both 
sides by /, we get

/ / <Dg0fi> =  /g<fi/oa =  g /ffi/ 0C) 
whence, by cancelling out /®, it follows that /g® =  g/“ or

1?. =  !  =  A
g go

The following theorem is valid.
Any symmetric rational fraction in the unknowns xx, x2, . . ., xn 

with coefficients from the field P can he represented as a rational fraction 
in the elementary symmetric polynomials ax, cr2, . . ., crn with coeffi
cients which again belong to P.

21—5760
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Indeed, suppose we have the symmetric rational fraction
/ ( g  1» * 2 ,  . . . »  Xn ) 
g  ( X j ,  X 2 , . . • » Xn )

Assuming it to be in lowest terms, we could prove that both /  and g 
are symmetric polynomials. However, a simpler way is the following. 
If the polynomial g is not symmetric, multiply the numerator and 
the denominator by the product of all n\ — 1 polynomials obtained 
from g under all possible nonidentical permutations of the unknowns. 
It is easy to check that the denominator will now be a symmetric 
polynomial. From this it follows, by the symmetry of the entire 
fraction, that the numerator will now also be symmetric, and so to 
prove the theorem all we have to do is express the numerator and the 
denominator in terms of the elementary symmetric polynomials.

Power sums. In applications we often encounter the symmetric 
polynomials

Sh — #1 +  #2 +  • • • +  #nj k = l ,  2, . . .

which are sums of the Zeth powers of the unknowns xi, x2, . . ., Xn. 
These polynomials, called power sums, must be expressed (by the 
fundamental theorem) in terms of elementary symmetric polynomials. 
However, for large k, it is extremely difficult to find these expres
sions, and so of interest is the relationship between the polynomials 

s2, . . . and <Xi, a 2, . . ., <Jn, which we will now establish. 
First of all, =  <Ji. Next, if k ^  n, then it is easy to verify the 

truth of the following equalities:

Sk-fii =  Sk. H- S (xf #2)’

S h —2^2  == ^  (*^1 *^2) ~i~ ^  (*^1 ^ 2 ^ 3 )  »

Sh-i(Ji =  S (xhi l+lx2 . . .  Xi) +  S (x\ 3x2 . . .  XiXi+i)
2

( 1 )

SiOh-i — s  {x\x2 . . .  xh-i) +  kah

Taking the alternating sum of these equalities (that is, the sum 
with alternating signs), and then transposing all terms to one side, 
we get the following formula:
sh — Sft-iOq +  sh- 2a2 — . . . +  (—l ) ft-1siaft-i +  (—l ) ft kah =  0 (2)

(k ^  n)

See (11) of Sec. 52.
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But if k >  n, then the system (1) of equations takes the form

=  Sft-f-<S (Xi #2)»

Sk-2 ^ 2  ~  S (x{ x2) +  $  ix i *̂2*̂3) >

Sfc—j0j—S (%i X2 . . . Xi) -j- S (x̂  X2 . . . #f*E2+i)) lj

S k -n O n  =  ^  (X?“ n + 1a:2 . . • X n )

whence follows the formula
sft — s^iOi -f  sh- 2a2 — . . . +  (—l)n sh. non =  0 ( k > n )  (3)

Formulas (2) and (3) are called Newton's formulas. They connect 
power sums with elementary symmetric polynomials and permit one 
to find, successively, the expressions for sJ? s2, s3 . . .  in terms of 
at, 0 2, . . ., 0 n. Thus, we know that =  0 4, which also follows from 
formula (2). Furthermore, if k =  2 ^  n, then, by (2), s2 — Si0i +  
-f- 2o2 =  0, whence

s2 =  0 i — 2 0 2
For k =  3 n we have s3 — s20i -f  Si02 — 3o3 =  0, whence, using 
the expressions already found for st and s2, we get

s3 =  0 ? — 30i02 +  303

which is already familiar to us [see (12) of Sec. 52]. Now if k =  3 
but n =  2, then, by (3), s3 — s20 i +  Si02 =  0, whence s3 =  0 ® — 
— 30i02. Using the Newton formulas, we can obtain a general for
mula expressing sk in terms of 0lt o 2, . . ., on. True, this formula 
is very unwieldy and so we will not give it.

If the base field P has characteristic 0 and for this reason division 
by any natural number n is meaningful*, then formula (2) permits 
successively expressing the elementary symmetric polynomials 
0 4, 0 2, . . ., on in terms of the first n power sums $1, s2, . . ., sn. 
Thus, 0 t =  si and therefore

1 1  
0 2 == "2" (si°i $2) "jr (s? s2)>

<*3 =  -J (Si — s2Oi +  st0 2) =  — (s[ — 35^2 +  2s3)

and so forth. From the foregoing and from the fundamental theorem 
follows the result that * 21

* In afield of characteristic p ,  the expression — is meaningless for a  0 
since in this field p x  —  0 for any x .

21 *
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Any symmetric polynomial in n unknowns xx, x2, . . xn over 
a field P of characteristic zero can he represented as a polynomial in 
the power sums s±, s2, . . sn with coefficients belonging to the field P.

Polynomials symmetric in two systems of unknowns. In the next 
section, and also in Sec. 58, use will be made of a generalization of 
the concept of a symmetric polynomial. Suppose we have two sys
tems of unknowns xx, x2, . . xn and yu y2, . . ., yr, and suppose 
their union

XX, X2» • • •» Xn, yii Vn • • •» Vr (4)
is algebraically independent over the field P. The polynomial 
/  (xi, x2, . . ., Xn, yi, y2, . . yr) over the field P is called symmet
ric in two systems of unknowns if it remains unchanged under any arran
gements of the unknowns xx, x2, . . . ,  xn among themselves and of 
the unknowns yx, y2, . . yT among themselves. If we denote the 
elementary symmetric polynomials in x±, x2, . . ., xn by o x, cr2, . . . 
. . ., o n and the elementary symmetric polynomials in yit y2, . . .
. . ., yr by Tj, t 2, . . ., Tr then the fundamental theorem is genera
lized as follows.

Any polynomial f {x^ x2, . . ., xn, yx, y2, . . ., yT) over the field 
P, which polynomial is symmetric with respect to the systems of unknowns 
Xi, x2, . . Xn and yx, y2, . . ., yT, can he represented as a polynomial 
(iwith coefficients from P) in the elementary symmetric polynomials 
with respect to these two systems of unknowns:
f {Xi, X2, • . . j  Xn, y i, y2, • ♦ •> yr) ~  *p (Oi> 0 2, • . Oni Tj, t 2, . . . Tr)

Indeed, the polynomial /  may be regarded as a polynomial 
T{yu y-L, • . yr) With coefficients which are polynomials in xit 
x2, . . ., Xn- Since /  remains unchanged under rearrangements of the 
unknowns x2, . . •, Xn, it follows that the coefficients of the poly
nomial /  will be symmetric polynomials in xt , x2, . . ., xn and the
refore, by the fundamental theorem, can be represented as polyno
mials (with coefficients Jrom P) in <jl5 cf2, . . ., o n . On the other 
hand, the polynomial J  {yx, y2, ■ . y.r) regarded over the field 
P (xu x2, . . Xn) will be symmetric with respect to y±, y2, . . ., yr 
and therefore can be represented as the polynomial q> (xlt t 2, . . .

., xr). The coefficients of the polynomial cp will, as was demonstra
ted at the beginning of this section, be expressed in terms of the coeffi
cients of 7  by means of addition and subtraction, and so they too will 
be polynomials in o x, o 2, . . .,  o n . This obviously leads us to the 
desired expression for /  in terms of o x, o 2, • • •» <Jn, Tj, t 2, . . ., Tr.

Example. The polynomial 
f  (X i, x2, * 3 , Vi% V2) —  X 1X2X3 —  X iX2y i  —  X iX 2lf2 —  X iX zD i  —  XiXs,y2

— X2X3yi — x 2 x sy 2 +  x i y i y 2 +  x 2y xy 2 +  x 3y i y 2
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is symmetric both with respect to the unknowns x i ,  x 2, x 3 and to the unknowns 
yu y2, but is not symmetric with respect to the five unknowns taken together, 
as is evident from, say, a transposition of the unknowns x t and y%. Let us find 
the expression for f in terms of a*, a2, cr3, n , x2:
/  =  XiX2x z  — ( x i x 2 +  x ix $  - f  x 2x 3) y i  —  ( x t x 2 +  XiX3 +  x 2x 3) y 2

+  (Xi -f- x 2 -f- x3) y\y% =  0's — o 2y i  — o 2y 2 -f- Oiy%y2 =  o 3 — 02*1 “1” ctit 2

The theorem just proved can naturally be extended to the case 
of three or more systems of unknowns.

For polynomials symmetric with respect to two systems of un
knowns, the theorem of unique representation in terms of elementary 
symmetric polynomials also holds true. In other words, the follow
ing theorem is valid.

The combined system
^2) ■ • tTni ti, T2, • • •) t r

of elementary symmetric polynomials in the given systems of unknowns 
Xi, x2, . . . »  xn and yu y2, . . ., yT is algebraically independent over 
the field P.

Indeed, suppose over the field P there is a polynomial

<P (<Ji, 0 2, . • O n , X \ ,  T2, • ■ Tr)

equal to zero although not all its coefficients are zeros. This polyno
mial may be regarded as a polynomial tj? (xi, x2, . . ., xr) with 
coefficients which are polynomials in ol5 u2, . . ., an. We can, con
sequently, take it that ^ is a polynomial in xit t 2, . . . ,  xr over the 
field of rational fractions

Q = P  (*i. x 2, . . ., xn)

The system yit y2, . . ., yr remains algebraically independent over 
the field Q: if, in this system, there were algebraic dependence with 
coefficients from Q, then, by eliminating the denominators, we would 
obtain an algebraic dependence in system (4), which contradicts the 
assumption. Proceeding from the uniqueness theorem of the prece
ding section, we now find that the system xif x2, . . ., xr must also 
be algebraically independent over the field Q, and therefore all coeffi
cients of the polynomial are equal to zero. However, these coeffi
cients are polynomials in a1} a 2, . . ., an and therefore, again on the 
basis of the uniqueness theorem for the case of one system of unknowns 
(this time, the system xlf x2, . . ., Xj,), all coefficients of these latter 
polynomials are themselves zero. This proves that, in contradiction 
with the hypothesis, all coefficients of the polynomial tp must 
be zero.
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54. Resultant. Elimination of Unknown.
Discriminant

If we have a polynomial f (xu x2, . . ., xn) from the ring 
P [xi, x2, . . ., xn\j then its solution is a set of values of the unknowns

X \  0»i5 • • •» == Ctn

taken in the field P or in some extension P of this field, a set that 
makes the polynomial /  vanish:

/  (<*!, a2, . . ., an) =  0
Every polynomial f  of degree greater than zero has solutions: if the 

unknown xx occurs in the notation of this polynomial, then for a 2, . . .
. . ., a„ we can actually take any elements of the field P, provided 
only that the degree of the polynomial /  (x̂ , a 2, . . ., an) is strictly 
positive, and then, using the theorem on the existence of a root 
(Sec. 49), take an extension P  of the field P  in which the polynomial 
f (xir a 2, . . an) in the single unknown xt has the root c .̂ At the 
same time, we see that the property of a polynomial of degree n 
in one unknown to have, in any field, not more than n roots ceases 
to hold true for polynomials in several unknowns.

If we have several polynomials in n unknowns, we can pose the 
question of finding solutions that are common to all these polyno
mials; that is, solutions of the system of equations which is obtained 
by equating the given polynomials to zero. A particular case of this 
problem, namely the case of systems of linear equations, was consi
dered in detail in Chapter 2. However, concerning the opposite case 
of one equation in one unknown but of arbitrary degree, we know 
nothing about the roots except that they exist in some extension of 
the base field. Finding and studying solutions of an arbitrary non
linear system of equations in several unknowns is, quite understan
dably, a still more involved problem that goes beyond the scope of 
our present course and constitutes a special branch of mathematics 
known as algebraic geometry. Here, we confine ourselves to a system 
of two equations of arbitrary degree in two unknowns; we will show 
that this case can be reduced to that of one equation in one unknown.

Let us first take up the question of the existence of common 
roots of two polynomials in one unknown. Suppose we have the poly
nomials

/  i.'P) “  Q>qX  -f- â x * &n •> 1

g (#) =  b0xs -f- bixS“1 +  • • • +  bs-iX +  bs f
over the field P, a0 0, b0 0.

From the results of the preceding chapter, it readily follows that 
polynomials f (x) and g (x) have a common root in some extension of the 
field P if and only if they are not relatively prime. Thus, the question
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of the existence of common roots of the given polynomials can be 
resolved by applying the Euclidean algorithm.

We will now give another method. Let P be some extension of 
the field P in which /  (x) has n roots ai, a 2, . . ., On and g (x) has s 
roots pt, p2, . . ., ps; for P we can take the splitting field for the 
product /  (#) g (x). The element

R (f,g)=a$b«  ft  n  (a ,-p ,)  (2 >
i = i  j = l

of the field P  is called the resultant of the polynomials /  (x) and g (x). 
It is obvious that f (x) and g {x) have a common root in P if and only 
if R (/> S) =  0. Since

g(x) =  b0 [I (z —P;) 
j = i

and therefore
8

g(<*i)=b o n (ai - h )
j = l

it follows that the resultant R (/, g) can also be written as

=  [I g & i )  (3)
i = l

The polynomials /  (x) and g (x) are utilized in nonsymmetric 
fashion in determining the resultant. Indeed,

R(g, f) =  b«al f l f l (P ,-a i)  =  ( - l )”* * ( /,  g) (4)
j =  1 i =  1

In accordance with (3), R (g, f) may he written as

R (g ,f)  =  K  fl /(ji,) (5)
3 = 1

Expression (2) for a resultant requires a knowledge of the roots 
of the polynomials /  (x) and g (x) and therefore is, in a practical sense, 
useless for solving the problem of the existence of a common root of 
these two polynomials. However, it turns out that the resultant 
R (fi g) may be represented in the form of a polynomial in the coeffi
cients a0l bQ, b^ . . ., bs of the polynomials f (x) and g (x).

The possibility of such a representation follows readily from the 
results of the preceding section. Indeed, formula (2) shows that the 
resultant R (/, g) is a symmetric polynomial in two sets of unknowns: 
the set ai, a 2, . . ., an and the set p1? p2, . . ., ps. Therefore, as 
proved at the end of the preceding section, it can be represented in 
the form of a polynomial in the elementary symmetric polynomials 
with respect to these two systems of unknowns, that is, by the Vieta
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formulas, as a polynomial in the quotients — , i =  1, 2,ao n,

and
bo j =  1 , 2 , s; the factor included in (2) eliminates

a0 and 60 from the denominators of the resulting expression. Inciden
tally, it would be an arduous task to find the expression of the resul
tant in terms of the coefficients by means of methods described in the 
preceding sections, and so we will proceed differently.

The expression for the resultant of the polynomials (1) that we 
will find will suit any pair of such polynomials. To be more precise, 
we will take it that the set of roots

• • •» Pi5 ^2’ • • •» Ps (fi)
of the polynomials (1) is a set of n +  s independent unknowns, that 
is, a set of n +  s elements which are algebraically independent over 
the field P in the sense of Sec. 51.

We will get an expression for the resultant, which expression, 
regarded as a polynomial in the unknowns (6) (after replacement of 
the coefficients by the roots via the Vieta formulas), will be equal 
to the right member of (2); this member is also regarded as a polyno
mial in the unknowns (6).

Regarding the equality precisely in the sense of an identity 
in the set of unknowns (6), we will prove that the resultant R (/, g) of 
the polynomials (1) is equal to the following determinant of order n -f- 5:

Iq â  . . . an
aQ a j • * ®7l

a0 ai . . . an
>0 bi . . bs

b0 . . .  ba

bo ^  .. bs

s rows

n rows

(7)

(all vacancies are occupied by zeros). The structure of this determi
nant is clear enough; it need only be noted that the coefficient a0 
appears s times on the principal diagonal and the coefficient bs occurs 
n times.

To prove our assertion, we compute in two ways the product 
a\b%DM, where M  is the auxiliary determinant of order n +  s

p«+!- i P2+-1 .. n+s- i <Xi n+s-1 0&2 ..o2+-‘
PS+"2.. on+i-2 • Ps a?+‘-2 n+«—2 C&2 . cC+-2

p,1 Pa2 • Pi a \ a \ .
Pi P2 . ps a i a2 • a n
1 1 . 1 1 1 . 1
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M  is the Vandermonde determinant and so it is equal (see Sec. 6) 
to the product of the differences of the elements of its second last row, 
any succeeding element being subtracted from any preceding ele
ment. Thus,

n (P.-M- n n <&-«.>■• n
j—1 i—1 1

and therefore, by (4),

<tp*DM =  D . R ( g , f i -  I] I] (8)

On the other hand, let us compute the product D M  on the basis 
of the theorem on the determinant of a product of matrices. Multi
plying out the appropriate matrices and taking into account that all 
a are roots of /  (x) and all p are roots of g (x), we get

P*f7(P.) Pi"7(PJ. • •pr‘/(P..) 0 0 0
P‘f7(P,) p r2/® *). ..p*."V(P..) 0 0 0

Pi/ (Pi) P2/ (Pz) • p./(p.) 0 0 0
/(Pi) /(p.) •.. /(P.) 0 0 0

0 0 . 0 ai"V(ai) a Z V(«z) •• («n)
0 0 . 0 « r2g(«.) 0 2 " 2g  (a*) •• • an ~ 2g  (a n)

0 0 . 0 g  («i) «2 g (a*) •. • an g  (an)
0 0 . 0 g(<*i) g (<*2) •• g  («n)

Applying the Laplace theorem, then taking common factors out of 
the columns of the determinants and computing the remaining deter
minants as Vandermonde determinants, we obtain

0;6?DM=aK n /(?>)• n (Pi-Pi)-n n
j — 1 l ^ i < j i ~ s  i = l

or, using (3) and (5),
a f i % D M  =  i? (/, g )  R  (g ,  f )  • n  (Pi-Pi)- II (<*!-«;) (9)

We find that the right sides of (8) and (9), considered as polyno
mials in the unknowns (6), are equal. Both sides of the resulting equa
tion can be reduced by common factors not identically zero. The 
common factor R (g, f) is not equal to zero: since a0 0 and b0 =£ 0 
by hypothesis, it suffices to select for the unknowns (6) nonequal valu
es (in the base field or in some extension of it) in order to obtain from
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(4) a nonzero value for the polynomial R (g, /). In the same way, we 
prove that the other two common factors are also different from zero. 
Cancelling out common factors, we arrive at the equality

Ri f ,  g ) = D  (10)
which is what we set out to prove.

Let us now give up the requirement that the leading coefficients 
of the polynomials (1) be different from zero*. Concerning the true 
degrees of these polynomials, it is thus possible to assert only that 
they do not exceed their “formal” degrees n and, respectively, s. For 
the resultant, the expression (2) is now meaningless, since it may be 
that the polynomials in question have fewer roots than n or s. On the 
other hand, determinant (7) can be written now as well, and since it 
is already proved that for a0 =# 0, bQ =£ 0 this determinant is equal 
to the resultant, it follows that in our general case too we can call 
it the resultant of the polynomials /  (x) and g (x) and denote it by
R if, g)-

However, we can no longer hope that the fact that the resultant 
is zero is equivalent to our polynomials having a root in common. 
Indeed, if aQ =  0 and b0 — 0, then R (/, g) =  0, irrespective of 
whether the polynomials /  and g have common roots or not. It turns 
out, however, that this case is the only case when one cannot conclude 
that if the resultant is zero, the given polynomials have common 
roots**. Namely, the following theorem is valid.

If we have polynomials (1) with arbitrary leading coefficients, then 
the resultant (7) of these polynomials is zero if and only if the polyno
mials have a common root or if their leading coefficients are both zero.

Proof. The case of a0 =/= 0, b0 =̂= 0 has already been considered, 
and the case of a0 =  b0 =  0 is covered in the statement of the theo
rem. It remains to consider the case when one of the leading coeffi
cients of the polynomials (1), say a0, is nonzero and is equal to zero.

If bi =  0 for all i, i =  0, 1, . . ., s, then R  (/, g) =  0 since the 
determinant (7) contains zero rows. In this case, however, the poly
nomial g (x) is identically zero and therefore has common roots 
with /  (x). However, if

bo =  bf =  . . .  =  bk-i =  0, but bh 0, k ^  s
and if

g ix) =  bhx*-h +  bh+ixs~k~1 +  . . . -f- b ^ x  +  b8

* This temporary rejection of the condition on the leading coefficient 
of the polynomial, which was valid up to now, is due to subsequent applica
tions: we want to consider systems of polynomials in two unknowns and we 
want to regard one of the unknowns as a coefficient. Thus, the leading coeffici
ent can vanish for particular values of this unknown.

** The determinant (7) is of course also equal to zero when — bs =  0. 
However, in this case the polynomials (1) have a common root 0.
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then, replacing the elements b0, bu . . ., bh-i in (7) with zeros and 
applying the Laplace theorem, we obviously get

R (/, g) =  a>R if, g) (11)

But since the leading coefficients of both polynomials /  and g are diffe
rent from zero, it follows, from what was proved above, that the 
equality R (/, g) — 0 is necessary and sufficient for the polynomials 
f  and g to have a root in common. On the other hand, by (11), the 
equalities R (/, g) =  0 and R (/, g) =  0 are equivalent, and since 
the polynomials g and g of course have the same roots, we find that 
in the case at hand as well the fact that the resultant R (/, g) is zero 
is equivalent to the polynomials /  (x) and g (,x) having a common 
root. This proves the theorem.

Let us find the resultant of the two quadratic polynomials
/ (x) =  a0x2 +  dix +  a2, g (x) =  b0x2 +  b±x +  b2

By (7),

R  (/> g )  =
aQ CL̂ CLg 0 
0  clq dq a2 
fro bi b2 0 
0 b0 bt b2

or, computing the determinant via expansion by the first and third 
rows,

R if, g) =  («ob2 — a2b0)2 — (oofri — «ifro) («ifr2 — a2fri) (12)
Thus, if we have the polynomials

/  (x) — x2 —  6x +  2, g (x) =  x2 +  x -j- 5
then, by (12), R (/, g) =  233 and so these polynomials do not have 
any roots in common. But if we have the polynomials

/ (;c) =  x2 —  Ax — 5, g (x) =  x2 —  lx  +  10

then R (/, g) =  0, which means that they have a common root, the 
number 5.

Eliminating an unknown from a system of two equations in two 
unknowns. Suppose we have two polynomials f and g in two unknowns 
x and y with coefficients from some field P. We write the polynomials 
in descending powers of x:

f (x, y) =  a0 (y) xk +  (y) z h ~ x - f  • •  +  « f t - i  iy) x +  dk (y), 1
g {x, y) =  b0 (y) xl -j- fr4 (y) xl~x +  . . . +  frw  (y) x +  b^y) J

(13)
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The coefficients will be polynomials from the ring P  [yl. We find the 
resultant of /  and g, which are regarded as polynomials in x, and deno
te it by Rx if, g). By (7) it will be a polynomial in the single unknown 
y with coefficients from the field P:

fix if, g ) = F  (y) (14)

Let the system of polynomials (13) have, in some extension of 
the field P, the common solution x — a, y =  p. Substituting the 
value p in place of y in (13), we get two polynomials /  (x, fi) and 
g (x, P) in the one unknown x. These polynomials have the common 
root a and therefore their resultant, which by (14) is equal to 
F (P), must be equal to zero, that is, p must be a root of the resultant 
fix if, g)- Conversely, if the resultant R x if, g) of the polynomials 
(13) has the root p, then the resultant of the polynomials f  (x, P) 
and g (x, P) is zero. That is to say, either these polynomials have a 
common root or both their leading coefficients are zero,

(P) =  b0 (P) -  0

The finding of common solutions of the system (13) of polynomials 
is reduced to the finding of roots of the single polynomial (14) in the 
single unknown y. We say that the unknown x has been eliminated 
from the system (13) of polynomials.

The next theorem relates to the question of the degree of the poly
nomial which we obtain after eliminating one unknown from the 
system of two polynomials in two unknowns.

If, taking the unknowns together, the polynomials f  (x, y) and 
g (x, y) are respectively of degrees n and s, then the degree of the poly
nomial R x if, g) in the unknown y does not exceed the product ns, if, of 
course, this polynomial is not identically zero.

First of all, if we regard two polynomials in one unknown with 
leading coefficients equal to unity, then, by (2), their resultant 
R if, g) is a homogeneous polynomial in a t, a 2, . . ., a„, p1? P2, • . .
. . ., pa of degree ns. From this it follows that if the term

W  . . . a^b'tb'i . ..b ',s

enters into the expression of the resultant via the coefficients 
au a2, . . . »  On, bt , b2, . . ., bs and if the weight of this term is the 
number

k± +  2k2 +  . . . +  nkn 4~ Zi 4~ 212 4- sla

then all terms of R if, g) expressed via the coefficients have the same 
weight equal to ns. This assertion also holds true in the general case 
for terms of the resultant (7) if the number

0 ‘ko -f- 1 -ki +  . . . -|- nk  ̂ ~f* 0*Zo -f- 1 'h • • • 4* sl3 (15)
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is given as the weight of the term . . . afrbjfbj*, . . . blss.
Indeed, replacing the factors a0 and b0 by unity in the terms of deter
minant (7), we arrive at the case that has already been considered; 
however, the exponents on these factors enter into (15) with coeffi
cients 0.

Now write the polynomials /  and g as.follows:
f ( x ,  y ) =  Oo (y) x ”  +  at (y) x * ~ l  +  . . . - f  a„ (y), 
g ( x ,  y) =  &0 (y) xs +  bi (y) x * - 1 +  . . . +  bs (y)

Since n is the degree of f (x, y) in the unknowns jointly, the power 
of the coefficient ar (y), r — 0, 1, 2, . . ., n, cannot exceed its index 
r; this holds true for br (y) as well. Whence it follows that the degree 
of each term of the resultant R x (/, g) does not exceed the weight of 
this term, which is to say it is not greater than the number ns. This 
completes the proof.

Example 1. Find the common solutions to the following system of polyno
mials:

f (x, y) =  x*y +  3xy +  2y +  3,
8  (®» V) =  %xy — 2x +  2y +  3

Eliminate x from this system; to do this, rewrite it as 
/  (s. y) =  (3y) •x +  (2y +  3), \
8  (*> y) =  (2y — 2) x  +  (2y  +  3) J

then

Rx (/, 8) =
y 3 y 2y +  3

2y — 2 2y +  3 0
0 2 y — 2 2 y -|- 3

=  2 y2 +  Up +  12

(16)

3The numbers =  —4, p2 — ----1£ will be the roots of the resultant. The leading
coefficients of the polynomials (16) do not vanish for these values of the unknown 
y, and so each of them, together with some value for x, constitutes a solution 
of the given system of polynomials. The polynomials

f  (x, —4) =  —4z2 — 12x — 5,
g (x , —4) =  —lOx — 5

have the common root c q = — ^ • The polynomials

have the common root a2 =  0. Thus, the given system of polynomials has two 
solutions:

P i = —4 and a2 =  0, p2= ——T
ai ’
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Example 2. Eliminate one unknown from the system of polynomials 
/  (*, y) =  2x?i/ — xy2 +  x +  5, 
g  (x , y) =  x 2y2 +  2xy2 — 5y -f- 1

Since both polynomials are of degree 2 in the unknown y, whereas one of 
them is of degree 3 in x, it is advisable to eliminate y. Rewrite the system as

/  (*, y) =  (—x) *y2 +  (2x3)-y +  (x +  5), \  ..
g {x, y) =  (x2 +  2x) y2 — 5y +  1 J '

and find its resultant, applying formula (12):

R y  (/, g) =  [ ( - * )  -1 -  (x +  5) (** +  2*)]*
-  [( -* )  ( -5 )  -  2z3 (** +  2x)] [2a:3 *1 -  (* +  5) (-5 )]

=  4a:8 +  8a:7 +  lla;« +  84x8 +  161z4 _|_ 154^3 96a;2 _  I25x

One of the roots of the resultant is 0. However, for this value of the unknown 
x, both leading coefficients of the polynomials (17) vanish; and, as is readily 
seen, the polynomials /  (0, y) and g (0, y) do not have any common roots. We do 
not have any method for finding the other roots of the resultant. We can only 
assert that if we found them [say in the splitting field for R y (/, g)], then not 
one of them would make both leading coefficients of the polynomials (17) va
nish, and therefore each of these roots, together with some value for y (one 
or even several), would constitute a solution of the given system of polyno
mials.

There are also methods for successively eliminating the unknowns 
from systems with an arbitrary number of polynomials and unknowns. 
They are too involved however to be included in this course.

Discriminant. By analogy with the question that led us to the 
concept of a resultant, we can ask about the conditions under which 
a polynomial f  (#) of degree n  from the ring P  [x ] has multiple roots. 
Let

/  i x )  =  CLqX11 +  d i X n ~ 1 +  . . . +  d n - l X  +  d m  d 0 ^  0

and suppose that in some extension of the field P  this polynomial 
has the roots <xi, a 2, . . an. It is obvious that t h e r e  w i l l  b e  e q u a l  
r o o t s  a m o n g  t h e m  i f  a n d  o n l y  i f  t h e  f o l l o w i n g  p r o d u c t  i s  z e r o :

A =  (a2—a i) (a3 — a t) . . .  (an — a t) (a3 — a2) (a4—a2) . . . ( a n —a2)

X ( a n — a n _ 1) =  [ J  ( a *  — a  j)
1

or, equivalently, if the product

^  = ao”~* n  (a,—a,)2

called the discriminant of the polynomial f (x) is zero.
Unlike the product A, which can change sign upon a rearrange

ment of the roots, the discriminant D is symmetric with respect to
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cti, a 2, . . On and can therefore be expressed in terms of the coeffi
cients of the polynomial /  (#). To find this expression, under the assu
mption that the field P has characteristic zero, we can take advanta
ge of the connection between the discriminant of the polynomial 
/  (a:) and the resultant of this polynomial and its derivative. It is 
natural to expect such a connection: we know from Sec. 49 that a po
lynomial has multiple roots if and only if it has roots in common with 
the derivative f  (x) and therefore D =  0 if and only if R (/, /') — 0.

By formula (3) of this section,

Differentiating

we get

R(f, /')=<'* n /'(«<>i= i

f ( x) ao n ix—a*)
f  (x) — ao S II (x — a j)ft=l &=k

After substitution of a t instead of x, all terms, except the ith, vanish 
and so

f' (<Xi) =  a0 [] (06* — a;)

whence
ii=i

R ( f , n =<-■•< n ni= l j=£i
For any i and /, i >• /, two factors enter into this product: a* — aj 
and a j — a t. Their product is equal to (—l)*(aj — a;)2 and since
there are^-~—̂  pairs of indices i, / satisfying the inequalities n !>■
>  i >  j 1» it follows that

n(n— I) n (n —1)n Uo D=  1  « i " - ‘  1 1  ( a ;  —  a , ) 2  =  ( —  1 )  2

Example. Find the discriminant of the quadratic trinomial 
/  (*) =  a x 2 +  b x  -f- c 

Since f  (x )  —  2 a x  +  6, it follows that
a  b e

R  (/, /') =  2 a  b 0 
0 2 a  b

In our case, =  1 and so

D  =  — a - ' R  fJ, /') =  b 2 — 4ac
This coincides with what school algebra calls the discriminant of a quadratic 
equation.

== a (—b2 -f- 4ac)
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Another way of finding the discriminant is the following. Form 
a Vandermonde determinant from the powers of the roots a*, a 2, . . . 
. . ., <Xn. As indicated in Sec. 6,

1 1 . . . 1
a 2 . . . an

a\ a 2 . . an

a?"1 a  r 1 •• a r 1

[I (a*—a/) =  A
n>i>j5sl

and so the discriminant is equal to the square of this determinant 
multiplied by a*n-z. Multiplying this determinant by its transpose 
by the rule for matrix multiplication and recalling the power sums 
defined in the preceding section, we get

n Si S 2 • Sn—i

Si S* S3 • . Sft

S j 5 3 S4 . • Sn + 1

Sn -i Sji Sn + 1  • • ^2n-s

(18)

where sk is the sum of the &th powers of the roots a u a2, . . . ,  an.

Example. Find the discriminant of the cubic polynomial f  (x) =  xz 
-+- ax* +  bx +  c. By (18)

D —
3 Sf Sg
Si S2 Ss 
S% Ss Si

As we know from the preceding section,
Si =  Oj — —a,
s2 — of — 2o2 =  a8 — 26,
S3 — of — 3ata2 -f- 3a3 =  —a3 +  Zab — 3c

Using Newton’s formula, we will also find that (because a4 =  0)
Si =  of — 4 a\0 2  +  4aia3 -f- 2o\ =  a4 — 4a2 6 +  4ac +  26s

Whence
D — 3s2*4 +  2sis2s3 — 4  — sisi — 3s!

=  a268 — 46s — 4a8c +  18a6c — 27 c2 (19)

In particular, for a =  0, i.e., for an incomplete cubic polynomial, we obtain 
D =  —468 — 27ca 

in complete accordance with what was said in Sec. 38.
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55. Alternative Proof of the Fundamental Theorem
of the Algebra of Complex Numbers

The proof of the fundamental theorem given in Sec. 23 was comple
tely nonalgebraic. Here we give another proof, which takes advanta
ge of an extensive algebraic apparatus: essential use is made of the 
fundamental theorem on symmetric polynomials (Sec. 52) and also 
of the theorem on the existence of a splitting field for any polynomial 
(Sec. 49). At the same time, the nonalgebraic portion of the proof 
is minimal and is reduced to a single simple assertion.

First note that in Sec. 23 we proved a lemma on the modulus of 
the highest-degree term of a polynomial. Taking the coefficients of 
a polynomial f (x) to be real and putting k =  1, we obtain the follo
wing corollary of this lemma.

For real values of x sufficiently large in absolute value the sign of 
a polynomial f (z) with real coefficients coincides with the sign of the 
highest-degree term.

From this follows the result that
A polynomial of odd degree with real coefficients has at least one 

real root.
Indeed, let

/  (#) =  a«Xn +  GiX*1- 1 +  . . ■ +  On

and all coefficients be real. Because of the oddness of n, the highest- 
degree term a0xn has different signs for positive and negative values 
of x, and therefore, as was proved above, the polynomial /  (a:) 
will also have different signs for positive and negative values of x 
sufficiently large in absolute value. There consequently exist real 
values of x, say a and b, such that

/  (a) <  0, f ( b ) >  0

However, from the course of analysis we know that a polynomial 
(a rational integral function, that is) /  (#) is a continuous function 
and for this reason, because of one of the basic properties of continu
ous functions, /  (x) takes on any given value intermediate between 
f (a) and f  (b) for certain real values of x between a and b. For 
example, there is an a  between a and b such that /  (a) == 0.

Using this result, we will prove the following assertion.
Every polynomial of arbitrary degree with real coefficients has at 

least one complex root.
Indeed, suppose we have a polynomial /  (a:) with real coefficients 

having degree n =  2kq, where q is an odd number. Since the case 
k =  0 has already been considered (see above), we shall assume 
k >• 0, that is, we consider n an even number and we will argue by 
induction with respect to k , on the assumption that our assertion has

22—5760
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been proved for all polynomials with real coefficients whose degrees 
are divisible by 2h_1 but not divisible by 2h *.

Let P be a splitting field for the polynomial /  (x) over the field 
of complex numbers (see Sec. 49), and let a t, a 2, . . an be the 
roots of /  (;r) in P. Choose an arbitrary real number c and take the 
elements of the field P having the form

Pi/ =  a taj +  c (a, -f  a/), i <  /  (1)
The number of elements pf/ is obviously equal to

.n ( wLI  =  2hq (2̂ ~ 1) =  2h~xq (2hq - 1 )  =  2fe~Y  (2)

where q' is an odd number.
Let us now construct from the ring P [xI a polynomial g (x) 

having for its roots all the elements pf/ and only these elements:

g ( x ) =  I] (*— Pi/)i, j. i<3
The coefficients of this polynomial are elementary symmetric poly
nomials in p*/. Consequently, by (1), they will be polynomials 
in at, a 2, . . . »  ccn with real coefficients (since the number c is real), 
they will even be symmetric polynomials. True enough, a transposi
tion of any two a, say a k and a z, implies merely a rearrangement in 
the set of all ptj: every pfe/, where /  is different from k and from I, 
is converted into p^, and conversely, whereas pft/ and all p^, for i 
and / different from k and /, remain fixed. But the coefficients of 
the polynomial g (s) remain unchanged under a rearrangement of its 
roots.

From this it follows, by the fundamental theorem on symmetric 
polynomials, that the coefficients of the polynomial g {x) will be poly
nomials (with real coefficients) in the coefficients of the given poly
nomial /  (x) and for this reason will themselves be real numbers. 
The degree of this polynomial, which is equal to the number of the 
roots piJt is divisible, according to (2), by 2h“\  but is not divisible 
by 2ft. And so, by the induction hypothesis, at least one of the roots 
p^ of the polynomial g {x) must be a complex number.

Thus, for any choice of the real number c there is a pair of 
indices, i, j, such that the element a ta / +
_|_ c (a . _|_ is a complex number (recall that the field P contains 
the field of complex numbers as a subfield). Quite naturally, for any 
other choice of the number c there will, generally speaking, corre
spond to it (in the indicated sense) another pair of indices. However, 
there exist an infinitude of distinct real numbers c, whereas we have 
at our disposal only a finite number of distinct pairs i, /. Whence it

* Consequently, this degree can even be greater than n.
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follows that we can choose two distinct real numbers and c2, ct 
=7*= c2, such that they are associated with one and the same pair of 
indices i, j, for which

+  c  1 (a* +  ay ) =  « , 1 
a f cX y  +  c 2  ( a *  +  a ^ )  =  & J *

are complex numbers.
From equality (3) it follows that

whence
(ci — c2) .(<X| +  ay) =  a

a * - f a y
a—b 

ci  c 2

6

That is to say, this sum is a complex number. From this and at least 
from the first of the equalities (3) it follows that the product a*ay 
will also be a complex number. Thus, the elements a t and ay are 
roots of the quadratic equation

x2  —  ( at +  a y )  x +  a j a y  =  0

with complex coefficients and therefore, as follows from the formula 
(derived in Sec. 38) for solving quadratic equations with complex 
coefficients, they must themselves be complex numbers. Thus, 
among the roots of the polynomial /  (x) we have even found two 
complex roots and the proof of our assertion is complete.

For complete proof of the fundamental theorem, we have yet 
to consider the case of a polynomial with arbitrary complex coeffi
cients. Let

/  (x) =  aoxn +  atx71-1 +  . . . + « »
be such a polynomial. Take the polynomial

/ (x) = a 0x n + aiXn i +  . . . + On

obtained from /  (x) by replacing all coefficients with conjugate 
complex numbers and then consider the product
F (x) = /  (.x) /  (x) =  b0xzn +  bix2 -1 +  . . . +  bkx2n~h +  • • . +&2* 

where, evidently,

bk=  S  aiaJ» * =  0 , i ,  2 , . . . .  2»

Using the familiar properties of conjugate complex numbers (see 
Sec. 18), we find that

b h  =  S  a i a J —  b k  i+i= ft
That is, all coefficients of the polynomial F (x) prove to be real.
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It then follows, as proved above, that the polynomial F (x) has 
at least one complex root p,

F ( P )  = /(P)/(P) « 0
That is, either /  (P) =  0 or /  (P) =  0. In the former case, the theorem 
is proved. But if the latter case occurs, that is,

aopn +  flip”-1 +  • • • +  ton —  0
then, replacing all complex numbers here by their conjugates 
(which, as we know, does not affect the equality), we get

/  fp) =  a0pn +  aiP11-1 +  • • • +  a* =  0
Thus, /  (x) has the complex number p for its root. This completes 
the proof of the fundamental theorem.



CHAPTER 12

POLYNOMIALS 
WITH RATIONAL 

COEFFICIENTS

56. Reducibility of Polynomials over the Field 
of Rationals

The field of rational numbers, R, is the third number field of 
particular interest .to us, along with the fields of real and complex 
numbers. It is the smallest of the number fields: as proved in Sec. 43, 
the field R is contained in its entirety in any number field. We will 
now investigate the question of the reducibility of polynomials over 
the field of rationals, in the next section we deal with the rational 
(integral and fractional) roots of polynomials with rational coeffi
cients. We stress once again that these are two different things: the 
polynomial

x4 +  2a:2 +  1 =  (x2 -j- l ) 2

is reducible over the field of rational numbers, though it does not have 
a single rational root.

What can be said about the deducibility of polynomials over the 
field i?? First of all, note that if we have a polynomial /  (a:) whose 
coefficients are rational but are not all integral, then, reducing the 
coefficients to a common denominator and multiplying /  (x) by this 
denominator (equal, say, to k), we obtain a polynomial kf (x), all 
the coefficients of which will now be integers. It is evident that the 
polynomials f (x) and kf (a:) have the same roots; on the other hand, 
they will at the same time be reducible or irreducible over the 
field R.

However, we are not yet entitled to confine ourselves to a consi
deration of polynomials with integral coefficients. Indeed, let the 
integral polynomial g (x) (i.e., a polynomial with integral coeffici
ents) be reducible over the field of rationals, i.e., factorable into 
lower-degree factors with rational (in the general case, fractional) 
coefficients. Does factorability of g (x) into factors with integral 
coefficients follow from this? In other words, might it not be true 
that a polynomial with integral coefficients that is reducible over 
the field of rational numbers is irreducible over the ring of integers?
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The answers may be obtained via considerations similar to those 
carried out in Sec. 51. Let us call a polynomial /  (x) with integral 
coefficients primitive if its coefficients are jointly relatively prime, 
that is, if they do not have any common divisors different from 1 and 
—1. If we have an arbitrary polynomial <p (x) with rational coeffi
cients, it may be uniquely represented in the form of a product of 
a lowest-terms fraction, by some primitive polynomial:

<P(*) =  y / ( * )  (1)
To do this, factor out the common denominator of all coefficients of 
the polynomial tp (x) and then also the common factors of the nume
rators of these coefficients; note that the degree of f (x) is the same 
as that of tp (x). The uniqueness (to within sign) of the representation 
(1) is proved as follows. Let

<P (*) =  T  f  (x) =  -j S.(x) 
where g (a;) is again a primitive polynomial. Then

adf (x) =  beg (x)
Thus, ad and be are obtained by taking all the common factors 

out of the coefficients of one and the same integral polynomial, 
and therefore they can differ in sign alone. Whence it follows that 
the primitive polynomials f {x) and g (x) can likewise differ only 
in sign.

The Gaussian lemma holds true for integral primitive polyno
mials.

The product of two integral primitive polynomials is a primitive 
polynomial.

Indeed, suppose we have the integral primitive polynomials
/  (x) =  +  a^ -1 +  • • • +  0 *#*“* +  . . . +  0 ft,
g (x) =  box1 +  biX1-1 - f  . . . +  bjx1-3 +  . . .  +  &!

and let
f  (*) g (*) =  c0z*+l +  e i ^ 1-1 + ■ . . . +  ci+jx<h+l>-ii+b +  . . . +  c*+1

If this product is not primitive, then there is a prime p  such that 
serves as a common divisor of all coefficients c0, clt . . ., ck+i. Since 
all the coefficients of the primitive polynomial /  (x) cannot be divi
sible by p , let the coefficient ax be the first one not divisible by p. 
Similarly, denote by bj the first coefficient of the polynomial g (x) 
hot divisible by p. Multiplying /  (z) and g {x) termwise and colle
cting terms in xih+l)~it+3), we obtain
Ci+j =  axbj +  a^ibj+i +  a^bj+2

+  • ■ • +  at+ibj-t +  ai+2bj-2 +  . . .
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The left side is divisible by p. Also, all terms on the right are cer
tainly divisible by p, except the first. Indeed, by the conditions impo
sed on the choice of i and /, all the coefficients a ^ ,  ai_a, . . ., and 
also bj -1, b j - %, . . . are divisible by p. It then follows that the pro
duct atbj is also divisible by p  and therefore, due to the primality 
of the number p, p  should divide at least one of the coefficients at, 
bj,  which, however, is not the case. The lemma is proved.

Let us now answer the questions posed above. Let a polynomial 
g (x) of degree n with integral coefficients be reducible over the field 
of rational numbers:

g (*) =  <pi (x) <pa (x)
where tpi (s) and <pa (x) are polynomials with rational coefficients 
and of degree less than n. Then

<P t ( x )  =  j ± f i { x ) ,  < =  1 ,2

where -|j- is in lowest terms and f t {x) is a primitive polynomial. 
Then

The left member is an integral polynomial and so the denominator 
bib2 in the right member must be reducible. But the polynomial in 
brackets will, by the Gaussian lemma, be primitive, and so any 
prime factor from b̂ b% can cancel out only with some prime factor 
from a^a2, and since at and bt are relatively prime, i =  1, 2, the 
number a2 must be exactly divisible by bit and at by b2;

&2 bta2, 6| — b2al
Whence

g (#) — djCljf £ (x) f2 (x)
Adjoining the coefficient a[a2 to any one of the factors f t {x), f2 (x), 
we obtain a factorization of the polynomial g (x) into factors of lower 
degree with integral coefficients. This is the proof of the following 
theorem.

A polynomial with integral coefficients that is irreducible over the 
ring of integers will also be irreducible over the field of rational numbers.

We can now restrict ourselves, in questions relating to the redu- 
cibility of polynomials over the field of rationals, to a consideration 
of factorizations of integral polynomials into factors whose coeffi
cients are all likewise integral.

We know that any polynomial of degree greater than unity is 
reducible over the field of complex numbers, and any polynomial 
(with real coefficients) of degree greater than two is reducible over 
the field of real numbers. The situation regarding the field of ratio-
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nal numbers is quite different: for any n there is a polynomial of degree 
n with rational {even integralI) coefficients that is irreducible over the 
field of rational numbers. The proof of this assertion is based on the 
following sufficient criterion of the irreducibility of a polynomial 
over the field if?, called the Eisenstein criterion.

Suppose we have the polynomial
f  (x) =  aox11 +  aiXn~l +  . . . +  a^^x +  an

with integral coefficients. If there is at least one way in which we can 
choose the prime number p that satisfies the following requirements'

(1) the leading coefficient a0 is not divisible by p,
(2) all the other coefficients are divisible by p,
(3) the constant term is divisible by p  but not by p2,

then the polynomial f {x) is irreducible over the field of rational 
numbers.

Indeed, if the polynomial /  {x) is reducible over the field R, then 
it can be factored into two factors of lower degree with integral coeffi
cients:

/  {x) =  (boXh +  biX*-1 +  • • • +  bh) {cqX1 +  CiX1-1 +  . . . +  c*)
where k <  n, I <  n, k -f-1  =  n. From this, comparing coefficients 
in both members of the equation, we obtain

On — bfrCiy 
an~l == bhCi- 1 +
an - 2  =  bhd - 2 +  bfr-iC^i +  &fc-2c />

== b0c0
From the first of the equalities (2) it follows that, since an is divi

sible by p and p is prime, one of the factors 6ft, ci must be divisible 
by p. Both cannot be divisible by p at the same time since by 
hypothesis, is not divisible by p2. For instance, let p divide bh; 
therefore c/ is prime to p. We now go over to the second of the equali
ties (2). Its left member and also the first term in the right member 
are divisible by p, and so p divides the product as well, but 
since p does not divide ci, p  does divide In the same fashion, we 
find from the third equality of (2) that p divides and so on. 
Finally, from the (k +  l)th equality it will be found that p divides 
60; but then from the last equality of (2) it follows that p divides a0, 
which contradicts our assumption.

It is extremely easy to write, for any n, integral polynomials 
of degree n that satisfy the conditions of the Eisenstein criterion and, 
hence, are irreducible over the field of rational numbers. Such, for 
example, is the polynomial xn +  2; the Eisenstein criterion is appli
cable for p =  2.
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The Eisenstein criterion is only a sufficient condition for irredu- 
cibility over the field R , but by no means is it a necessary condition: 
if it is not possible, for a given polynomial /  (x), to find a prime num
ber p  such that the conditions of the Eisenstein criterion are fulfil
led, it may be reducible, like a? — 5x +  6, but it may also be irre
ducible, like x2 -f- 1. There are a large number of other sufficient 
criteria besides the Eisenstein criterion (though less important) 
for irreducibility of polynomials over the field R. There is also a meth
od, due to Kronecker, which permits one to decide whether any 
polynomial with integral coefficients is reducible or not over R. 
However, it is very unwieldy and hardly at all applicable in a 
practical sense.

Example. Consider the polynomial
scP — A

f p  &  =xP~1+ *p“a+  • • • + x + 1

where p is a prime number. The roots of this polynomial are pth roots of unity 
different from unity itself; since these roots, together with i ,  divide the unit 
circle of the complex plane into p  equal parts, the polynomial fp (x) is called 
a c y c l o t o m i c  p o l y n o m i a l .

The Eisenstein criterion cannot be directly applied to this polynomial. 
But by changing the variable, setting x =  y  +  1, we get

g  ( y ) = f P  ( y + 1) =  " ^ , -fy jr i1 = 7  [  + p y p ~ 1J r — p^  y p~2 + . . . + w  ]

=y*>- 1 +pyi>-2+ - P£  . • • +/>

The coefficients of the polynomial g  (y )  are binomial coefficients and so all, 
except the leading coefficient, are divisible by p ; the constant term is not divi
sible by jo*. Thus, by the Eisenstein criterion, the polynomial g  (y )  is irredu
cible over the field R ,  whence follows th e  i r r e d u c i b i l i t y  o v e r  R  o f  th e  c y c l o t o m i c  
p o l y n o m i a l  f p  (x). Indeed, if

f p  (*) =  <P W ^ (*)
then

8  ( y )  =  <p (y +  *) ( y  +  4)

57. Rational Roots of Integral Polynomials
It was pointed out above that the question of the factorization 

of a given polynomial over the field of rational numbers into irre
ducible factors has no really satisfactory practical solution. Howe
ver, the particular case referring to the isolation of linear factors of a 
polynomial with rational coefficients, that is, to the finding of its 
rational roots, is very simple and may be solved without exces
sive computations. Quite naturally, the problem of finding rational 
roots of a polynomial with rational coefficients does not in the least 
exhaust the general problem of the real roots of these polynomials;
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that is to say, the methods and results given in Chapter 9 are valid 
in toto when applied to polynomials with rational coefficients.

As we take up the question of finding the rational roots of poly
nomials with rational coefficients, it is well to note that, as indicated 
in the preceding section, we can confine ourselves to polynomials 
with integral coefficients. We shall consider separately the case of 
integral and that of fractional roots.

If an integer a is a root of a polynomial f  (x) with integral coeffi
cients, then a is a divisor of the constant term of the polynomial.

Indeed, let
/  (#) =  aoxn -j- aixn~1 +  . . . +  On 

Divide /  (a:) by a: — a:

f (x) =  (s -  a) (M "-1 +  M n- 2 +  . . . ,  +  6*-i)

Performing the division by the Horner method (see Sec. 22), 
we find that all coefficients of the quotient, including bn„i, are integers, 
and since

an =  —abn-i =  a (— t)

our assertion is proved.*
Thus, if an integral polynomial /  (x) has integral roots, they will 

be found among the divisors of the constant term. It is thus necessary 
to test all possible divisors (both positive and negative) of the con
stant term. If none is a root of the polynomial, then the polynomial 
has no integral roots at all.

To test all the divisors of the constant term may turn out to be 
extremely complicated even if the values of the polynomial have 
been computed by the Horner method and not via direct substitution 
of each of the divisors in place of the unknown. The following 
remarks somewhat simplify computations. First of all, since both 
1 and — 1 are always divisors of the constant term, we compute /  (1) 
and /  (—1). This presents no difficulties. Now if the integer a is a root 
of /  Or),

/  (s) =  (x — a) q (x) .

then, as indicated above, all the coefficients of the quotient q (x) 
will be integers, and therefore the quotients

_________  ct^T=  —?(*)■ — »<“ *>

* It would be wrong to attempt to prove this theorem by referring to the 
fact that the constant term an is (to within sign) a product of the roots of the 
polynomial /  (x): these roots can include fractional, irrational, and complex 
roots, and one cannot, therefore, assert beforehand that the product of all these 
roots (except a) will be integral.
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must be integers. Thus, only such divisors a of the constant term {from 
among those which differ from 1 and —1) have to be tested, relative tot f/_
which each of the quotients ~_-j, -~p[- is an integer.

Example 1. Find the integral roots of the polynomial 
/  (z)=a^ — 2x2—x —6

The numbers ± 1 , ± 2 , 3, ± 6  are divisors of the constant term. Since 
/  (1) =  —8, / ( —1 )=  —8, it follows that 1 and —1 are not roots. Furthermore, 
the numbers

— 8 — 8 - 8  - 8  
2 +  1 ’ — 2— 4 ’ 6 - 1 ’ - 6 - 1

are fractions and so the divisors 2, —2, 6, —6 have to be rejected, whereas 
the numbers

- 8  - 8  - 8  —8 
3 - 1 ’ 3 +  1 ’ - 3 - 1 ’ —3 + 1

are integers and so the divisors 3 and —3 have yet to be tested. We apply 
the Horner method:

- 3
1 - 2  - 1  - 6  
1 —5 14 —48

That is, / ( —3) =  —48 and so —3 is not a root of f(x). Finally,
I 1 —2 — 1 — 6

311 1 2 0

That is, / (3 )=0 :  the number 3 is a root of / (*). At the same time we found 
the coefficients of the quotient obtained by dividing / (x ) by x —3:

f ( x )  =  ( x - 3) (a:2 +  x + 2)

It is readily seen that the quotient x2 +  x +  2 does not have 3 as its root, which 
means that this number is not a multiple root of f  (x).

Example 2. Find integral roots of the polynomial
/  (i) =  3*4 +  x3 — 5x2 — 2x +  2

Here, ± 1  and ± 2  are divisors of the constant term. Furthermore /  (1) =  — 1, 
/  (—1) =  i f i.e., 1 and —1 do not serve as roots. Finally, since the numbers

1
2 + 1

and — 1 
—2 — 1

are fractions, it follows that 2 and —2 will not be roots either and so the poly
nomial f  (x) does not have any integral roots at all.

Let us now examine the question of fractional roots.
If an integral polynomial whose leading coefficient is unity has a ra

tional root, then this root is an integer.
Indeed, let the polynomial

/  (*) =  *n +  a ^ - 1 +  a2xn~2 +  . . . + * »
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with integral coefficients have for a root the fraction — in lowest 
terms, i.e.,

An An-1 An-2
+  a i  +  a Z - ^ 2  +  • • • +  «n  =  0

From this it follows that

—  =  — aft71' 1 — a2bn~2c — . . .  — ancn~x

Thus the simplified fraction is equal to an integer, which is impos
sible.

To obtain all the rational (fractional and integral) roots of an integral 
polynomial

f  (x) =  a$xn ±  a1xn~1 -f- a2xn~2 +  . . . ±  a^^x +  %
it is necessary to find dll the integral rpots of the polynomial

<P ( y ) =  Vn +  a ^ - 1 ±  a0a2yn~2 +
and divide them by a0.

Multiply /  (x) by a”"1 and then change the unknown, putting 
y — a0x. Clearly,

<p ( y )  =  <p K*) = <"7 (*)
whence it follows that the roots of the polynomial /  (a:) are equal to 
the roots of the polynomial cp (y) divided by a0. In particular, to 
rational roots of /  (x) there will correspond rational roots of (p (y); 
however, since the leading coefficient of <p (y) is equal to unity, these 
roots can only be integral, and we already have a procedure for 
finding them.

Example. Find rational roots of the polynomial 
/ 3*4 4 .5*3+*24- 5* _  2

Multiplying f  (x) by 33 and setting y=3ar, we get 
<P ( y )  =  V* +  5y3 ±  Z y * ±  45y—54 

We seek integral roots of the polynomial <p (y) .
Let us find <p (1) by the Horner method:

1 5 3 45 - 5 4
1 1 6 9 54 0

Thus, <p(l)=0, that is, 1 is a root of <p(y), and
< f > ( y ) = { y — i ) q ( y )

where
'ff(ld-08-t-6y*±9y+54

Let us find the integral roots of the polynomial q (y ) .  The numbers ± 1 , 
± 2 , ± 3 , ± 6 , ± 9 , ±18, ±27, ±54 are divisors of the constant term. Here,

? (1)=70, q (  — 1) =  50
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Computing 
except a =

—■ — and / ■ for every divisor a we find that all divisors,a — 1 a + 1
— 6, must be rejected. Test this divisor:

- 6
1 6 9 54 
1 0  9 0

Thus, q (—6) =  0, or —6 is a root ol q (y) and therefore also of (p (y).
Consequently, the polynomial <p (y) has integral roots 1 and —6. ThusI

the numbers and —2, and only these numbers, are rational roots of the poly- o
nomial /  (x).

It must be stressed once again that the above-described methods 
are applicable only to polynomials with integral coefficients and 
only for finding their rational roots.

58. Algebraic Numbers
Every polynomial of degree n with rational coefficients has n roots 

in the field of complex numbers; some of these roots (or even all of 
them) can lie outside the field of rational numbers. However, not 
every complex or real number serves as a root of some polynomial 
with rational coefficients. The complex (or, in particular, real) 
numbers which are roots of such polynomials are called algebraic 
numbers in contrast to transcendental numbers. Algebraic numbers 
include all rational numbers (as the roots of first-degree polynomials 
with rational coefficients) and also any radical of the form ^ a  
with rational radicand a (as a root of the binomial xn — a). On the 
other hand, the more comprehensive courses of mathematical analy
sis offer proof of the transcendence of the number e (the base of the 
system of natural logarithms) and also of the familiar number ji of 
elementary geometry.

If a number a  is algebraic, then it will even be a root of some poly
nomial with integral coefficients and therefore a root of one of the 
irreducible divisors of this polynomial, also with integral coefficients. 
The irreducible integral polynomial, of which a is a root, is determined 
uniquely to within a constant factor, that is to say, quite uniquely if 
we require that the coefficients of the polynomial be relatively prime 
jointly (i.e., that the polynomial be primitive). Indeed, if a  serves as 
a root of two irreducible polynomials /  (a:) and g (x), then the greatest 
common divisor of these polynomials will be different from unity, 
and therefore the polynomials, due to their irreducibility, can differ 
from one another by a zero-degree factor only.

Algebraic numbers which are roots of one and the same irreducible 
(over the field R) polynomial are termed conjugate. * Thus, the whole

* Not to be confused with the concept of the conjugacy of complex num
bers.
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set of algebraic numbers breaks up into disjoint finite classes of con
jugate numbers. No rational number, as a root of a first-degree poly
nomial, has conjugate numbers different from itself; this property 
is characteristic of rational numbers: every algebraic number which 
is not rational is a root of ap irreducible polynomial of degree greatei 
than unity, and for this reason it has conjugate numbers different 
from itself.

The set of all algebraic numbers is a subfield of the field of complex 
numbers. In other words, the sum, difference, product and quotient of 
algebraic numbers are algebraic numbers.

In fact, suppose we have the algebraic numbers a and p. Denote 
by a t =  a, a 2, . . ., an all numbers conjugate to a, by Pi =  p, P2» - * - 
. . ., ps all numbers conjugate to p, by /  (z) and g (a:), irreducible 
polynomials with rational coefficients having for roots a and p re
spectively. Write a polynomial whose roots are all possible sums 
a i +  Pj; this is

n s
<p(*)= n n [*—(aj+p/)]

i — 1 j = l

It is obvious that the coefficients of this polynomial will not change 
under rearrangements of all a t and also of all P̂ . Hence, on the 
basis of the theorem on polynomials symmetric with respect to two 
systems of unknowns (see end of Sec. 53), they are polynomials in 
the coefficients of the polynomials f (x) and g (x). In other words, 
the coefficients of the polynomial tp (x) prove to be rational numbers, 
and therefore the number a  -f- p =  +  p4, which is one of its
roots, will be algebraic.

The algebraic nature of the numbers a — p and ap is proved 
in similar fashion with the aid of the polynomials

!>(*)= II ni*-(«*-p,)]i-=l 3=1
and

x(*)= n n (*-«$/)
i — 1 3=1

To prove the algebraic nature of a quotient, it suffices to demon
strate that if a number a  is algebraic and different from zero, then 
a -1 will also be an algebraic number. Let a be a root of the poly
nomial

f  (#) â fx ~|- a x̂  ̂ —f- • • • "i" ®n-i  ̂ -{- 

with rational coefficients. Then, evidently, the polynomial

g (*) =  OnXn +  +  • • • +  ai# +  flo
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which also has rational coefficients, will have for a root the number 
cT1, which is what we set out to prove.

It follows, from the theorem just proved, that any sum of a ratio
nal number and a radical, say 1 +  2 , and also any sum of radi
cals, say y 3 +  y 5, will be algebraic numbers. However, we 
cannot as yet assert that numbers written as radicals within radicals,
say 1 +  y  2, are algebraic. This will be a consequence of the 
following theorem.

If the number co is a root of the polynomial

(p (x) =  xn +  ax” " 1 +  f5xn " 2 +  • ■ • +  Xx +  p

whose coefficients are algebraic numbers, then © is also an algebraic 
number.

Let a*, {5j, . . ., X8, p* run through numbers which are respec
tively conjugate to a, {3, . . ., X, p, it being true that a* =  a, 
Pi =  p, . . ., =  X, pi =  p. Consider all possible polynomials
of the form

<Pi, j, . . . ,  8, t ( x )  = x n +  CLiX*-1 +  PjX n~2 +  . . .  +  Xsx +  pi

so that (p1( i ....... i t i (a:) =  9  (a:) and take the product of all these
polynomials:

^  (x) — II Vi. i.... .  t (x)i. j....... s, *

The coefficients of the polynomial F (x) are obviously symmetric 
with respect to each of the systems a it pj, . . ., X8, p* and there
fore (again by the theorem of Sec. 53) are polynomials in the coeffi
cients of those irreducible polynomials (with rational coefficients) 
whose roots are, respectively, a, p, . . ., X, p; that is to say, they 
are themselves rational numbers. The number cd, being a root of 
9  (a;), will, consequently, be a root of the polynomial F (x) with 
rational coefficients, i.e., it will be an algebraic number.

Let us apply this theorem to the number 00 =  ]/" 1 +  K 2. The
number a =  1 -j- y 2 is algebraic by the previous theorem and 
therefore the number o  is a root of the polynomial a:2 —a with 
algebraic coefficients; that is, it is itself algebraic. Generally, 
applying several times both theorems that have just been proved, 
the reader will easily arrive at the following result.

Any number written in radicals over the field of rational numbers 
(that is to say, a number expressed in terms of some arbitrarily compli
cated combination of radicals—radicals within radicals, in the general 
case) is an algebraic number.
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Obviously, algebraic numbers written as radicals constitute 
a field. One must bear in mind, however, that this field, as follows 
from the remark made (without proof) at the end of Sec. 38, will 
only be a part of the field of all algebraic numbers.

We have already mentioned the transcendence of two numbers: 
e and n. Actually, however, there are an infinity of transcendental 
numbers. What is more, using the concepts and methods of set 
theory, we will show that there are, so to say, even more transcen
dental numbers than algebraic numbers. The exact meaning of this 
sentence will be clear from what follows.

An infinite set M  is called countable (denumerable), if it can 
be put into one-to-one correspondence with the set of natural num
bers, that is to say, if its elements can be enumerated with the aid 
of the natural numbers, otherwise it is noncountable.

Lemma 1. Every infinite set M contains a countable subset.
Indeed, take an arbitrary element ax in M  and then an element 

a2 different from ax. Generally, let there be chosen n distinct elements 
au a2, . . ., 0  ̂ in M. Since the set M  is infinite, it cannot be exhau
sted by these elements, and so we can find an element 0 ^ + 1 different 
from them. Continuing this process, we will find in M  an infinite 
subset composed of the elements

Alt • • •» ®ni • • •
The countability of this subset is obvious.

Lemma 2. Every infinite subset B of a countable set A is itself 
countable.

Because of its countability, the set A can be written as
fli, a2, . ., On, (1 )

Let akt be the first element of the sequence (1) belonging to B, akt 
the second element with this same property, etc. Assuming akn =  
— bn, n — 1, 2, . . ., we find that the elements of the subset B 
constitute a sequence

It is clear that this subset is countable.
Lemma 3. The union of a countable set of finite sets which pairwise 

do not have any common elements is a countable set.
Indeed, suppose we have the finite sets

A u A 2f . . Anf . . .

Let their union be B. We will obviously enumerate all elements of 
the set B if, in arbitrary fashion, we number the elements of the 
finite set Ai, then continue the numbering by passing to the elements 
of the set A 2, and so on.
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Lemma 4. The union of two countable sets which are devoid of com
mon elements is a countable set.

Let there be given a countable set A with elements
® 1 > ® 2 * •  •  • »  ^ 7 1 ? •  •  •

and a countable set B with elements
l̂» • • •) . . .

and let the union of these sets be C. If we put
('zn—ii bn — C%n, n == 1 , 2 , . . .  

then all elements of C will be represented as the sequence

C l i  ^ 2 » •  •  • )  ^ 271— 1 > ^ 271* •  * •

This completes the proof of the countability of this set.
Now let us prove the following theorem.
The set of all algebraic numbers is countable.
First let us prove the countability of the set of all polynomials in 

one unknown with integral coefficients. If
f (x) — a0xn +  a x̂n" 1 -f- . . . +  ctn-ix  -f- an

is such a polynomial (different from zero), let us use the term height 
of the polynomial for the natural number

hf — n .+ | a0 | +  | o>i | +  . . . +  | cin-i I +  I ®tj |

It is obvious that there is only a finite number of integral polyno
mials with a given height h; denote this set by Mh- Denote the set 
consisting of zero alone by M 0. The set of all integral polynomials 
will be the union of the countable set of the finite sets M 0, Mi,
M 2, . . ., Mh, • • that is to say, by Lemma 3, it is countable.

From this, by Lemma 2, it follows that the set of all integral 
primitive irreducible polynomials is also countable. At the same time, 
we know that every algebraic number is a root of one and only one 
integral primitive irreducible polynomial. Consequently, collect
ing the roots of all such polynomials, that is, taking the union 
of the countable set of finite sets, we obtain the set of all algebraic 
numbers. This set will thus, by Lemma 3, be countable.

Finally, let us prove the following theorem.
The set of all transcendental numbers is noncountable.
Let us first consider the set F of all real numbers x between

zero and unity, 0  *< x <C 1 , and let us prove that this set is noncoun
table. We know that each of the indicated numbers x may be written 
as a regular infinite decimal fraction

x =  0 , ata2 . . . a„ . . .

23—5760



354 CH. 12. POLYNOMIALS WITH RATIONAL COEFFICIENTS

and that this notation is unique if we do not allow for fractions 
in which for all n beyond some n — N  all an = 9 ;  conversely, any 
fraction of this form is equal to some number x from the set F. Now 
suppose that the set F is Countable, that is, that all the numbers x 
can be written as the sequence

Let
l̂» • • •* • • •

Xfr — 0 , 2 • • • &kn • • •

(2)

be the notation of the number xh in the form of an infinite decimal. 
Now write the infinite decimal fraction

0, . . . Pn . . . (3)
assuming to be different from the first decimal digit of the frac
tion xlr that is, Pi an, P2 to be different from the second decimal 
digit of the fraction x2, i.e., j32 a 22 and, generally, $n ann.
Besides, assume that among the digits there are infinitely many 
that are different from the digit 9. It is clear that there is a frac
tion (3) which satisfies all these requirements. It is thus a number 
in the set F, but it is different, by its construction, from all the 
numbers of the sequence (2). This contradiction proves the nonco
untability of the set F,

Whence follows the noncountability of the set of all complex num
bers: if the set were countable, then, by Lemma 2, it could not con
tain the noncountable subset F. The noncountability of the set 
of all transcendental numbers is now, by Lemma 4, obvious, since 
the union of this set with the countable set of all algebraic numbers 
is the set of all complex numbers, that is to say, it is noncountable.

The two theorems we have proved show us, due to Lemma 1, 
that the set of the transcendental numbers is indeed much richer 
in elements (that is to say, more “potent”) than the set of algebraic 
numbers.



CHAPTER 13

NORMAL FORM 
OF A MATRIX

59. Equivalence of ^-Matrices

We return now to problems of linear algebra. Chapter 7 demon
strated the important role of the concept of similarity of matrices. 
Namely, two square matrices of order n are similar if and only if 
they represent (in different bases) the same linear transformation 
of w-dimensional linear space. However, we are not yet able to tell 
whether two given specific matrices are similar or not. On the other 
hand, among all matrices similar to a given matrix A, we are not 
able to indicate a matrix of elementary form (in one sense or another); 
even the question of the conditions under which a matrix A is simi
lar to a diagonal matrix was considered in Sec. 33 only for a parti
cular case. These are the questions we will take up in this chapter. 
(Note that they are discussed straight off for the case of an arbitrary 
base field P .)

Let us first investigate square matrices of order n whose elements 
are polynomials of arbitrary degree in a single unknown k with 
coefficients from the field P. These are called polynomial matrices 
or, briefly, k-matrices. An example of a ^-matrix is the characteristic 
matrix A — kE of an arbitrary square matrix A with elements in P. 
The principal diagonal of this matrix contains first-degree polyno
mials, all off-diagonal elements are zero-degree polynomials or 
zeros. Every matrix with elements from the field P (for brevity, we 
call them numerical matrices) is also a special case of a X-matrix: 
its elements are polynomials of degree zero or zeros.

Suppose we have a X-matrix

We use the term elementary transformations of this matrix for the 
following four types of transformation:

23*
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(1) multiplication of any row of the matrix A (A) by any scalar a  
in P different from zero;

(2) multiplication of any column of A (A,) by any scalar a  in P  
different from zero;

(3) addition, to any ith row of matrix A (A,), of any /th row of it, 
/  ^  i, multiplied by any polynomial <p (A-) in the ring P [A,];

(4) addition, to any ith column of matrix A (A,), of any /th column 
of it, / =£ i, multiplied by any polynomial (p (X) in the ring P  [A].

It is readily seen that for every elementary transformation of the 
X-matrix there is an inverse transformation which is also elementary. 
Thus, the inverse of (1) is an elementary transformation consisting 
in the multiplication of that row by the number a -1, which exists 
due to the condition a =#= 0; the inverse of (3) is a transformation 
which consists in adding to the ith row the /th row multiplied by

I t is possible to interchange any two rows or any two columns in 
a matrix A (X) by a number of elementary transformations.

Suppose we wish to interchange the ith and /th rows of A (A). 
This can be accomplished by means of four elementary transformations 
as the scheme below illustrates:

The sequence of transformations is: (a) add /th row to ith row; (b) sub
tract the new ith row from the /th row; (c) add the new /th row to the 
new ith row; (d) multiply the new /th row by —1 .

We will say that the A-matrices A (A) and B (A) are equivalent 
and we will write A (A) ~  B (A) if the matrix A (A) can be carried 
into the matrix B (A) by means of a finite number of elementary 
transformations. This equivalence relation is obviously reflexive 
and transitive and also symmetric, due to the existence of an inverse 
elementary transformation for every elementary transformation. 
In other words, all square X-matrices of order n over the field P break 
up into disjoint classes of equivalent matrices.

Our immediate aim will be to find the simplest kind of matrices 
among all the A-matrices equivalent to the given matrix A (A). 
To do this, we introduce the following concept. A canonical X-matrix 
is a A-matrix with the following three properties:

(a) the matrix is diagonal, that is, of the form

—cp (A).

( 1 )



59. EQUIVALENCE OF ^-MATRICES 357

(b) any polynomial et (X), i =  2, 3, . . n, is exactly divisible 
by the polynomial (X);

(c) the leading coefficient of every polynomial et (X), i =  1, 2, . . .
. . ., n, is equal to unity if the polynomial is nonzero.

Note that if among the polynomials et (X) on the principal diago
nal of the canonical X-matrix (1) there are some equal to zero, then, 
by property (b), they invariably occupy the last positions on the 
principal diagonal. On the other hand, if there are zero-degree poly
nomials among the polynomials et (X), then, by Property (c), they 
are all equal to unity, and, by Property (b), they occupy the first 
positions on the principal diagonal of the matrix (1).

The canonical X-matrices embrace, among others, the numerical 
matrices, including the unit and zero matrices.

Any X-matrix is equivalent to some canonical X-matrix, that is to say, 
it can be reduced to canonical form via elementary transformations.

We will prove this theorem by induction with respect to the 
order n of the X-matrices at hand. Indeed, for n =  1 we have

If a (X) =  0, then our matrix is already canonical. But if a (X) #  0, 
then it suffices to divide the polynomial a (X) by its leading coef
ficient (this is an elementary matrix transformation) in order to get 
a canonical matrix.

Suppose the theorem has been proved for X-matrices of 
order n — 1. We consider an arbitrary X-matrix A (X) of order n. 
If it is a zero matrix, it is already canonical and no proof is needed. 
We therefore take it that there are nonzero elements among the 
elements of matrix A (X).

Interchanging (if necessary) rows and columns of A (X), we can 
move one of the nonzero elements into the upper left-hand corner. 
Thus, of the X-matrices equivalent to A (X), there are some with 
a nonzero polynomial in the upper left corner. Let us consider all 
such matrices. The polynomials in the upper left corner of these 
matrices may have different degrees. But the degree of a polynomial 
is a natural number, and in any nonempty set of natural numbers 
there is a least number. It is thus possible to find, from among all 
the X-matrices equivalent to A (X) and having a nonzero element 
in the upper left corner, one matrix such that the polynomial in the 
upper left corner is of the lowest possible degree. Finally, dividing 
the first row of this matrix by the leading coefficient of the indicated 
polynomial, we get a X-matrix equivalent to A (X),

A (X) =  (a (X))

e l (^) 1̂2 ( t y  * • • b i n  ( X )

b%i (X) £>22 (̂ ) • • • b%n (X)
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such that ei (X) =f= 0, the leading coefficient of this polynomial is 
equal to unity, and no combination of elementary transformations 
can carry the resulting matrix into a matrix in which the upper left- 
hand corner would be occupied by a nonzero polynomial of lower 
degree.

We now prove that all elements of the first row and first column of 
the matrix obtained are exactly divisible by ei (A,). Suppose, for example, 
for 2  ^  j ^  n,

bij (X) =  et (A,) q (X) +  r (A,)
where the degree of r (X) is less than the degree of ei (X) if r (A,) is 
different from zero. Then, subtracting from the jth  column of our 
matrix the first column multiplied by q (X) and interchanging the 
first and 7th columns, we obtain a matrix equivalent to A (X) in the 
upper left corner of which is the polynomial r (A,), that is to say, 
a polynomial of lower degree than et (A), which contradicts the 
choice of this polynomial, whence it follows that r (A,) =  0. The 
proof is complete.

Now subtracting from the 7th column of our matrix the first 
column multiplied by q (A,), we replace the element ba (X) by zero. 
Performing such transformations for 7' =  2, 3, . . n, we sub
stitute zeros for all elements b1;- (A,). In similar fashion we substitute 
zeros for all elements bn (A,), i =  2, 3, . . ., n. We thus arrive at 
a matrix, equivalent to A (A,), in the upper left corner of which is the 
polynomial et (X), all other elements of the first row and the first column 
being zero:

/ e t {X) 0  . . .  0  \

A (X) ~  ( °  W • • • W I (2)

'7»2 (X) . (X)/
By the induction hypothesis, the matrix of order n — 1 in the 

lower right corner of the matrix (2 ) that we have obtained can be 
reduced to canonical form by elementary transformations:

(X)

W  \o

(A,) 0

^712 (X) . . • cnn (X)/ \ 0  en (A,)
Having performed these same transformations on the corresponding 
rows and columns of matrix .(2) (in the process, the first row and 
first column will obviously remain unchanged), we find that

/ e x{X) 0 \

A(X)
(X)

(3)

(*).
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To prove that the matrix (3) is canonical, it remains to demon
strate that e% (A,) is exactly divisible by et (X). Suppose

e2 (X) =  (X) q (X) +  r (X)

where r (X) ^  0 and the degree of r (X) is less than that of e* (X). 
However, by adding to the second column of (3) the first column 
multiplied by q (X) and then subtracting the first row from the 
second, we replace the element e% (X) by the element r (X). Then, 
by interchanging the first two rows and the first two columns, we 
transfer the polynomial r (X) to the upper left corner of the matrix, 
but this contradicts the choice of the polynomial et (X).

The theorem on the reduction of a X-matrix to canonical form 
is proved. We have to supplement it with the following uniqueness 
theorem.

Every X-matrix is equivalent to one canonical matrix only.
Suppose we have an arbitrary X-matrix A (X) of order n. Take 

some natural number k, 1 ^  k ^  n, and consider all Xth-order 
minors of A (X). Computing these minors, we obtain a finite system 
of polynomials in X; we denote the greatest common divisor of this 
system of polynomials with leading coefficient 1 by dh (X).

We thus have the polynomials
di (X), ^  (X), . . ., 4  (X) (4)

which are uniquely defined by the matrix A (X) itself. Here, dt (X) 
is the greatest common divisor of all elements of A (X) with coef
ficient 1, and dn (X) is equal to the determinant of the matrix A (X) 
divided by its leading coefficient. Also note that if the matrix A (X) 
has rank r, then

dr+i (X) =  . . . =  dn (X) =  0

whereas all the remaining polynomials of system (4) are different 
from zero.

The greatest common divisor dh (X) of all minors of order k of die 
X-matrix A (X), k =  1, 2, . . ., n, remains unchanged under ele
mentary transformations of A (X).

This assertion is almost obvious when an elementary transfor
mation of type (1) or (2) is performed in matrix A (X). For instance, 
if the ith row of the matrix is multiplied by a number a  in the field P, 
a  =#= 0 , then the Xth-order minors through which the ith row passes 
will be multiples of a, whereas all the other Xth-order minors will 
remain unchanged. But when seeking the greatest common divisor 
of several polynomials, any one of the polynomials can be multiplied 
with impunity by nonzero numbers from P.

Let us now consider elementary transformations of type (3) 
or (4). Let us, say, add to the ith row of A (X) the fth row, f =£ i,
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multiplied by the polynomial <p (A,); denote the resulting matrix 
by A (X) and denote by dh (A,) the greatest common divisor of all 
its &th-order minors taken with leading coefficient 1. Let us see 
what happens to the &th-order minors of A (X) under this transfor
mation.

It is clear that minors through which the ith row does not pass 
remain unchanged. Likewise, there is no change in those minors 
through which both the ith and ;th rows pass, since a determinant 
is unaltered by adding a multiple of one row to another row. Finally, 
let us take any &th-order minor with the ith row passing through it, 
but not the ;th row; denote it by M. The corresponding minor of the 
matrix A (A,) can evidently be represented by the sum of the minor M  
and the minor M', multiplied by 9  (A,), of the matrix A (X), which M'  
is obtained from M  by replacing the elements of the ith row af A (A,) 
by the corresponding elements of its ;th row. Since both M  and M r 
are divisible by dk (A,), it follows that M  +  q> (A,) M'  will also be 
divisible by dk (X).

From the foregoing it follows that all the fcth-order minors of 
matrix A (A,) are exactly divisible by dh (A.) and therefore dk (A,) 
too is divisible by dh (A,). But since the elementary transformation 
at hand has an inverse of the same type, it follows that dh (X) is 
likewise divisible by dk (X). But if one takes into account that the 
leading coefficients of both these polynomials are equal to unity, 
then dh (X) =  dk (A,), which completes the proof.

Thus, all X-matrices equivalent to the matrix A (X) are associated 
with one and the same set of polynomials (4). Specifically, this refers 
to any one (if there are several) canonical matrix equivalent to A (A,). 
Let (3) be such a matrix.

Let us compute the polynomial dh (A,), k =  1, 2, . . ., n, using 
matrix (3). Clearly, the &th-order minor in the upper left corner of 
this matrix is equal to the product

ei (X)e2 (X) . . . ek (X) (5)

Furthermore, if we take, in matrix (3), the /cth-order minor in the 
rows with indices ilt i2, . . ., £&, where ii <C i2 . • • <C i* .and in 
columns with the same indices, then this minor is equal to the product 
et (X) eiz (X) . . . eik (X) which is divisible by (5). Indeed, T ^  it 
and so e^ (X) is divisible by e± (A,), 2 ^  i2 and therefore eiz (A,) is 
divisible by e2 (A,), and so on. Finally, if in matrix (3) we take the 
Arth-order minor, through which the ith row of this matrix passes for 
at least one i but does not pass its ith column, then this minor con
tains a zero row and is therefore equal to zero.

It follows from the foregoing that the product (5) will be the 
greatest common divisor of all Ath-order minors of matrix (3) and,



59. EQUIVALENCE OF ^-MATRICES 361

therefore, of the original matrix A (X),
dh (X) =  ex {X) e2 (X) . . . eh (X), k =  1, 2, . . . »  n (6)

It is now easy to show that the polynomials eh (X), k =  1, 2, . . . 
. . n, are uniquely determined by the matrix A (X) itself. Let the 
rank of this matrix he r. Then, as we know, dr (X) ^  0, but dr+1 (X) — 
=  0, and therefore, by (6), er+i (X) =  0. Whence, because of the 
properties of a canonical matrix, it follows generally that if the 
rank r of matrix A (X) is less than n, then

er + i Q*) £r+2 (^) — • • • en W  0 (7)

On the other hand, for k ^  r, it follows from (6), because dh^X 0,
that

*<*■> =  £ $ )  <8>
This completes the proof of the uniqueness of the canonical form 

of the X-matrix. At the same time we have obtained a direct proce
dure for finding polynomials eh (X), which are called invariant factors 
of the matrix A (X).

Example. Reduce the X.-matrix

/^ 3- l  2X*\
A W ~ \ l * J r 5X 3% )

to canonical form. Performing a series of elementary transformations, we get

U2+5A, X J  \  X.2+5X, X

X8—10X,2—3X 0 \ /X  0

0 x )  \0  X8— 1 0 X2 — 3X

On the other hand, it might be possible to compute the invariant factors 
of the matrix A (X,) directly. Namely, computing the greatest common divisor 
of the elements of this matrix, we obtain

di (X) — ei (X) =  X

Now, computing the determinant of A (X,) and noting that its leading coefficient 
is equal to 1, we obtain

d2 (X) =  X* — 10X.8 — 3X,2
and so
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60. Unimodular -̂matrices. Relationship Between Similarity
of Numerical Matrices and the Equivalence
of Their Characteristic Matrices

From the results of the preceding section there follows a criterion 
of equivalence of X-matrices, which may be stated in either of two 
almost identical formulations.

Two X-matrices are equivalent if and only if they can be reduced to one 
and the same canonical form.

Two X-matrices are equivalent if and only if they have the same inva
riant factors.

Let us derive another criterion of a different nature.
We know that the unit matrix £  is a canonical X-matrix. We 

call the X-matrix U (X) unimodular if it has the matrix E for its 
canonical form; that is to say, if all its invariant factors are equal 
to unity.

The X-matrix U (X) is unimodular if and only if its determinant is 
nonzero but does not depend on X; that is, it is a nonzero number of the 
base field P.

Indeed, if U (A,) ~  E, then these two matrices are associated 
with one and the same polynomial dn (X). However, dn (X) =  1 
for the unit matrix. From this it follows that the determinant of the 
matrix U (X), which determinant differs from dn (A,) only by a non
zero numerical factor, will be a nonzero number of the field P. 
Conversely, if the determinant of the matrix U (A,) is different from 
zero and is not dependent on X, then for this matrix the polynomial 
dn (X) will be equal to unity and therefore, by (6) of Sec. 59, all 
invariant factors et (X) of U (X), i =  1, 2, . . ., n, are equal to unity.

This implies that any nonsingular numerical matrix is a unimodu
lar X-matrix. However, a unimodular X-matrix can be very compli
cated. Thus, the X-matrix

/ X  X3 +  5
U 2 -  X -  4 X4 -  X3 -  4X2 +  5X -  5

is unimodular, since its determinant is equal to 2 0 ; that is to say, 
it is different from zero and is not dependent on X.

From the theorem proved above it follows that a product of uni
modular X-matrices is unimodular: it suffices to recall that in matrix 
multiplication the determinants are multiplied together.

The X-matrix U (X) is unimodular if and only if there is an inverse 
matrix which is also a X-matrix.

Indeed, if we have a nonsingular X-matrix, then in seeking the 
inverse matrix in ordinary fashion we will have to divide the cofac
tors of the elements of the given matrix by the determinant of the 
matrix, i.e., by some polynomial in X. Therefore, in the general
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case, the elements of the inverse matrix will be rational fractions 
in A and not polynomials in A; that is, this matrix is not a A-matrix. 
But if a unimodular matrix is given, then we will have to divide 
the cofactors only by a nonzero number from the field P\ i.e., the 
elements of the inverse matrix will be polynomials in X and therefore 
the inverse matrix will itself be a A-matrix. Conversely, if the 
A-matrix U (X) has an inverse A-matrix t/ " 1 (A,), then the determi
nants of both matrices are polynomials in X, their product is equal 
to 1 , and therefore both determinants must be zero-degree polyno
mials.

There follows from this last remark a supplement to the theorem 
just proved: A X-matrix inverse to a unimodular X-matrix is unimodular.

The concept of a unimodular matrix is used in the statement 
of the following new equivalence criterion of A-matrices: Two X-matri- 
ces A (A) and B (A) of order n are equivalent if and only if there exist 
unimodular X-matrices U (A) and V (A) of the same order n such that

B (A) =  U (A) A (A) V (A) (1)

First, we introduce the following concept used in the proof of 
this criterion. We use the term elementary matrix to denote a numeri
cal (and, hence, A-) matrix

/ i  ov

l
. a .

1
(0 (2)

\  0 ' 1/
that differs from the unit matrix in only one way: there is an arbi
trary nonzero number a from the field P in some ith position of the 
principal diagonal, 1 ^  i  ^  n. On the other hand, we will use the 
term elementary matrix for the A-matrix

( t  \

. . . 1. . . cp (A). . . (0

'' i (3)

1

V (/) /
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which differs from the unit matrix in only one way: an arbitrary 
polynomial (p (A,) from the ring P [X] occupies the position at the 
intersection of the ith row and the 7th column, 1 ^  i ^  n, 1 ^  7 ^  
^ 7 1 , i ^ =  7.

Every elementary matrix is unimodular. This is quite obvious 
since the determinant of matrix (2) is equal to a, but, by hypothesis, 
a ^ O ;  however, the determinant of the matrix (3) is equal to 1.

Performance of any elementary transformation in the X-matrix A (X) 
is equivalent to multiplying this matrix on the left or on the right by 
some elementary matrix.

It will he easy for the reader to verify the truth of the following 
four assertions: (1) multiplication of the matrix A (A,) on the left 
by the matrix (2 ) is equivalent to multiplication of the ith row 
of A {X) by the scalar a; (2) multiplication of A (X) on the right by 
matrix (2) is equivalent to multiplication of the ith column of the 
matrix A (A,) by the scalar a; (3) multiplication of matrix A (A) 
on the left by matrix (3) is equivalent to adding to the ith row of A (X) 
its/th  row multiplied by <p (X); (4) multiplication of the matrix A (X) 
on the right by matrix (3) is equivalent to adding to the 7th column 
of A (X) its ith column multiplied by 9  (A,).

Let us now take up the proof of our criterion of the equivalence 
of ^-matrices. If A (A) — B (X), then we can proceed from A (X) 
to B (X) by means of a finite number of elementary transformations. 
Replacing each of these transformations by multiplication on the 
left or on the right by an elementary matrix, we arrive at the equation

B (X) =  Ut (X) . . . Uh (X) A (X) V, (X) . . .  Vi (X) (4)

where all the matrices Ui (X), . . ., Uk (X), Vl (X), . . ., F* (X) are 
elementary and, hence, unimodular. Hence, the matrices

U (X) =  Ui (X) . . . Uh (X), V (X) =  Vl (X) . . .  Vt (X) (5)
which are products of unimodular matrices will also be unimodular, 
and equation (4) will be rewritten as (1). Notice that if, say, 
k =  0 , i.e., elementary transformations are performed on columns 
only, then we simply put U (A,)’ =  E.

This portion of the proof already allows us to make the follo
wing assertion.

A X-matrix is unimodular if and only if it is representable as a pro
duct of elementary matrices.

True enough, for we have already taken advantage of the fact 
that a product of elementary matrices is unimodular. Conversely, 
if we have an arbitrary unimodular matrix W  (A,) then it is equiva
lent to the unit matrix E. Applying the foregoing proof to matrices E 
and W  (A) instead of A {X) and B (A,), we get from (4) the equation

W (X) =  Ui (X) . . .  Uh (X) Ft (X) . . .  Vt (X)
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which is to say that the matrix W  (X) is represented as a product 
of elementary matrices.

It is now easy to prove the converse assertion of our criterion. 
Suppose that for the matrices A (A,) and B (A,) there are unimodular 
matrices U (A,) and V (A,) such that (1) holds. From what has been 
proved, the matrices JJ (A,) and V (A,) may be represented as products 
of elementary matrices; let these be the representations (5). Then (1) 
can be rewritten as (4) and, substituting the corresponding elemen
tary transformation for each multiplication by an elementary matrix, 
we finally obtain A (X) ~  B (A,).

Matrix polynomials. We can take an entirely different view of the 
X-matrix concept and use the term matrix X-polynomial of order n over 
the field P for a polynomial in X whose coefficients are square matrices 
of the same order n with elements from the field P . Its general aspect is

A ^  -f~ AiXh~x -f- . . . +  iX +  A k (6)
Regarding (in accordance with Sec. 15) the multiplication of 

matrix A t by X k~l, i =  0, 1, . . ., k, as the multiplication by X*-* 
of all elements of the matrix Aj, and then performing matrix addi
tion in accord with that same Sec. 15, we find that any matrix X-poly
nomial of order n may he written as a X-matrix of order n. Thus,

/  4 0 \ /0  - 3 \  / I  2 \ /0  1\
( _ l l ) ^ S +  (o  l ) v +  (o  - 2 ) x +  ( 0  0 )

4X3 ~f- X —3X2 -f- 2X -f- 1 \ 
- X s X3 +  X2 -  2X /

Conversely, any X-matrix of order n may he written in the form of 
a matrix X-polynomial of order n. Thus,

f 31' - 5 ^ w 0 ° w r 3 v + r °  ' u + f - 5
U 4 +  2A. ( l )  \0  0^ + V,2 0/- + V 0 —3/

The correspondence between X-matrices and matrix X-polynomials 
is one-to-one and isomorphic in the meaning of Sec. 46. Indeed, the 
equality of X-polynomials of the form (6 ) as matrices is equivalent 
to the equality of matrix coefficients of identical powers of X, and the 
multiplication of a matrix by X is equivalent to its multiplication 
by a scalar matrix with X on the principal diagonal.

Suppose we have a X-matrix A (X), and
A (X) =  A 0Xh +  -4iXfe-1 +  • • • +  A h

where the matrix A 0 is not a zero matrix. We call the number k 
the degree of the X-matrix A (X); clearly, this is the highest power 
(in X) of the elements of the matrix A (X).

The view taken of X-matrices as matrix polynomials permits 
developing for X-matrices a theory of divisibility similar to the
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theory of divisibility for numerical polynomials, made more com
plicated, true, by the noncommutativity of matrix multiplication 
and the presence of divisors of zero. We restrict ourselves to the sole 
problem of the division algorithm (with remainder).

Given, over the field P, the nth-order X-matrices
A (A,) =  Axfkh +  A iA,ft-1 +  . . . +  A^-iX +  A h,
B (X) =  B0Xl +  BiX1-1 -f  . . . -f  B t. tX +  B x

Assume that the matrix B0 is nonsingular, i.e., there exists a matrix 
B '1. Then, over the field P it is possible to find X-matrices Qi (A,) and 
i?i (X) of the same order n such that

A (X) ~  B (X) Qt (X) +  B, (X) (7)
The degree of Ri {X) is less than the degree of B (iX) or Ri (X,) =  0. 
On the other hand, there are, over P, X-matrices Q2 (X) and R2 (A,) 
of order n such that

A (X) =  Q2 (X) B (X) +  R2 (X) (8)
The degree of R 2 (X) is less than the degree of B (X) or R 2 (A,) =  0. The 
matrices Qi (X) and Ri (A,) and also Q2 (X) and R 2 (A,) which satisfy 
these conditions are uniquely determined.

The proof of this theorem follows the same lines as that of the 
corresponding theorem for numerical polynomials (see Sec. 20). For 
instance, let condition (7) be satisfied also by the matrices Qt (A,) 
and Ri (X) and the degree of Ri (A,) is less than the degree of B (A,). 
Then

B (X) [Qi (X) -  Qi (X)] =  Ri (X) -  Ri (X)

The degree of the right side is less than I, but the degree of the left 
side (if the square bracket is nonzero) is greater than or equal to I, 
since the matrix B 0 is nonsingular. Whence follows the uniqueness 
of the matrices Qi (X) and Ri (A,).

To prove the existence of such matrices, notice that for k > l  
the degree of the difference

A (X) — B (X) •B ?A 0Xk~l
will be strictly less than k; therefore B0~1AoXk~'1 will be the highest- 
degree term of the matrix A,-polynomial Qi (X). The continuation 
is the same as in Sec. 20. On the other hand, the degree of the diffe
rence

A (X) -  A oB?Xk- l -B (X)

is also strictly less than k, that is, A qBq̂ X*1' 1 will be the highest- 
degree term of the matrix A,-polynomial Q2 (A,). We see that the 
A,-matrices Qi (A,) and <22 (̂ ) [and also Ri (X) and R 2 (A,)l which satisfy
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the conditions of the theorem, will indeed be distinct in the general 
case.

Fundamental theorem on the similarity of matrices. Earlier 
we mentioned the fact that as yet we have no way of deciding whether 
two numerical matrices A and B (that is, matrices with elements 
in the base field P) are similar or not. On the other hand, their cha
racteristic matrices A —XE and B — XE are A-matrices and the 
question of the equivalence of these matrices is something that can 
be resolved effectively. It is therefore clear why the following theo
rem is of such great importance.

The matrices A and B with elements in the field P are similar if 
and only if their characteristic matrices A — XE and B — XE are 
equivalent.

Indeed, let the matrices A and B be similar, i.e., there is, over 
the field P, a nonsingular matrix C such that

B =  C~XAC
Then

C~l (A -  XE) C = C~XA C  -  X {C~XEC)  — B  — XE

The nonsingular numerical matrices C~x and C are, however, unimo- 
dular A-matrices. We see that the matrix B  — XE is obtained by 
multiplying the matrix A  — XE on the left and on the right by uni- 
modular matrices, that is, A  — XE ~  B  — XE.

Proof of the converse assertion is more complicated. Let
A  — XE r s  B  — XE

Then there exist unimodular matrices U  (A,) and V  (X) such that
U  (X) (A -  XE) V  (X) =  B  -  XE (9)

Taking into account that unimodular matrices have inverse matrices 
which are A-matrices, we derive from (9) the following equalities 
which will be used in the sequel:

U  (X) (A -  XE) =  ( B -  XE) V~x (X) 1
(A -  XE) V  (X) = U - 1 (X) ( B -  XE) j (1U'

Since the A-matrix B  — XE has degree 1 in X, the nonsingular 
matrix — E  serving as the leading coefficient of the corresponding 
matrix polynomial, it follows that we can apply the division algo
rithm to the matrices U  (X) and B — XE: there are matrices Qi (A) 
and B i  (the latter, if nonzero, must have degree 0 in X, i.e., it is 
independent of A) such that

U  (A) = ( B -  XE) Qi (A) + R i  (11)
Similarly,

V (A) =  Q% (A) (.B -  XE) +  R% (12)
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Using (11) and (12), we get, from (9),
R t (A -  XE) i?a = (.B -  X E ) -  U  (X) (.A -  I E )  Q2 (X) (B  -  I E )  

- ( B  -  XE) Qi  (X) (A -  XE) V  (X)

+ (B -  XE) Qi (X) (A -  XE) Q2 (X) (B  -  XE)
or, by (10),

(A -  XE) R 2 =  ( B — XE) -  ( B -  XE) V -1 (X) Q 2 (X) ( B -  XE)  

- ( . B  -  XE) Qi  {X) U - 1 (X) (B -  XE)

+ ( B  -  XE) Qi  (X) (A -  XE) Q 2 (X) {B -  XE)

= ( B  -  XE) { E  -  [ V ' 1 (X) Q2 (X) + Qi (X) C/"1 (X)

-  Qi  (X) (A -  XE) Q2 (X)} (B -  XE)}

The square bracket on the right is actually zero, for otherwise, 
being a ^-matrix [since both V ' 1 (X) and U ~ x (X) are ^-matrices], 
it would at least be of degree 0 , but then the degree of the curly 
brackets would not be less than 1 and, hence, the degree of the entire 
right member would not be less than 2. But this is impossible since 
on the left-hand side we have a X-matrix of degree 1 .

Thus,
R x {A -  XE) Z?2 = B  -  XE

whence, equating the matrix coefficients of identical powers of 
X we get

R i A R i  =  B t (13)
RiR2 =  E (14)

Equation (14) shows that the numerical matrix f?2 is not only non
zero but is even nonsingular, and

R ?  =  Ri
But then equation (13) takes the form

R l lA R 2 = B

which proves the similarity of the matrices A and B.
We have at the same time learned to find the nonsingular mat

rix R 2 which transforms matrix A into matrix B. Namely, if the 
matrices A — XE and B — XE are equivalent, then a finite number 
of elementary transformations carries the first into the second. Take 
those transformations which refer to columns; denote by V  (X) the 
product of the corresponding elementary matrices taken in the 
same order. Then divide V  (X) by B  — XE and perform the division 
so that the quotient is on the left of the divisor [see (8 )]. The remain
der of this division will be just the matrix R 2.

Actually, this division need not be performed; one can take 
advantage of the following lemma, which will also be of use in Sec. 62.
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Lemma. Let
V (k) =  V0k8 +  Viks--1 +  • ■, .  V  Vs_tk +  Vs, Vo # 0 (15)

If V (k) = (ikE - B) Qi (k) +  Ru (16)
V{k) = Q2 (*) (kE - B )  +  R2

then
R, =  BSVo + B -W i +  . . . +  BVs-i + V„ (17)
R2 =  V0B3 + ViB8“ 1 +  . . . +  Vs-iB + Vs

It suffices to prove the first of these two assertions, because the 
second is proved similarly. The proof consists in direct verification 
of the validity of (16) if the polynomial V (k) is replaced by its nota
tion (15), if (17) is substituted for R ,, and if in place of Qi (k) we 
take the polynomial
Qi (k) =  W 1 +  (.BV0 +  V i )  k*~* +  (B2V0 +  BVt -f  V2) ks- 3

+  ' . . .  +  {B-'Vo +  +  . . . +  IV,)
This verification is left to the reader.

Example. Given the matrices

- T o V  * - ( i l i t )
Their characteristic matrices are equivalent since they can be reduced to one 
and the same canonical form

/I o \
\o  _  6 /

The matrices A and B are thus similar.
To find the matrix R 2 that transforms A into B,  let us find some chain 

of elementary transformations that carries A — kE into B — kE.  Thus,

a xe ( 2  ̂ 1 \ ~ (  ~ 2~ k 1 \ ~ l  ~ 4 \
V o 3 - k )  \  —16—8A, 11 —k )  \  — 16—8A, 11 — k j

/ 4 0 + 4 k —4 \  / —10 —k - 4  \
\ - 1 0 4  n - ? J  \  26 u — k ) ~ B  l E

The last two transformations refer to columns: to the first column we add the
1

second multiplied by —8 and then we multiply the first column by — — . The 
product of the corresponding elementary matrices will be

This matrix does not depend on k and therefore it is the sought-for matrix i?2.
Of course, the matrix that transforms A  into B is not by far determined 

uniquely. For example, the matrix

( ! ! )
will also be of that kind.

24—5760
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61. Jordan Normal Form

We will now consider nth-order square matrices with elements 
in the field P. We will isolate a special type called Jordan matrices, 
and it will be shown that these matrices serve as a normal form for 
a very broad class of matrices. Namely, matrices, all the characteristic 
roots of which lie in the base field P (and only such matrices) are similar 
to certain Jordan matrices', we say that they can be reduced to a Jordan 
normal form. It will then follow, if for the field P we take the field 
of complex numbers, that any matrix with complex elements can be 
reduced to a Jordan normal form in the field of complex numbers.

We will need some definitions. A jjth-order Jordan submatrix 
referring to the number is a matrix of order k, 1 ^  k ^  n, of the 
form

(K  i  o \
K  i

o h !

In other words, one and the same number XQ from the field P occupies 
the principal diagonal, with unity along the diagonal immediately 
above and zero elsewhere. Thus,

( K ) ,

K  1 0 \
0  U
0  0  X o J

are, respectively, Jordan submatrices of first, second and third order. 
A Jordan matrix of order n is a matrix of order n having the form

(

/  =

0  A

(2)

are Jordan submatrices
V 0  [ i l l  /

The elements along the principal diagona 
j u / 2, . . / s of certain orders, not necessarily distinct, referring 
to’ certain numbers (not necessarily distinct either) lying in the 
field P. All other positions have zeros. Here, s >- 1, that is to say,
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one Jordan submatrix of order n belongs to Jordan matrices of this 
order, and, naturally, s ^  re.

It may be noted (though this will not be used in what follows) 
that the structure of the Jordan matrix can be described without 
resorting to the concept of the Jordan submatrix. It is obvious, 
namely, that the matrix /  is a Jordan matrix if and only if it has 
the form

£i O s .

• 6w_i
VO. K  J

where Xt, i =  1, 2, . . . ,  re, are arbitrary numbers in P and every 
Ej , / =  1 , 2 , . . ., re — 1 , is equal to unity or zero; note that if 
ej — 1 , then %j =  Xj+i.

Diagonal matrices are a special case of Jordan matrices. These 
are Jordan matrices whose Jordan submatrices are of order 1.

Our immediate aim is to find the canonical form of the characte
ristic matrix J  — XE of an arbitrary Jordan matrix J  of order n. 
We will first find the canonical form of the characteristic matrix

of a single Jordan submatrix (1) of order k. Computing the determi
nant of this matrix and recalling that the leading coefficient of the 
polynomial d (X) must be equal to 1 , we find that

4  (I) =  {X -  X0)k
On the other hand, among the (k — l)th-order minors of the matrix 
(3) there is a minor equal to unity; this is the minor obtained by 
deleting the first column and the last row of the matrix. Therefore

4 - i  (X) =  1

From this it follows that the following kih-order X-matrix

is the canonical form of the matrix (3). 
We now prove the following lemma.

24*



372 CH, 13. NORMAL FORM OF A MATRIX

If the polynomials <pi (A,), <p2 (k), . . ., <p* (A) from the ring P  [A,] 
are pairwise prime, the following equivalence holds true;

It is evidently sufficient to consider the case of t =  2. Since the 
polynomials q>i (A,) and cpa (A) are relatively prime, there are polyno
mials Mi (A) and m2 (A) in the ring P [A] such that

<Pi (A) Ui (A) +  q>a (A) m2 (A) =  1
Therefore
/ c p i ( A )  0  \  / V i  (A.) q>i (A,) mi ( X ) \
V 0  tp2 ( A ) /  V 0  q>2 (A) )

/cpi (A) q>! (A) Mi (A) +  <p2 (A) m2 (A)\ _  / <Pi M 1 \
\  0  <P,(A) / V O  cp2 ( A ) /

1 < p i ( A ) \  / I  <Pi (A) \
~  \<P2 M  0  VO — <pi (A) (p2 ( A ) /

~  ( o  —  cpi M  <P2 ( A ) )  ~  ( o  q>i (A) tp2 ( A ) )
which is what we set out to prove.

Let us now consider the characteristic matrix

r| J i — AZ?i

/ , - A E ,

0  1

( 5 )

0

of the Jordan matrix /  of type (2); here, Eit i =  1, 2, . . ., s, 
is a unit matrix of the same order as the submatrix J t. Let the 
Jordan submatrices of the matrix J  refer to the following distinct 
numbers: At, A2, . . . »  A*, where t ^  s. Furthermore, let there refer 
to the number A{, i =  1, 2, . . ., t, qt Jordan submatrices, qt 1, 
and let the orders of the submatrices (arranged in nonincreasing 
order) be
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Let it be noted (though we will not make use of this fact) that
t

2  Q i =  s ,
1=1

, t Qi 

i=l j=l
Applying elementary transformations to the rows and columns 

of matrix (5) which pass through the submatrix J t — XEt of this 
matrix, we will quite obviously not involve the other diagonal 
submatrices, whence it follows that it is possible, in matrix (5), 
to replace by means of elementary transformations every submatrix 

— XEt, i =  1, 2, . . ., s, by a corresponding submatrix of the 
type (4). In other words, the matrix J  — XE is equivalent to a diagonal 
matrix, the diagonal elements of which consist (aside from a certain 
number of units) of the following polynomials which correspond to all 
Jordan submatrices of the matrix J :

(A.-a.,)*12, . . . , ( X - K ) hlqi

(A.-A*)*21, (A — A / 22, . . . . ( A - a / 252

(A-A,)"11, (A-A,)"'2, . . . . ( A - A , ) ^

We do not indicate the positions of the polynomials (7) on the 
principal diagonal, since the diagonal elements of any diagonal 
^-matrix can be arbitrarily rearranged by interchanging rows and 
like columns. This is worth bearing in mind for the future.

Let q be the largest of the numbers qt, i =  1, 2, . . ., t. Denote 
by en_j+1 (k) the product of polynomials in the /th column of array
(7), j =  1, 2, . . ., q, that is,

< W « W =  n  (*-*.!)*" (8)i=l

If there are certain vacancies in the /th column—it may happen 
that qt <C j  for certain i—then the corresponding factors in (8) are 
considered to be unity. Since, by hypothesis, the numbers 

^2, • • •» h  are distinct, the powers of the linear binomials in 
the /th column of array (7) are pairwise relatively prime. Therefore, 
on the basis of the lemma proved above, they can, by means of 
elementary transformations, be replaced in the diagonal matrix 
at hand by their product en_j+l (X) and by a certain number 
of units.
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Doing this for /  =  1, 2, . . ., g, we find that
1 0

J —XE
1

en-q+1 (^)

en-l (X)
0 enX

(9)

This is the desired canonical form of the matrix J  — XE. Indeed, the 
leading coefficients of all polynomials on the principal diagonal 
of (9) are equal to unity and each of the polynomials is exactly 
divisible by the preceding one, by Condition (6).

Example. Let

J  =

For this Jordan matrix of order 9, the polynomial array (7) is of the form 
(X — 2)3, X — 2, X — 2,
{ X - 5 ) \  ( X - 5 ) 2 

Therefore, the invariant factors of the J  matrix are the polynomials 
e9 (X) =  (X -  2)3 (X _  5)a, 
e8 (X) =  (X -  2) (X -  5)2, 
ei (X) =  (X — 2) 

whereas e6 (X) =  . . .  =  (X) == 1.

Now that we have learned how, judging by the form of a given 
Jordan matrix J, to write down the canonical form of its characte
ristic matrix straightaway, we can prove the following theorem.

Two Jordan matrices are similar if and only if they consist of the 
same Jordan submatrices, that is to say, if they differ at most solely 
in the order of these submatrices on the principal diagonal.
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Actually, the polynomial array (7) was completely determined 
by the set of Jordan submatrices of the Jordan matrix J  and did 
not in the least reflect the arrangement of the Jordan submatrices 
along the principal diagonal of the matrix. It then follows that if 
Jordan matrices /  and J' have the same set of Jordan submatrices, 
then they are associated with one and the same array (7) of polyno
mials and therefore the same polynomials (8 ). Thus, the characte
ristic matrices /  — XE and J' — %E have the same invariant factors, 
that is to say, they are equivalent, and therefore the matrices J  
and J ’ are similar.

Conversely, if the Jordan matrices /  and J' are similar, then 
their characteristic matrices have the same invariant factors. Let 
the polynomials (8 ) for f — 1 , 2 , . . ., q, be those invariant factors 
which are different from unity. But the polynomial array (7) can be 
restored from the polynomials (8 ). Namely, the polynomials (8) 
can be factored into a product of powers of linear factors, since, 
as has already been proved, this property is possessed by the inva
riant factors of the characteristic matrix of any Jordan matrix. 
Array (7) just consists of all those maximal powers of the linear 
factors into which the polynomials (8 ) are factored. Finally, using 
array (7) we can restore the Jordan submatrices of the original Jordan 
matrices: to every polynomial (A, — Xi)hV of (7) there corresponds 
a Jordan submatrix of order ktj that refers to the number Xt. This 
proves that the matrices J  and J' consist of the same Jordan submatri
ces and differ at most in their order alone.

One consequence of this theorem is that a Jordan matrix similar 
to a diagonal matrix is diagonal and that two diagonal matrices are 
similar if and only if they can be obtained from one another by permuting 
the numbers on the principal diagonal.

Reducing a matrix to Jordan normal form. If a matrix A with 
elements from the field P can be reduced to a Jordan normal form, 
i.e., is similar to a Jordan matrix, then, as follows from the theorem 
that was proved above, the Jordan normal form is determined uniquely 
for matrix A to within the order of the Jordan submatrices on the prin
cipal diagonal. The condition that allows a matrix A to be so reduced 
is given in the following theorem, the proof of which offers a prac
tical procedure for finding a Jordan matrix similar to A if such 
a Jordan matrix exists. Note that reducibility over the field P means 
that all the elements of the matrix undergoing transformation are 
in P.

Matrix A with elements in the field P can be reduced over P to the 
Jordan normal form if and only if all the characteristic roots of A lie 
in the base field P itself.

Indeed, if matrix A is similar to the Jordan matrix / ,  these 
two matrices have the same characteristic roots. However, the cha
racteristic roots of J are easily found: since the determinant of the
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matrix J  — XE is equal to the product of its elements on the prin
cipal diagonal, the polynomial | /  — XE | can be factored over P 
into linear factors and its roots are numbers (and only these numbers) 
on the principal diagonal of J.

Conversely, let all characteristic roots of matrix A be in the 
field P. If the different-from-unity invariant factors of the matrix 
A — XE are

en-q+i (X), . . ., en. t (X), en {X) (10)
then

\ A -  XE I -  ( - 1  r  en-«+i ( *) • • •  &n-i W en (X)
Indeed, the determinants of the matrix A — XE and its canonical 
matrix can only differ in a constant factor that is actually equal to 
(—1)”, since such, precisely, is the leading coefficient of the cha
racteristic polynomial | A — XE |. Thus, among the polynomials 
(1 0 ) there are none equal to zero, the sum of the degrees of these 
polynomials is equal to n, and all can be factored over the field P 
into linear factors, which is due to the fact that, by hypothesis, the 
polynomial | A — XE | has such a factorization.

Let (8 ) be factorizations of the polynomials (10) into products 
of the powers of the linear factors. We use the term elementary divi
sors of the polynomial en_j+i, ; =  1 , 2 , . . ., g, for powers (diffe
rent from unity) of the various linear binomials entering into its 
factorization (8 ), that is,

( i  -  a.,)*". (X -  K )”2 i .......... a -  h)**1
We call the elementary divisors of all polynomials (10) the ele
mentary divisors of the matrix A and write them down in the form 
of array (7).

Let us now take a Jordan matrix J  of order n composed of Jordan 
submatrices defined as follows: with each elementary divisor 
(X — Xi)hiJ of matrix A we associate a Jordan submatrix of order ku 
referring to the number Xt. It is evident that only the polynomials 
(10) are invariant factors, different from unity, of the matrix J  — XE. 
Therefore, matrices A — XE and J  — XE are equivalent and, hence, 
matrix A is similar to the Jordan matrix J.

Example. Given a matrix
-16 —17 87 —108

8 9 •-4 2 54
—3 - 3 16 - 1 8
—1 - 1 6 —8

Reducing the matrix A — XE to canonical form in the usual way, we find that 
the invariant factors different from unity of this matrix are the polynomials

(X) =  (X -  l ) 2 (X +  2),
63 (X) =  X --  1
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We see that matrix A  can be reduced to the Jordan normal form even in the 
field of rational numbers. Its elementary divisors are the poly
nomials (X — l)2, X —1 and X +  2 and so the matrix

is the Jordan normal form of the matrix A.
If we wanted to find the nonsingular matrix that transforms A to J,  we 

would have to make use of the remarks made at the end of Sec. 60.

Finally, on the basis of the foregoing results we can prove the 
following necessary and sufficient condition for reducing a matrix 
to diagonal form, a condition that immediately yields the sufficient 
criterion of reducibility to diagonal form that was proved in Sec. 33.

An nth-order matrix A with elements in the field P can be reduced 
to diagonal form if and only if all the roots of the last invariant factor 
en (X) of its characteristic matrix are in P  (there must be no multiple 
roots).

Indeed, reducibility of a matrix to diagonal form is equivalent 
to reducibility to a Jordan form such that all Jordan submatrices 
have order 1. In other words, all elementary divisors of matrix A  
must be polynomials of degree one. However, since all invariant 
factors of the matrix A  — XE are divisors of the polynomial en (X), 
the last condition is equivalent to all elementary divisors of the 
polynomial en (X,) having degree one, which is what we set out to prove.

62. Minimal Polynomials
Suppose we have a square matrix A of order n with elements in 

the field P. If
/  (X,) =  +  aiX,ft-1 -f- . . . +  a ft_iX, -f- a k

is an arbitrary polynomial in the ring P [X,], then the matrix
f (A) =  a 0A k -|- 0CiA^ * -j- -f- cc^E

is called the value of the polynomial /  (X,) for X, =  A. Note, in this 
respect, that the constant term of the polynomial /  (X,) is multiplied 
by the zero power of the matrix A , that is to say, by the unit matrix E.

It can be verified readily that if
f (X) =  q> (X) +  \J) (X)

or
f (X) — u (X) v (X,)

then
/  (4) =  cp (A) +  \|> {A)
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and, respectively,
f (A) = u  (A) v (4)

If the polynomial /  (A,) is annihilated by the matrix A , that is,
f ( A ) = 0

then A will be called the matrix root or (where no confusion is pos
sible) simply the root of the polynomial /  (A).

Every matrix A serves as a root of some nonzero polynomial.
We know for a fact that all square matrices of order n constitute 

an 7i2-dimensional vector space over the field P. From this it fol
lows that the system of n2 -f 1 matrices

An\  An2' \  . . . ,  A, E
is linearly dependent over P, that is, in P there are elements 
a 0, a 1? . . ., a„2, an24-i, not all zero, such that

a04"a +  0 ,4 ’* ' - * + . . . +  a^A  +  otn 1+iE =  0 

Thus, matrix A proved to be a root of the nonzero polynomial 

( p  ( X )  —  (XqX - f -  O t j A  O C f ^ A  - J -  0Cn 2 - | - l

whose degree does not exceed n2. .
The matrix A is also a root of certain polynomials whose leading 

coefficients are equal to unity: it suffices to take any nonzero poly
nomial that can be annihilated by A and divide it by its leading 
coefficient. The polynomial of lowest degree with leading coefficient 1 
that can be annihilated by A is called the minimal polynomial of the 
matrix A. Notice that the minimal polynomial of A is uniquely defined, 
since the difference of two such polynomials would have a lower 
degree than each one separately, but it would also be annihilable 
by the matrix A.

Any polynomial f  (A) that is annihilable by the matrix A is exactly 
divisible by the minimal polynomial m (A) of this matrix. 

Actually, if
/  (A) =  m (A) q (A) +  r (A) 

where the degree of r (A) is less than the degree of rn (A), then 
/  (A) =  m (A) q {A) +  r (A)

and from /  (A) =  m (A) =  0 it follows that r (A) =  0, which 
contradicts the definition of a minimal polynomial.

Let us prove the following theorem.
The minimal polynomial of a matrix A coincides with the last 

invariant factor en (A) of the characteristic matrix A — XE.
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Proof. Retaining notations and using the results of Sec. 59, 
we can write the equation

(  l ) n  I A -  XE | =  4 - i  W  e *  ( A )  ( 1 )
whence it follows, for one thing, that the polynomials en (X.) and 
4 - i  (A) are not zero polynomials. Next, denote by B (A) the adjoint 
of the matrix A —  XE (see Sec. 14),

B (X) =  (A -  XE)*
As follows from (3), Sec. 14, the equation

(A -  XE) B (X) =  | A -  XE | E (2)
holds true. On the other hand, since the elements of B (A,) are (rc — l)th 
order minors (with plus or minus signs) of the matrix A —  XE,  
and only these minors, and the polynomial 4 - i  (X) is the greatest 
common divisor of all these minors, it follows that

B(X) =  dn. i (X)C(X)  (3)
the greatest common divisor of the elements of matrix C (A,) being 
equal to 1 .

From equations (2), (3) and (1) follows the equation
(A -  XE) 4 - i  (X) C (X) =  ( - l ) n  4 - i  ( * )  (X)E

We can divide through by the nonzero factor 4  -i (A), as follows 
from the general remark that if <p (A,) is a nonzero polynomial and 
D (A) =  (dtj (X)) is a nonzero A-matrix [let dst (A,) =£ 0], then the 
( s,  t) position in the matrix <p (X) D (A,) will be occupied by the 
nonzero element cp (A,) dst (A,). Thus,

(A -  XE) C (X) =  ( - l ) n (X) E
whence

(X) E =  (XE — A) [ ( - 1  ) " +1 C (̂ )1 (4)
This equation shows that the remainder resulting from “left” 

division of the A,-matrix in the left member by the binomial XE — A 
is equal to zero. From the lemma proved at the end of Sec. 60 it fol
lows, however, that this remainder is equal to the matrix en (A) E =  
=  en (A). True enough, the matrix en (X) E may be written as a mat
rix ^-polynomial whose coefficients are scalar matrices, i.e., such 
as commute with the matrix A. Thus,

e, (A) =  0
which is to say that the polynomial en (A) is indeed annihilated by A.

From this it follows that the polynomial en (A,) is exactly divisible 
by the minimal polynomial m (A,) of matrix A,

en (A,) =  m (X) q (A) (5)
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It is clear that the leading coefficient of the polynomial q (X) is 
equal to unity.

Since m (A') == 0, then, by the same lemma of Sec. 60, the remain
der after left-division of the X-matrix m (X) E by the binomial 
XE — A is again equal to zero; that is,

m (X) E =  (XE -  A) Q (X) (6)
The equations (5), (4) and (6) lead to the equation

(XE -  A) [ ( - l )n+1 C (A,)] =  (XE -  A) [Q (X) q (X)]
The common factor XE — A can be cancelled out of both sides 

since the leading coefficient E of this matrix X-polynomial is a non
singular matrix. Thus,

C (X) =  ( - i r  Q (X) q (X)
We recall, however, that the greatest common divisor of the ele
ments of matrix C (X) is unity. Therefore, the polynomial q (X) 
must be of degree zero, and since its leading coefficient is unity, 
g (X) =  1. Thus, by (5),

en (X) =  m (X)
which completes the proof*

Since, by (1), the characteristic polynomial of matrix A is exactly 
divisible by the polynomial en (X), there follows from the theorem 
just proved the Cayley-Hamilton theorem.

Cayley-Hamilton Theorem. Every matrix is a root of its characte
ristic polynomial.

The minimal polynomial of a linear transformation. Let us 
first prove the following assertion.

If matrices A and B are similar and if the polynomial f (X) is an
nihilated by matrix A, then it is also annihilated by matrix B. 

Indeed, let
B =  C-'AC

If
/  (X) =  a<)Xft -f- a 1Xft_1 +  . . . - +  a fc-iX -f  a ft

then
ctoAh +  a tA h~x -f- . . . +  cCk-iA +  (x,kE  =  0 

Transforming both sides of this equation by matrix C, we get 
C~x -f- +  . . . - ( -  cc^iA -j- a hE) C

=  a Q(C-xAC)k +  ai (C-xAC)h~x +  . . . +  a k-i (C-XAC) -f  a kE 
=  ccoBh +  a xBh~l - f  . . . +  (x>k-iB +  a kE — 0

i.e. /  (B) = 0 .
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From this it follows that similar matrices have one and the same 
minimal polynomial.

Now let 9  be a linear transformation of an rc-dimensional linear 
space over the field P. The matrices that represent this transforma
tion in different bases of space are similar. The common minimal 
polynomial of these matrices is termed the minimal polynomial of 
the linear transformation <p,

Using the operations (on linear transformations) introduced 
in Sec. 32, we can introduce the concept of the value of the polynomial

/  (X) =  a ~ b  QCî k-1 +  . . . +  +  a*,,
from the ring P [A,] for X equal to the linear transformation <p; this 
is the linear transformation

/  (<p) =  ao<pfe +  “ iT*"1 +  . ■ • +  otft-iT +  “ fee
where e is the identity transformation.

We furthermore say that the polynomial f {X) is annihilated by the 
linear transformation <p if

/  ((p) =  0)
where « is the zero transformation.

If the reader takes into account the relationship between opera
tions on linear transformations and on matrices, it will be easy 
for him to prove that the minimal polynomial of the linear transfor
mation q> is that uniquely determined polynomial of minimum degree 
with leading coefficient 1 which is annihilated by the transformation <p. 
After that the results obtained above, in particular the Cayley- 
Hamilton theorem, can be rephrased in the language of linear trans
formations.



CHAPTER 14 

GROUPS

63. Definition of a Group. Examples

Rings and fields, which played so important a role in the previous 
chapters, are algebraic systems with two independent operations: 
addition and multiplication. However, there are many areas of mathe
matics and its application in which we very often encounter algeb
raic systems with only one algebraic operation defined. Thus, con
fining ourselves to examples that have already appeared in this 
book, we have the set of permutations of degree n (see Sec. 3) in 
which we defined the single operation of multiplication. On the 
other hand, the definition of a vector space (Sec. 8 ) includes the 
addition of vectors, whereas multiplication of vectors was not 
defined (notice that the multiplication of a vector by a scalar does 
not satisfy the definition—given in Sec. 44—of an algebraic opera
tion).

Groups form the most important type of algebraic systems with 
a single operation. This concept has extensive applications and forms 
the subject of a whole science—the theory of groups. The present 
chapter may be regarded as an introduction to the theory of groups, 
including such elementary facts about groups as are needed by every 
mathematician and also, at the end, a theorem that is not so ele
mentary.

Let us agree, as is the custom in group theory, to call the algeb
raic operation at hand multiplication and to use appropriate symbo
lism. It will be recalled (see Sec. 44) that an algebraic operation is 
always assumed to be valid and unique: for any two elements a and b 
of a given set the product ab exists and is a uniquely defined element 
of the set.

A group is a set G with one algebraic operation that is associative 
(though not necessarily commutative); the operation must have 
an inverse.

Because of the possible noncommutativity of the group opera
tion, the possibility of the inverse operation signifies the following:
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for any two elements a and b in 6? there exist in G a uniquely defined 
element x and a uniquely defined element y such that

ax =  b, ya — b
If a group G consists of a finite number of elements, then it is 

called a -finite group, and the number of elements in it is the order 
of the group. If the operation defined in G is commutative, then G 
is called a commutative group or an Abelian group.

Some simple consequences follow from the definition of a group. 
On the basis of reasoning already given in Sec. 44, we can assert 
that the associative law permits speaking in unique fashion about 
the product of any finite number of elements of a group specified (due 
to the possible noncommutativity of the group operation) in a de
finite order.

Let us examine the consequences which follow from the existence 
of the inverse operation.

Let an arbitrary element a be given in a group G. From the 
definition of a group there follows the existence in G of a uniquely 
defined element ea such that aea =  a; thus, this element plays 
the role of unity (identity) when multiplied by element a. 
If b is any other element of G and if y is a group element satisfying 
the equation ya=b  (its existence follows from the definition of a group), 
we get

b =  ya =  y (aea) =  (ya) ea =  bea
Thus, the element ea plays the role of a right-identity with respect 
to all elements of the group G, and not only with respect to the 
initial element a; we therefore denote it by e'. From the unambi
guousness implicit in the definition of the inverse operation follows 
the uniqueness of this element.

In similar fashion, we can prove the existence and uniqueness 
in the group G of an element e" that satisfies the condition e"a =  a 
for all a in G. Indeed, the elements e' and e" coincide since the equa
lities e"e' — e" and e"e' =  e' imply e" — e'. This proves that in any 
group G there is a uniquely defined element e satisfying the condition

ae =  ea — a
for all a in G. This element is termed the unit (identity) element 
of G and is ordinarily denoted by the symbol 1.

From the definition of a group there also follows the existence 
and uniqueness, for a given element a, of elements a' and a" such that

aa' =  1 , a"a =  1 

Actually, the elements a' and a" coincide; from the equalities 
a"aa’ =  a” (aa’) =  a" A =  a", 
a"aa' — (a"a) a' =  1 -a' =  a'
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follows a" — a'. This element is called the inverse element of a and 
is denoted by a~x, that is,

aa~x =  a~xa — 1

Thus, every element of a group has a unique inverse element.
From the foregoing equalities it follows that the inverse of the 

element a~x is the element a itself. It is readily seen that the inverse 
of a product of several elements is the product of the inverses taken 
in the opposite order:

(diOt . . .  a n -id n ) - 1 =  ( t f a ' l x ...  a~^a~x

Finally, the unit element is its own inverse.
To check whether a given set with one operation is a group is 

greatly simplified by the fact that in the definition of a group the 
requirement that there be an inverse operation can be replaced by the 
assumption of the existence of a unit (identity) element and inverse 
elements (and only on one side, say, the right, and without any 
assumption about their uniqueness). This follows from the theorem 
which we will now prove.

A set G with a single associative operation is a group if there is at 
least one element e in G with the property

ae — a for all a in G
and if among the right-identities there is at least one element e0 such 
that, relative to it, any element a in G has at least one right-inverse a~x:

aa~x — eQ
Proof. Let a~x be one of the right-inverses of a. Then 

aa x =  €q == 6q(?q == Coaa x
That is, aa~x =  e0aa~x. Multiplying both sides of this equation 
on the right by one of the elements that are right-inverse for a~x, 
we get ae0 — e0ae0, whence a — e0a, since e0 is a right-identity of G. 
Thus, the element eQ also turns out to be a left-identity of G. Now 
if ci is an arbitrary right-identity, c2 an arbitrary left-identity, 
then from the equalities

e2ci == Ci and c2Ci =  c2

there follows ei =  e2, i.e., any right-identity is equal to any left-iden
tity. This completes the proof of the existence and uniqueness, in the 
set G, of a unit element (identity) which we denote (as before) by 1 . 

Furthermore,
a~l — a~x • 1 =  a~xaa~x

That is, a~x =  a~xaa~x, where a~x is one of the right-inverses for a. 
Multiplying both sides of the last equality on the right by one of
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the right-inverses of a~x, we get 1 — a~xa, i.e., the element a~x will 
also serve as a left-inverse of a. Now, if a~\ is an arbitrary right- 
inverse of a, a~\ is an arbitrary left-inverse, then from the equalities

a^aaf1 =  (a^a) a" 1 =  a"1,
a^aa'1 =  a~x (aaf)) =

there follows a~\ == a~\, which is to say, there follows the existence 
and uniqueness of the inverse a~x of any element a in G.

It is now easy to show that the set G is a group. Indeed, the equa
tions ax =  b, ya =  b will be satisfied, as is readily seen, by the 
elements

x — a~xb, y =  ba~x
The uniqueness of these solutions follows from the fact that if, say, 
axi =  ax2, then, multiplying both sides of this equation on the 
left by a~x, we get x± =  x2. The theorem is proved.

We have already encountered the concept of an isomorphism: 
for rings, for linear spaces and for Euclidean spaces. This concept 
can be defined for groups as well, and it plays just as important 
a role in group theory as it does in the theory of rings. Groups G 
and G' are termed isomorphic if a one-to-one correspondence can be 
established between them such that, under it, for any elements a, b 
in G and for the corresponding elements a’, b' in G', to the product ab 
corresponds the product a'b'. As in Sec. 46 (for the zero element and 
the inverse element of a ring), it may be shown that, given an iso
morphic correspondence between groups G and G', the unit element 
of G is associated with the unit element of G', and if a in G is asso
ciated with a! in G', then a~x is associated with a'~x.

Passing now to examples of groups, we notice that if the opera
tion in the group G is called addition, then the identity (unit) ele
ment of the group is zero and is denoted by 0 , and in place of the 
inverse element we speak of the opposite element (additive inverse) 
denoted by —a.

As a first instance of a group, note' that, with respect to addition, 
any ring (and, in particular, any field) is a grojip, it is an Abelian 
group. This is the so-called additive group of a ring. This remark 
immediately yields a wealth of concrete examples of groups: the 
additive group of integers, the additive group of even numbers, 
additive groups of the rational numbers, the reals, the complex 
numbers, etc. Note that the additive groups of# integers and of even 
numbers are isomorphic with each other, although the latter is only 
a part of the former: a mapping that associates with every integer k 
an even number 2k is one-to-one and, as can easily be verified, is 
even an isomorphic mapping of the former group onto the latter.

No ring is a group with respect to multiplication because the 
inverse operation (division) is not always possible. The situation

25—5760
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does not change if we pass from an arbitrary ring to a field, since 
division by zero does not hold in a field. However, let us consider 
the collection of all nonzero elements of a field. Since a field does 
not contain divisors of zero (that is the product of two nonzero ele
ments is also nonzero), it follows that multiplication is an algebraic 
operation for this set: it will be associative and commutative. The 
set of all nonzero elements of a field will be closed under division. 
Hence, the set of nonzero elements of any field is an Abelian group. 
It is called a multiplicative group of the field. Instances of such groups 
are the multiplicative groups of the rational numbers, the real 
numbers, the complex numbers.

Obviously, all positive real numbers constitute a group with 
respect to multiplication. This group is isomorphic to the additive 
group of all real numbers: associating a real number In a with an 
arbitrary positive number a, we get a one-to-one mapping of the 
first group onto the second group; this mapping is an isomorphism 
due to the equality

In (ab) =  In a -f- In b
Let us now take the set of nth roots of unity in the field of com

plex numbers. In Sec. 19 we proved that the product of two nth 
roots of unity and also the inverse of an nth root of unity belong 
to this set of numbers. Since unity, quite naturally, belongs to this 
set and since multiplication of complex numbers is associative and 
commutative, we find that the nth roots of unity constitute an Abelian 
group with respect to multiplication; it is a finite group of order n. 
Thus, for any natural number n there exist finite groups of order n.

The group (with respect to multiplication) of the nth roots of unity 
is isomorphic to the additive group of the ring Zn constructed in Sec. 45. 
Indeed, if e is a primitive nth root of unity, then all elements of the 
first of these groups is of the form eh, k — 0, 1, . . ., n — 1. If we 
associate with every number eh an element &h of the ring Zn, i.e., 
the class of integers which yield k as remainder upon division by n, 
we get an isomorphic correspondence between the groups under 
consideration: if O ^ & ^ n  — 1 , O ^ Z ^ n  — 1 and if k +  I =  
=  nq -j- r, where 0  ^  r ^  n — 1 , and q is equal to 0  or 1 , then 
efe-el =  er and, at the same time, +  Ci — CT.

At this point, it is worth indicating some numerical sets that 
are not groups. Thus, the set of all integers is not a group with 
respect to multiplication, the set of all positive real numbers is 
not a group with respect to addition, the set of all odd numbers is 
not a group with respect to addition, the set of all negative real 
numbers is not a group with respect to multiplication. All these 
assertions can easily be verified.

All the numerical groups considered above are of course Abelian. 
Instances of Abelian groups not made up of numbers are the linear
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spaces: as follows from their definition (see Secs. 29, 47), any linear 
space over an arbitrary field P is an Abelian group with respect to the 
operation of addition.

Let us now examine examples of noncommutative groups.
The set of all nth-order matrices over the field P is not a group 

with respect to the operation of multiplication since the demand that 
there be an inverse breaks down. However, if we confine our attention 
to nonsingular matrices, then we get a group. Indeed, the product 
of two nonsingular matrices is, as we know, nonsingular, the unit 
matrix is nonsingular; every nonsingular matrix has an inverse 
which is also nonsingular and, finally, the associative law, which 
holds for all matrices, holds true in the particular case of nonsingular 
matrices. We can therefore speak of the group of nonsingular matrices 
of order n over the field P  with matrix multiplication as the group 
operation. This group is noncommutative for n 2.

The multiplication of permutations introduced in Sec. 3 is 
a very important example of a finite noncommutative group. We 
know that in the set of all permutations of degree n multiplication 
is an algebraic operation which is associative, although for n ^  3 
it is noncommutative, that the identity permutation E is the iden
tity of this multiplication and that every permutation has an inverse. 
Thus, the set of permutations of degree n constitutes a group with respect 
to multiplication', it is a finite group of order re!. This group is termed 
a symmetric group of degree re and is noncommutative for 
re >> 3.

In place of the set of all permutations of degree re, let us consider 
only the set of even permutations, which, as we know, consists
of — re! elements. Using the theorem, proved in Sec. 3, that the
parity of a permutation coincides with the parity of the number of 
transpositions entering into some decomposition of this permutation 
into a product of transpositions, we find that the product of two even 
permutations is even. Indeed, we obtain the representation of AB 
as a product of transpositions by writing the appropriate decompo
sitions of A and B one after the other. Furthermore, the associativity 
of multiplication of permutations is known, and the evenness of the 
identity permutation is obvious. Finally, the evenness of the per
mutation A~x for the even permutation A follows at least from the 
fact that the notations of these permutations may be obtained one 
from the other by interchanging the upper and lower rows; that 
is to say, they contain an equal number of inversions. Thus, the set
of even permutations of degree re is a finite group of order -j- re! with
respect to multiplication. This group is called an alternating group 
of degree re. It is easy to verify that it is noncommutative for re ^  4, 
although it is commutative for re =  3.

25*
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Symmetric and alternating groups play a prominent role in the 
theory of finite groups and also in the Galois theory. Notice that 
it would be impossible, by analogy with alternating groups, to con
struct a group of odd permutations with respect to multiplication, 
since the product of two odd permutations is always an even per
mutation.

A large number of diverse examples of groups are found in the 
various branches of geometry. Just one simple example of this 
nature: the set of all rotations of a sphere about its centre is a group; 
it is noncommutative if we call the result of two successive rotations 
the product of these rotations.

64. Subgroups

A subset A of a group G is called a subgroup of this group if it 
is a group with respect to the operation defined in G.

To find out whether a subset A of group G is a subgroup of G, 
it is sufficient to verify that: (1) the product of any two elements 
of A lies in A; (2) A contains every element and the inverse of every 
element of A. Indeed, from the fact that the associative law holds 
in G it follows that it holds for elements in A ; the fact that the unit 
element of G belongs to A follows from (2) and (1).

Many of the groups named in Sec. 63 are subgroups of other 
groups indicated there. For instance, the additive group of even 
numbers is a subgroup of the additive group of all integers, and the 
latter, in its turn, is a subgroup of the additive group of rational 
numbers. All these groups, like the additive groups of numbers in 
general, are subgroups of the additive group of complex numbers. 
The multiplicative group of positive real numbers is a subgroup 
of the multiplicative group of all nonzero real numbers. The alter
nating group of degree re is a subgroup of the symmetric group of 
the same degree.

There is a point to stress: the requirement contained in the 
definition of a subgroup that the subset A of group G be a group 
with respect to the group operation defined in G is essential. Thus, 
the multiplicative group of positive real numbers is not a subgroup 
of the additive group of all real numbers, although the former set 
is a subset of the latter.

If we take subgroups A and B in the group G, then their intersection 
A [) B, that is, the collection of elements common to A and B , is also 
a subgroup of G.

Indeed, if the intersection A (\ B contains elements x and y , 
then they lie in the subgroup A and for this reason the product xy 
and the inverse x~x belong to A as well. By the same reasoning, the 
elements xy and x~x belong to the subgroup B and therefore they 
are contained in the intersection A [\ B too.



64. SUBGROUPS 389

It is readily seen that this result holds true not only for two 
subgroups, but for any number of subgroups, whether finite or even 
infinite.

The subset of group G consisting of the single element 1 is obvio
usly a subgroup of this group. This subgroup, which is contained 
in any other subgroup of G, is called the unit subgroup of group G. 
On the other hand, the group G itself is one of its own subgroups.

An interesting example of subgroups are the so-called cyclic 
subgroups. Let us introduce the concept of the power of an element 
a of group G. If n is any natural number, then the product of n ele
ments equal to the element a is called the «th power of the element 
a and is denoted by an. Negative powers of element a may he defined 
either as elements of group G inverse to the positive powers of this 
element or as products of several factors equal to the element a~x. 
These definitions actually coincide:

(an)~x — (a-1)n, n > 0  (1)
To prove this, take the product of 2 n factors, of which the first n 
are equal to a* and the remaining ones are equal to a-1, and perform 
the cancellations. The element equal both to the left member and 
the right member of (1) will be denoted by a~n. Finally, let us agree 
to use the term zero power a0 of element a for the element 1 .

Note that if the operation in the group G is called addition, 
then in place of powers of a we should speak of multiples of this 
element and write ka.

It is easy to show that in any group G, we have for the powers 
of any element a for any exponents m and n (positive, negative, 
or zero) the following equalities:

an-am =  am-an =  an+m, (2 )
(an)m =  anm (3)

We denote by {a} the subset of G composed of all powers of 
the element a, including the element a itself as its first power. The 
subset {a) is a subgroup of the group G: multiplication of the elements
of {a} lies in {a} by (2); {a} has the element 1 , equal to a0, and,
finally, {a} contains all its elements together with all the inverse 
elements, since from (3) follows the equality

(a71)-1 =  a~n
The subgroup {a} is called a cyclic subgroup of the group G gene

rated by the element a. As is evident from (2), it is always commutative, 
even if the group G itself is noncommutative.

Notice that it has not been asserted above that all powers of the 
element a are distinct elements of the group. If this is indeed so, 
then a is called an element of infinite order. However, let there be,
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among the powers of a, some which are equal, say, ak — a1 for 
k =f= Z; this is always the case for finite groups, but it may also 
occur in an infinite group as well. If k >* Z, then

ah~l =  1

which is to say that there are positive powers of the element a that 
are equal to unity. Let n be the least positive power of the element a 
equal to unity, that is,

(1) an ~  1, n >  0 ,
(2 ) if ah — 1 , k >  0 , then k n

In this case we say that a is an element of finite order, namely, of 
order n.

If an element a is of finite order 7i, then all the elements
1, a, a2, . . ., an~x (4)

will be distinct, as is clearly seen. Any other power of the element a, 
whether positive or negative, is equal to one of the elements of (4). 
Indeed, if k is any integer, then, dividing k by n, we get

k — nq f,
and so, by (2) and (3),

ah =  (an)9 -aT =  ar (5)
Whence it follows that if the element a is of finite order n, and 

ah =  1, then k must be exactly divisible by n. On the other hand, 
since

— 1 =  n ( - 1) +  (n — 1)

it follows that for the element a of finite order n
a~x — an~x

Since the system (4) contains n elements, it follows from the 
results obtained above that for element a of finite order its order n 
coincides with the order (that is to say, with the number of elements) 
of the cyclic subgroup {a}.

Finally, notice that any group has one and only one element 
of the first order: this is the element 1. The cyclic subgroup {1} 
evidently coincides with the unit subgroup.

Cyclic groups. A group G is called a cyclic group if it consists 
of the powers of one of its elements a, that is, if it coincides with 
one of its cyclic subgroups {a}; here, the element a is called the 
generator of the group G. It is obvious that every cyclic group is 
Abelian.

An example of an infinite cyclic group is the additive group of 
the integers—any integer which is a multiple of the number 1 ;
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that is to say, this number serves as the generator of the group at 
hand. We could also take —1 for the generator.

An example of a finite cyclic group of order n is the multipli
cative group of the nth roots of unity; in Sec. 19 it is shown that 
all these roots are powers of one of them, namely, the primitive root.

The following theorem shows that, essentially, these examples 
exhaust all cyclic groups.

A ll infinite cyclic groups are isomorphic among themselves; all 
finite cyclic groups of a given order n are also isomorphic among them
selves.

Indeed, an infinite cyclic group with generator a is mapped one- 
to-one onto the additive group of the integers if every element ah 
of this group is associated with the number k; this mapping is iso
morphic, since, by (2 ), in multiplying the powers of the element a 
we add the exponents. Now if we are given a finite cyclic group G 
of order n with generator a, then we denote by e the primitive reth 
root of unity and associate with every element ah of group G, 0 ^  
^  k <Z n, the number eh. This is a one-to-one mapping of the group 
G onto the multiplicative group of the nth roots of unity, the iso
morphic property of which follows from (2) and (5).

This theorem enables us to speak simply about an infinite cyclic 
group or about a cyclic group of order n.

We now prove the following theorem.
Every subgroup of a cyclic group is itself cyclic.
Indeed, let G — {a} be a cyclic group with generator a (infinite 

or finite) and let 4  be a subgroup of G. We assume that A is diffe
rent from the unit subgroup, otherwise there would be nothing to 
prove. Suppose that ah is the least positive power of a contained 
in A. There is such a power, since if A contains an element a~8, 
s >  0, different from 1, then A also contains the inverse element as. 
Assume that A also has an element a1, I =£ 0, and k does not divide I. 
Then if d, d >  0, is the greatest common divisor of the numbers k 
and Z, there exist integers u and v such that

ku +  Iv — d

and therefore the subgroup A must contain the element

(ak)u'(al)v =  ad

but since under our assumptions d <C k, we are in conflict with the 
choice of the element ah. This is proof that A =  {ak}.

Decomposition of a group with respect to a subgroup. If we
take subsets M  and N  in a group G, then the product MN of these 
subsets is to be understood as the collection of elements of G that 
are representable in at least one way as the product of an element 
of M  by an element of N. From the associativity of the group opera
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tion follows the associativity of multiplication of subsets of the group,
(MN) P — M  (NP)

One of the sets M, N  may of course consist of just the one ele
ment a. In this case we get the product aN of the element by the set 
or the product Ma of the set by the element.

Suppose in G we have an arbitrary subgroup A. If x is any ele
ment of G, then the product xA is called the left coset (of the group 
G with respect to the subgroup A) generated by element x. The element 
x naturally lies in the coset xA since the subgroup A contains a unit 
element, but x i — x.

Every left coset is generated by any one of its elements, that is to 
say, if an element y lies in the coset xA, then

yA =  xA (6)
This is true because y may be represented as

y — xa
where a is an element of the subgroup A. Therefore, for any elements 
a' and a" in A it will be true that

ya' — x (aa'),
xa" — y (a~xa")

which proves (6).
From this it follows that any two left cosets of the group G relative 

to the subgroup A either coincide or do not have any element in common. 
Indeed, if the cosets xA and yA have a common element z, then

xA =  zA =  yA
Thus, the entire group G decomposes into disjoint left cosets 

relative to the subgroup A. This decomposition is called the left 
decomposition of the group G relative to the subgroup A.

Note that one of the left cosets of this decomposition is the 
subgroup A itself; this coset is generated by the element 1 or, gene
rally, by any element a in A, since

aA =  A
Naturally, taking the product Ax as the right coset of the group 

G relative to the subgroup A —this coset being generated by the ele
ment x—we obtain, in similar fashion, a right decomposition of the 
group G relative to the subgroup A. For an Abelian group, both its 
decompositions (left and right) relative to any subgroup will natu
rally coincide, so we can simply speak of the decomposition of a 
group relative to a subgroup.

For instance, the decomposition of the additive group of the 
integers relative to the subgroup of the multiples of the number k ,
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consists of k distinct cosets generated, respectively, by the numbers 
0, 1 , 2, . . ., k — 1. Here, the coset generated by the number I, 
0  ^  I ^  k — 1 , contains all the numbers which upon division by 
k yield the remainder I.

In the noncommutative case, the decompositions of a group 
relative to a subgroup may prove to be distinct.

To illustrate, let us consider a symmetric group of degree 3, £ 3; 
as in Sec. 3, we write its elements as cycles. For the subgroup A 
we take the cyclic subgroup of the element (1 2 ); it consists of the 
identity permutation and the permutation (12) itself. The other 
left cosets are: (13)-.4, consisting of the permutations (13) and (132), 
and (23)-A, consisting of the permutations (23) and (123). On the 
other hand, the right cosets of the group S 3 relative to the subgroup 
A are: the subgroup A itself, the coset A -(13), consisting of the 
permutations (13) and (123), and the coset .4-(23), consisting of 
the permutations (23) and (132). We see that in this case, the right 
decomposition differs from the left decomposition.

For the case of finite groups, the existence of decompositions 
of a group relative to a subgroup leads to the following important 
theorem.

Lagrange’s theorem. In every -finite group, the order of any sub
group is a divisor of the order of the group itself.

Indeed, in a finite group G of order n let there be given a sub
group A of order k. We consider the left decomposition of the group 
G relative to the subgroup A. Let it consist of 7 cosets; the number 7 
is termed the index of the subgroup A in the group G. Every left 
coset xA consists of exactly k elements, since if

where at and a2 are elements of A, then at =  a2. Thus,
n =  kf (7)

which completes the proof.
Since the order of an element coincides with the order of its 

cyclic subgroup, it follows from the Lagrange theorem that the 
order of any element of a finite group is a divisor of the order of the 
group.

It also follows from the Lagrange theorem that any finite group 
whose order is a prime number is cyclic.

Indeed, this group must coincide with the cyclic subgroup gene
rated by any element of it that is different from unity.

Hence, by the above-obtained description of cyclic groups, 
it follows that for any prime p there is a unique, to within 
isomorphism, finite group of order p.
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65. Normal Divisors, Factor Groups, Homomorphisms

A subgroup A of a group G is called a normal divisor of this group 
(or an invariant subgroup) if the left decomposition of G with respect 
to A coincides with the right decomposition.

Thus, all subgroups of an Abelian group are normal divisors 
in it. On the other hand, in any group G both the unit subgroup and 
the group itself are normal divisors: both decompositions of G with 
respect to the unit subgroup coincide with the decomposition of 
the group into separate elements, and both decompositions of the 
group G with respect to the group itself consist of the single coset G.

Here are some of the more interesting examples of normal divisors 
in noncommutative groups. In the symmetric group of degree 3, «S3, 
the cyclic subgroup of element (123) consisting of the identity per
mutation and the permutations (123) and (132) is a normal divisor: 
in both decompositions of the group S 3 with respect to this subgroup, 
the second coset consists of the permutations (12), (13) and (23).

Generally, in the symmetric group Sn of degree n the alternating 
group An of degree n is a normal divisor. Indeed, the group An
is of order y  n!, and so any coset of the group Sn with respect to the
subgroup An must consist of the same number of elements and, con
sequently, there is only one other such coset, namely, the collection 
of odd permutations.

In the multiplicative group of nonsingular square matrices of 
order n with elements in the field P, those matrices whose determi
nants equal 1 obviously constitute a subgroup. It will even be a 
normal divisor, since the class of all matrices whose determinants 
are equal to the determinant of the matrix M  is the coset (simul
taneously left and right) with respect to this subgroup, which coset 
is generated by the matrix M. It suffices to recall that in the multi
plication of matrices the determinants are multiplied together.

The definition of a normal divisor given above may be rephrased.
A subgroup A of group G is a normal divisor of this group if 

for any element x in G
xA =  Ax (1)

That is to say, for any element x in G and an element a in A, it is 
possible to choose elements a! and a" in A such that

xa — a'x, ax =  xa" (2 )

There are other definitions of a normal divisor equivalent to the 
original one. Thus, we call elements a and b of group G conjugate 
if in G there is at least one element x such that

b — x~xax (3)
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or we say that element b is the transform of element a by x. From (3) 
it evidently follows that

a =  xbx~x =  (a:-1) -1 bx~l
A subgroup A of a group G is a normal divisor in G if and only 

if, together with any element of it, a, it also contains all elements con
jugate to it in G.

Indeed, if A is a normal divisor in G, then, by (2), for the element 
a that we chose in A and for any element x in G we can find in A 
an element a " such that

ax — xa"
Whence

x~xax =  a"
That is, any element conjugate to a lies in A. Conversely, if a sub
group A contains, together with any element a, all elements conju
gate to a, then in particular A also contains the element

x~xax — a"
whence follows the second of the equalities (2). For the same reason, 
A also contains the element

(x~x)~x ax~1 =  xax~1 =  a'
whence follows the first of the equalities (2).

Using this result, it is easy to prove that the intersection of any 
normal divisors of group G will itself be a normal divisor of this group. 
Indeed, if A and B are normal divisors of G, then, as demonstrated 
in the preceding section, the intersection A f] B is a subgroup of G. 
Let c be any element of A f] B and x any element of G. Then the 
element x~xcx must lie both in A and B since both of these normal 
divisors contain the element c. Whence it follows that the element 
x~xcx is in the intersection A f] B.

Factor group. The significance of the concept of a normal divisor 
is based on the fact that it is possible, in a certain very natural way, 
to construct a new group from the cosets with respect to a normal 
divisor—due to (1) there is no need in this case to distinguish between 
left and right cosets.

First notice that if A is an arbitrary subgroup of the group G, 
then

AA =  A (4)

since the product of any two elements of the subgroup A belongs 
to A and, at the same time, by multiplying all elements of A by 
the unit element we already get the entire subgroup A.

Let A .now be a normal divisor of G. In this case, the product of 
any two cosets of G with respect to A (in the sense of multiplying sub-
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sets of the group G) will itself be a coset with respect to A. Indeed, 
using the associativity of the multiplication of subsets of a group, 
and using equality (4) and

yA =  Ay
[cf. (1)], we get

xA-yA  =  xyAA =  xyA (5)
for any elements x and y of G.

Equation (5) shows that in order to find the product of two given 
cosets of group G with respect to the normal divisor A, we must 
choose in arbitrary fashion one representative in each coset (recall 
that every coset is generated by any one of its elements) and take 
the coset containing the product of these representatives.

Thus is defined the operation of multiplication in the set of 
all cosets of the group G with respect to the normal divisor A. We 
will show that all the requirements that enter into the definition of 
a group are thus fulfilled. The associativity of multiplication of 
cosets follows from the associativity of the multiplication of sub
sets of the group. The role of the unit element is played by the 
normal divisor A itself, which is one of the cosets of the decomposi
tion of G with respect to A: namely, by (4) and (1), it is true that 
for any x in G,

xA 'A =  xA, A •xA — xAA =  xA
Finally, the coset x~xA is the inverse of the coset xA since

xA -x~xA =1-^4 — A
The group thus constructed is called the factor group of the group 

G with respect to the normal divisor A and is denoted G/A.
We see that every group is associated with a whole set of new 

groups—its factor groups with respect to different normal divisors. 
Here, the factor group of the group G with respect to the unit sub
group will, naturally, be isomorphic to G itself.

Every factor group GIA of an Abelian group G is itself Abelian, 
since from xy =  yx it follows that

xA • yA =  xyA =  yxA =  yA-xA
Every factor group GIA of a cyclic group G is cyclic, because if G 

is generated by an element g, G =  {g}, and if we are given an 
arbitrary coset xA, then there is an integer k such that

x =  gh
and so

xA =  (gA)k
The order of any factor group GIA of a finite group G is a divisor 

of the order of the group itself. Indeed, the order of the factor group
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GIA is equal to the index of the normal divisor A in the group G, 
and so we can take advantage of (7) of the preceding section.

Here are some instances of factor groups. Since, in the additive 
group of the integers, the subgroup of multiples of the natural num
ber k has, as shown in the preceding section, index k, the factor 
group of our group with respect to this subgroup is a finite group 
of order k; it is a cyclic group because the group under consideration 
is itself cyclic.

The factor group of a symmetric group Sn of degree n with respect 
to an alternating group A n of degree n is a group of order 2; because 
2 is prime, it is a cyclic group (see the end of the preceding section).

We have already given a description of the cosets of the multi
plicative group of nonsingular matrices of order n with elements 
in the field P  with respect to the normal divisor composed of matrices 
whose determinants are equal to 1. From this description it follows 
that the corresponding factor group is isomorphic to the multiplica
tive group of nonzero numbers of P.

Homomorphisms. The concepts of a normal divisor and a factor 
group are closely connected with the following generalization of 
the concept of an isomorphism.

A mapping <p of a group G onto a group Gf such that to every 
element a of G there corresponds a unique element a' =  <zcp in G' 
is called a homomorphic mapping of G onto G' (or simply a homo
morphism) if in this mapping every element a' of Gf is an image of 
some element a in G, a' =  aq>, and if for any elements a, b of G,

(ab) (p =  acp*/b(p
It is quite obvious that if we also required a one-to-oneness 

of the mapping 9 , we would obtain the already familiar definition 
of an isomorphism.

If 9  is a homomorphism of group G onto group G' and 1 and a are, 
respectively, the unit element and an arbitrary element of G and, V  
is the unit element of G \ then

19 =  1 ',
(a-1) 9  =  (0 9 ) - 1

Indeed, if I9  =  e' and x' is an arbitrary element of the group G', 
then there is an element x in G such that xy =  xr. Whence,

x' — 2 9  =  (a;-1 ) 9  =  axp • I9  =  x' e'
Similarly,

x' ~  e'xf
and, hence, e' =  1 \

On the other hand, if (a-1) 9  =  b', then
1 ' =  I9  =  (aa-1) 9  =  <2 9 -(a-1) 9  =  aq-b'
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and, similarly,
1 ' =  &'-<z<p

whence b' — (acp)-1.
Let us use the term kernel of a homomorphism <p of a group G 

onto a group G' for the set of elements of G which are mapped under 
cp into the unit element 1 ' of G'.

The kernel of any homomorphism cp of a group G is a normal divisor 
of G.

Indeed, if the elements a, b of G enter into the kernel of the 
homomorphism cp, i.e.,

atp =  bip =  1 '
then

(ab) q> =  acp-frcp — l ' - l '  =  1 '
That is to say, the product ab is also contained in the kernel of the 
homomorphism (p. On the other hand, if a<p =  1', then

(a-1) cp =  (acp) " 1 =  1M  =  1 '
which is to say that a"1 is also in the kernel of the homomorphism cp. 
Finally, if <zcp =  1', and x is an arbitrary element of the group G, 
then

(x~xax) cp =  (x~x) cp‘aq)-x(p =  (xq))~x-1' -x(p — 1 '
The kernel of the homomorphism under consideration turned out to 
be a subgroup of the group G, which contains all the elements con
jugate to any one of its elements; hence, it is a normal divisor.

Now let A be an arbitrary normal divisor of the group G. Asso
ciating every element x of G with that coset xA with respect to the 
normal divisor A in which the element lies, we obtain a mapping 
of the group G onto the entire factor group GIA. From the definition 
of multiplication in the group GIA [see (5)1, it follows that this 
mapping is homomorphic.

The resulting homomorphism is the canonical homomorphism 
of the group G onto the factor group GIA. The normal divisor A 
is itself obviously the kernel of this homomorphism.

From this it follows that only the normal divisors of the group 
G serve as kernels of the homomorphisms of this group. This result can 
be regarded as yet another definition of a normal divisor.

It appears that all groups onto which the group G can be homo- 
morphically mapped are actually exhausted by the factor groups 
of this group, and all the homomorphisms of G are exhausted by its 
canonical homomorphisms onto its factor groups. To be more precise, 
the following theorem holds.

Theorem on homomorphisms. Suppose we have a homomorphism 
ip of a group G onto a group G‘; let A be the kernel of this homomorphism.
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Then the group G' is isomorphic to the factor group G/A; there exists 
an isomorphic mapping a of the former of these groups onto the latter 
such that the result of the successive mappings cp and a coincides with 
the canonical homomorphism of the group G onto the factor group G/A.

Indeed, let x' be an arbitrary element of Gf, and let x be an ele
ment of G such that xy =  x'. Since for any element a of the kernel 
A of the homomorphism cp we have the equality acp =  1', it follows 
that

{xa) cp =  tfcp-acp =  x' A' — x
That is, all elements of the coset xA are mapped under cp into the 
element x'.

On the other hand, if z is any element of the group G, such that 
zcp == x', then

(x~h) 9  =  x~\-zq> =  (xcp^-zcp =  x'~x-x' — 1 '
That is to say, x~xz is contained in the kernel. A of the homomorphism 
cp. If we set x~xz =  a, then z =  xa, or the element z is contained in 
the coset xA. Thus, collecting all the elements of the group G which 
are mapped under the homomorphism cp into the fixed element x' 
of the group Gr, we get precisely the coset xA.

The correspondence a, which associates every element x' of Gr 
with that coset of G by the normal divisor A which consists of all 
elements of G having x' as its image under cp, is a one-to-one mapping 
of the group Gf onto the group G/A. This mapping cr is an isomorphism
since if

x'a — xA , y'a =  yA
that is,

x(p =-- x ,  yy =  y'
then

(xy) cp =  *q> == x'y'
and so

(x'y') a =  xyA — xA-yA — x'o-y'a 
Finally, if x is an arbitrary element in G and zcp =  x' then 

(a?cp) a =  x'a =  xA
That is, a successive execution of the homomorphism cp and the iso
morphism a indeed maps the element x into the coset xA generated 
by it. The theorem is proved.

66. Direct Sums of Abelian Groups
We would like to conclude this chapter with a group-theoretic 

theorem that is deeper than the elementary properties of groups given 
above. Namely, proceeding from the description, given in Sec. 64,
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of cyclic groups, we will obtain in the next section a complete des
cription of finite Abelian groups.

As is customary in the theory of Abelian groups, we use the 
additive notation for the group operation: we shall speak of the 
sum a -j- b of elements a and b of the group, of the zero subgroup 0 , 
of the multiples ka of some element a, etc.

We will examine in this section a construction that will be 
described in detail in application to Abelian groups, though it could 
have been introduced at once for arbitrary (that is, not necessarily 
commutative) groups. This construction is suggested by the follow
ing examples. A plane regarded as a two-dimensional real linear 
space is an Abelian group with respect to the addition of vectors. 
Any straight line in this plane passing through the coordinate origin 
is a subgroup of the indicated group. If Ai and A 2 are two distinct 
straight lines of this kind, then, as we know, any vector in the plane 
that issues from the origin is uniquely represented by the sum of its 
projections on the straight lines A t and A z. Similarly, any vector 
of three-dimensional linear space can be uniquely written as the 
sum of three vectors belonging to three given straight lines A t, A 2, 
and A 3, provided the lines do not lie in the same plane.

An Abelian group G is called the direct sum of its subgroups A t, 
A2i * • •, Aft,

G =  Ai +  A 2 +  • • • +  (1)

if every element x of G is uniquely written as the sum of the elements 
a-i, a2i . . ., aft, taken, respectively, in the subgroups A u A 2, . . ., Au

x =  -j- a2 -f- . . . +  (2 )

The notation (1) is called the direct decomposition of the group 
G, the subgroups A t, i =  1, 2, . . ., k, are direct summands of this 
decomposition, and the element at in (2 ) is a component of the ele
ment x in the direct summand A t of the decomposition (1), i — 
=  1 , 2 , . . ., k.

If we are given a direct decomposition (1) of a group G and if the 
direct summands A t of this decomposition (all or some of them), are 
themselves decomposed into a direct sum,

A t — A a  +  A i2 - [ - . . . +  Aik., k i ^ l  (3)
then the group G is the direct sum of all its subgroups:

A tj, j — 1 , 2 , . . ., ki, i 1 , 2 , . . ., k
Indeed, for an arbitrary element a: of G we have the notation (2) 

relative to the direct decomposition (1), and for each component at, 
i =  1 , 2 , . . ., k, we have the notation

a i  =  a i l  +  ® i 2  +  • •  • & i k t (4)
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relative to the direct decomposition (3) of the group A t. It is clear 
that x is the sum of all the elements atj, j  — 1 , 2 , . . kx, i =  
— 1, 2, . . k. The uniqueness of this notation follows from the 
fact that we must obtain precisely equality (2 ) by taking any nota
tion of the element a: as a sum of elements, taken one each in the 
subgroups A a, and by adding the summands belonging to the same 
subgroup A i? i — 1, 2, . . k. On the other hand, each element at 
only has one notation of the type (4).

The definition of a direct sum may be restated. First let us intro
duce a new concept. If it is given that an Abelian group G has certain 
subgroups Bu B 2, . . ., Bi, then we denote by {B1, Z?2, . . ., Bi} the 
set of elements y of G which can in at least one way be written as 
a sum of the elements b±, b2, . . ., bi, taken in the subgroups Bu B 2, ...
. . ., Bi, respectively,

y — bi +  b2 -f- . . . +  bi (5)
The set {Bx, B 2, . . ., Bi} will be a subgroup of G. We say that 

this subgroup is generated by the subgroups Bu B 2, . . ., Bi.
For the proof, let us take in [Bx, B 2, . . ., B x} an element y 

with notation (5), and also an element y with a similar notation,
y' =  K +  b2 +  • . . +  b\

where b[ is an element in B x, i — 1, 2, . . ., I. Then
y  +  y  = ( b x +  b[) +  ( b 2 +  «£) +  . . .  +  (&, + b\) ,

—y =  (—bi) +  (—b2) -T • • . +  (—bi)
which is to say that the elements y +  y' and —y also have at least 
one notation of the type (5) and, hence, belong to the set {Bx, B 2, . . .
. . ., Bi}, which completes the proof.

The subgroup {B i, B 2, . . ., Bi) contains each of the subgroups 
B t, i =  1, 2, . . ., I. Indeed, every subgroup of the group G con
tains the zero element of this group and so, taking, for instance, 
in the subgroup Bx any element bu and in the subgroups B 2, . . ., Bi 
the element 0, we obtain the following notation of type (5) for ele
ment bu

b i b i  -j- 0  -f- . . . -f- 0

An Abelian group G is the direct sum of its subgroups A u A2, . . ., A h 
if and only if it is generated by these subgroups,

G — [Ai, A 2, . • (6)
and if the intersection of each subgroup A t, i =  2 , . . ., k, with the 
subgroup generated by all preceding subgroups A u A 2, . . ., A t _i 
contains zero alone:

{A i, A2, . . ., Aj_i} Q Aj 0,

26—5760

i -  2, . . ., k (7)
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Indeed, if the group G has the direct decomposition (1), then 
for any element x of G the notation (2) exists, and therefore we have 
equation (6 ). The validity of equations (7) follows from the uniqueness 
of the notation (2 ) for any element x: if for some i the intersection 
{Ai, A 2, ■ • A t _i} f) contained a nonzero element x , then, 
on the one hand, x could be written as an element in A t, i.e., 
x — a,i, and so

* = < )  +  . . .  + 0  + a* +  0 +  . . . + 0  (8)
On the other hand, x, as an element of the subgroup (A4, A 2, . . ., Aj_4}r 
would have a notation of the form

x — ax +  a2 -f- . . . +  a4_ 4

which is to say that
x =  <z4 +  a2 ~h • • • ~h &i-t +  0 +  . . . -f- 0 (9)

It is evident that (8 ) and (9) are two distinct notations of type (2) 
for the element x.

Conversely, let (6 ) and (7) hold. From (6) it follows that any 
element x of G has at least one notation of type (2). However, let 
there be two distinct notations of type (2 ) for some element x:

x = at +  a2 4 ~  •  •  •  " f"  ak = ax - f ~  • • • H ~  &h ( 1 0 )
Then we can find an i, i ^  kf such that

== &h—l == 1> • • • > fli+i == (11)
but

=̂= a\
That is,

at — al (12)
From (10) and (11) follows, however, the equality

a t — ai = («i — #4) + (® 2 — ^2) • • • + — a i~ 1)
which contradicts (7) due to (12). The theorem is proved.

The concept of a direct sum may be regarded from quite a diffe
rent angle. Suppose we have k arbitrary Abelian groups A±, A 2, • • •
. . ., A k among which there may be isomorphic groups. Denote 
by G the set of all possible systems of the form

(ait a2, . . ., ah) (13)
composed of elements taken one at a time in each of the groups 
A 4, A 2, . . ., A k. The set G will become an Abelian group if addi
tion of the systems of type (13) is defined by the following rule:
(flj, a2, . . ., <ik) ~f~ (<Zj, a2, . . ., dk)

=  (at +  a[, a2 +  4 , . . ., ah +  a'h) (14)
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That is, the elements are combined separately in each of the given 
groups A lt A 2, • • •, A k. Indeed, the associativity and commutativity 
of this addition follows from the validity of these properties in 
each of the specified groups; the role of zero is played by the system

(0 i, 0 2, . . . »  Oft)
where 02 denotes the zero element of the group A u i — 1, 2, . . k. 
The inverse of (13) is the system

( #1» • • •» ®ft)
The Abelian group G thus constructed is called the direct sum 

of the groups A u A2, . . ., A h and is written, as above,
G A i —f~ A2 +  . . . +  Aft

This name is justified by the fact that the group G, which is the direct 
sum of the groups Ai, A 2, • . •, Aft in the sense just defined, can be de
composed into the direct sum of its subgroups A[, A2, . . ., Aft, which 
are isomorphic, respectively, to the groups At, A 2, . . ., A h.

Namely, denote by A\, i — 1, 2, . . ., k, the set of elements of G, 
that is systems of type (13), with an arbitrary element at of group 
Ai in the ith position, all other positions being occupied by zeros 
of the corresponding groups; these will thus be systems of the form

(0 i, • . 0 j_i, at, 0 *+i, . . ., Oft) (15)
The definition (14) of addition shows that the set Ai is a subgroup 
of the group G. We obtain the isomorphism of this subgroup and the 
group Ai by associating to each system (15) an element at of group A 2.

It remains to prove that the group G is the direct sum of the 
subgroups A\, A[, . . ., Aft. Indeed, any element (13) of G may be 
represented as a sum of elements of the indicated subgroups:
ifli, • • •» ®fc) ifl 1» ^2i . . ., Oft)

+  (0 i, az, 0 3, . . ., Oft) +  . . . +  (0 i, 0 2, . . ., Oft_i, ah)
The uniqueness of this representation follows from the fact that 
distinct systems of type (13) are distinct elements of the group G.

If we have two systems of Abelian groups, A t , A 2, . . ., A h and 
B\, B %, . . ., Bh, and the groups A t andBt are isomorphic, i — 1 , 2 , . . .  
. . ., k, then the groups

G =  Af +  A2 +  . . . +  Aft
and

H — Bi -j- Bz +  . . . +  Bh
are also isomorphic.

Indeed,' if for i — 1, 2, . . ., k there is established, between 
groups Ai and Bi, an isomorphism <p2, which associates with each

26*
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element at of A t an element of Bt, then the mapping 9 , which 
associates with every element (au a2, . . ., ak) of G an element of H  
defined by the equation

(#1, a2, • • *, &k) 2̂ P̂2> • • • »
will obviously be an isomorphic mapping of the group G onto the 
group H.

If we have finite Abelian groups A i, A 2, . . ., A k of orders n1? n2, ...
. . ., nk, respectively, then the direct sum G of these groups is also a 
finite group and its order n is equal to the product of the orders of the 
direct summands,

n =  nin2 . . . nh (16)

Quite true, since the number of distinct systems of type (13) 
whose element at can assume ni distinct values, whose element a2 
can assume n2 distinct values, and so on, is determined by equa
tion (16).

Let us consider some examples.
If the order n of a finite cyclic group (a) can be decomposed into 

the product of two relatively prime natural numbers,
n — st, (s, t) =  1

then the group {a} can be decomposed into the direct sum of two cyclic 
groups having orders s and t, respectively.

Let us use the additive notation for the group {a}. If we set 
b — ta, then

sb =  (st) a — na — 0

but for 0  <  & <  s
kb — (kt) a 0

which is to say that the cyclic subgroup {b} is of order s. Similarly, 
the cyclic subgroup {c} of element c =  sa has order t. The inter
section {b} f) contains only zero because if kb — Ic for 0  <C k <C 
C  s, 0 <  I <  t, then

(kt) a — (Is) a
whence, since the numbers kt and Is are less than n,

kt — Is
which is impossible due to the relative primality of the numbers s 
and t. Finally, there are numbers u and v such that

SU +  tv — 1
and so

a =  v (ta) +  u (sa) =  vb +  uc
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and, consequently, any element of the group {a} may be represented 
as the sum of elements of the subgroups {6} and {c}.

We call an Abelian group G indecomposable if it cannot be de
composed into the direct sum of two or several of its subgroups dis
tinct from the zero subgroup. A finite cyclic group whose order 
is some power of the prime number p is called a primary cyclic group 
relative to the prime number p. Applying several times the assertion 
proved above, we find that any finite cyclic group can be decomposed 
into the direct sum of primary cyclic groups relative to distinct prime 
numbers. More precisely, a cyclic group of order

n  =  p \ xp \ *  • • • P hs s

where p 1? p.2, . . p s are d is t in c t  prime numbers, can be decomposed 
into the direct sum s of cyclic groups having orders p \l, p \ * , . . p*s, 
respectively.

Every primary cyclic group is indecomposable.
Indeed, suppose we have a finite cyclic group {a} of order pk, 

where p  is prime. If this group were decomposable, then, by (7), 
it would have nonzero subgroups whose intersection is zero. Actual
ly, however, every nonzero subgroup of our group contains the non
zero element

b =  ph~la

To prove this, take an arbitrary nonzero element x of our group,
x — sa, 0  <  s <  p h

The number s may be written as

s =  pV , 0  ^  I <Z k

where the number s' is not divisible by p  and, hence, is relatively 
prime to it; and so there exist numbers u and v such that

s'u +  pv =  1

Then
(pk~l~xu) x =  (ph~l~xus) a =  (ph~lusr) a

=  ph~x (1 —pv) a — (ph~x — phv) a =  pk~xa —v (p ka) =  p h~la =  b
which is to say, the element b is in the cyclic subgroup {#}.

The additive group of the integers (which is an infinite cyclic group) 
and also the additive group of all rational numbers are indecomposable 
groups.

The indecomposability of both these groups follows from the 
fact that in each of them there exists, for any two nonzero elements, 
a nonzero common multiple; that is, any two nonzero cyclic sub
groups have a nonzero intersection.



406 CH. 14. GROUPS

Note that if the operation in an Abelian group G is termed mul
tiplication, then instead of a direct sum we speak of a direct product.

The multiplicative group of nonzero real numbers can be decom
posed into a direct product of the multiplicative group of positive real 
numbers and a group, with respect to multiplication, made up of the 
numbers 1 and —1 .

Actually, the intersection of these two subgroups of our group 
contains only the number 1—the unit element of this group. On the 
other hand, every positive number is the product of the number 1 
by itself, every negative number is the product of its absolute value 
by the number —1 .

67. Finite Abelian Groups
If we take any finite set of primary cyclic groups, some of which 

can refer to one and the same prime number or even have the same 
order, i.e., be isomorphic, then the direct sum of these groups is 
a finite Abelian group. It turns out that this exhausts all finite 
Abelian groups.

Fundamental theorem of finite Abelian groups. Every finite 
Abelian group G which is not a zero group can be decomposed into a 
direct sum of primary cyclic subgroups.

We begin the proof of this theorem with the remark that in the 
group G there will inevitably be nonzero elements of prime power orders. 
Indeed, if some nonzero element x of G has order Z, lx =  0 and if 
p h, k >  0, is a power of the prime p  such that divides the number Z,

Z =  p hm
then the element mx is different from zero and has order

Let
P l >  Pit  • • •»  Ps  ( 1 )

he all distinct primes, some powers of which serve as the orders of 
certain elements of the group G. Denote any such number by p 
and the set of elements of G having powers of p  as their orders by P.

The set P is a subgroup of the group G. Indeed, P includes the 
element 0 since its order is 1 =  p°. Furthermore, if p hx =  0, then 
p h (—x) — 0 as well. Finally, if p*x — 0, p ly =  0 and if, say, 
k ^  Z, then

P k (x  +  y)  =  0

Thus, either the number p h or a divisor of this number, at any rate 
some power of p , serves as the order of the element x +  y.

Alternately taking each of the numbers (1) for p, we obtain s 
nonzero subgroups

P i , P *, • . P m (2)
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The group G is the direct sum of these subgroups,
G =  P t +  P 2 +  . . . +  P s (3)

True, for if x is an arbitrary element of G, then its order I can 
only be divisible by certain prime numbers of the system (1),

l =  . . .  p*s
where kt ^  0, i =  1, 2, . . ., s. Therefore, as was demonstrated 
at the end of Sec. 6 6 , the cyclic subgroup {x} can be decomposed into 
the direct sum of primary cyclic subgroups having orders p*1, p£2, ... 
. . ., psa, respectively. These primary cyclic subgroups lie in corres
ponding subgroups (2) and, consequently, the element x is repre
sented in the form of a sum of elements taken one each in all or 
several of the subgroups (2). This proves the equality

G — {Pi, P 2, . . ., P s}
which is similar to (6 ) of Sec. 6 6 . .

To prove the equality similar to (7) of the same section, take 
any i, 2 ^  i ^  s. Then any element y of the subgroup {Pi, P 2, . . .
. . ., P i-J  is of the form

y — &1 + • • • + ai -i
where the element a}, j  =  1 , 2 , . . ., i — 1 , is in the subgroup Pp 
that is, has order p hJ. Then,

(p ^p I2 ■ • • p \l~D y =  o
For the order of the element y we have some divisor of the number 
p \l p\* . . . p^^l1 and, consequently, the element y, if it is diffe
rent from zero, cannot be in the subgroup P 4. This proves that

{Pi, p 2, . .  •, P i-J  n P i = o
which is what we set out to prove.

Notice that an Abelian group, the orders of all the elements of 
which are powers of one and the same prime number p, is termed 
primary relative to p. Primary cyclic groups are a special case of 
primary groups. Thus, the subgroups (2) are primary. They are called 
primary components of the group G, and the direct decomposition (3) 
is called the decomposition of this group into primary components. 
Since the subgroups (2) are defined uniquely in the group G, it follows 
that the decomposition of G into primary components is likewise defined 
uniquely.

Quite naturally, the decomposability of any finite Abelian group 
into the direct sum of primary groups reduces the proof of the fun
damental theorem to the case of a finite primary Abelian group P 
relative to some prime number p. Let us consider this case.
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Let di be one of the elements of the group P having the highest 
order in it. Furthermore, if in P there are nonzero elements, the 
intersection of the cyclic subgroups of which with the cyclic sub
group {a j  is zero only, then by a2 we denote one of the elements of 
the highest order among the elements with this property; thus,

{«1} fl W  =  0

Let the elements au a2, . . ., be already chosen. Denote 
by {% , d2, . . ., dt_ 1} the subgroup of the group P generated by 
their cyclic subgroups:

( W , W  . • • •> {«i-l}} - K  • • •> ai-1} (4)
It evidently consists of all the elements of P that can be written as 
the sum of multiples of the elements a1? a2, . . ., dt We will say 
that this subgroup is generated by the elements al5 a2, . . ., at _ 
Let us now denote by at one of the elements of the highest order 
among those elements of P whose cyclic subgroups have a zero 
intersection with the subgroup {au a2, . . ., dx _i}. Thus

{%, a2, . . at_4} fl W  =  0 (5)
Because of the finiteness of the group P, this process must ter

minate. Suppose this occurs after the elements a l5 a2, . . ., ds have 
been chosen. If by P' we denote the subgroup generated by these 
elements,

P =  d2, . . ., ds}
i.e.,

p ' =  {{«i}» W .  • • •> {«•}} (6)
then, consequently, a cyclic subgroup of any nonzero element of the 
group P has a nonzero intersection with the subgroup P \

The equality (6 ) and the equality (5), which holds true for 
i — 2, 3, . . ., s, show that, by (4), the subgroup P' is the direct 
sum of the cyclic subgroups {a j , {d2}, . . ., {as},

P' =  {a j +  {a2} +  {a j (7)
It remains to prove that the subgroup P ' does indeed coincide with 
the entire group P.

Let x be any element of P  having order'/?. Since
p ' n {*} =^=0

and the subgroup {a:} has no nonzero subgroups different from it
self—recall that the order of a subgroup is a divisor of the order 
of the group, and the number p is prime—the subgroup {#} is indeed 
contained in the subgroup P ’ and, hence, x belongs to P '. Thus, all 
elements of order p of the group P lie in the subgroup P '.
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Now suppose it has been proved that all elements of P whose 
order does not exceed the number p h~x are in the subgroup P', and 
let x be any element of P having order p \  As the choice of the ele
ments al7 a2, . . as shows, their orders do not increase and so we 
can indicate an i, 1 ^  i — 1 ,s\ such that the orders of the elements
ait a2, . . ., at _i are greater than or equal to p h, and for i — 1 <  s 
the order of the element at is strictly less than this number, that 
is to say, less than the order of the element x. Whence it follows, 
by the conditions to which the choice of the element at are subject, 
that if

Q ~~ (pli ®2> • • •> 1}
then

Q [} {x} =£0
However, in Sec. 66  it was proved that any nonzero subgroup 

of a primary cyclic group {x} of order p h contains the element
y =  bz (8)

Consequently, the element y lies in the intersection Q f) {#} and 
therefore in the subgroup Q as well. This enables one to write y 
as the sum of multiples of the elements au a2, . . ., aj_1?

y =  lidi +  l2a2 h-iai-i (9)
From (8) it follows that the element y has order p. Therefore,

(pli) «i +  (ph) <*a +  • • • +  (Ph-i) ai~i =  0
That is to say, because of the existence of the direct decomposi
tion (7),

(plj) aj =  0 , /  =  1 , 2 , . . ., i — 1
The number plj must thus be divisible by the order of the element ajr 
and therefore also by the number pfe, whence it follows that ph" 1 
divides Zp

h  =  P ^ ^ i h  ; =  1, 2, — 1 (10)
Let

z — miat +  m2a2 mi-id^i
This will be an element of the subgroup Q and therefore of the sub
group P ’ too; by (9) and (10),

y  =  (ll)
From (8) and (1 1) follows the equality

p k~x (x — z) — 0 

That is, the order of the element
t =  x — z
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does not exceed p ft-1 and, hence, by the induction hypothesis, t is 
contained in the subgroup P'. Therefore, element x as the sum of 
two elements of P ', x — z t, also belongs to the subgroup P 
This is proof that all elements of order p h of the group P  are con
tained in P \

Consequently, our inductive proof admits of the assertion that 
all elements of the group P enter into the subgroup P ', or P' =  P. 
This concludes the proof of the fundamental theorem.

Collaterally, we have that a finite Abelian group is primary rela
tive to a prime number p if and only if its order is a power of p. True 
enough, it was shown that any finite primary (with respect to p) 
Abelian group P can be decomposed into the direct sum of primary 
(with respect to p) cyclic groups, and for this reason the order of the 
group P is equal to the product of the orders of these cyclic groups, 
that is to say, it is a power of p. Conversely, if a finite Abelian group 
has order p h, where p is prime, then the order of any one of its ele
ments is a divisor of this number, that is, it is also some power of p , 
and therefore the group turns out to be primary relative to p.

The fundamental theorem does not yet exhaust the problem of 
a complete description of finite Abelian groups, since we have not 
precluded the possibility that the direct sums of two distinct sets 
of cyclic groups that are primary relative to certain prime numbers 
may prove to be isomorphic groups. Actually, this does not occur, 
as the following theorem shows.

If a finite Abelian group G is decomposed in two ways into a direct 
sum of primary cyclic subgroups,

G =  {fli} +  { 2̂} +  • • • +  {as} =  {&i} +  { 2̂} +  • • • +  {M  (12)
then both direct decompositions have one and the same number of direct 
summands, s — t, and it is possible to establish a one-to-one corres
pondence between these decompositions such that the appropriate sum
mands are cyclic groups of the same order, which is to say they are iso
morphic.

Note, to begin with, that if, say, in the first of the direct decom
positions (1 2), we collect direct summands relative to a given prime 
p , then their direct sum will be a primary (relative to p) subgroup 
of the group G and even a primary component of this group, since 
its order is equal to the highest power of p that divides the order 
of the group G. Thus combining the direct summands in each of the 
decompositions (12), in both cases we obtain a decomposition of G 
into primary components, the uniqueness of which decomposition 
has already been noted above.

This permits proving our theorem under the assumption that 
the group G is itself primary relative to the prime number p. Let the 
numbering of the direct summands in each of the decompositions 
(1 2) be chosen so that the orders of these summands do not increase,
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that is, the elements au a2, . . as have, respectively, the orders

for
Pkh Pk2, . • •, phs

tv I ^  /v 2 ^ '8
while the elements bu

for

fe2, . . bt have the orders 

Ph, PIz, • Plf

il ^  t2 ^  it
If the assertion of our theorem were not valid, then there would 
be an i, i ^  1 , such that

hi — hi • • •» ki—i — li-l (13)
but

ki
Naturally, i ^  min (s, t), since for each of the decompositions (12) 
the product of the orders of all direct summands is equal to the order 
of the group G. We will show that our assumption leads to a contra
diction.

For example, let
<  h (14)

Denote by H  the set of elements of the group G whose orders do not 
exceed p hi. This is a subgroup of the group G, since if x and y are 
elements of H, then both x -f- y and —x have orders that do not 
exceed the numbers p hi.

Note that the subgroup H  contains, for instance, the following 
elements:

phi~hiai, p h2~hia2, .. au ai+i, .. as
On the other hand, if 1 ^  ^  i — 1, then the element phJ-ki~ iaj
has order Jpf t i+ 1 and therefore is not in H. From this it follows that 
the coset aj +  H (recall that we are using the additive notation!) 
has, as an element of the factor group GIH, the order phJ~hi. Such 
also is the order of its cyclic subgroup {aj -f- H}. We will now prove 
that the group GIH is the direct sum of the cyclic subgroups {aj -j- 
+  H}, j  =  1, 2, . . i -  1,

GIH =  {ai +  H) +  {a2 +  H) +  . . . +  {*i-1 +  H} (15)
and so its order is equal to the number

p {hl - k i ) + ( h 2- k i ) + . . . + ( h i _ i - h i ) (1 6 )

If x is an arbitrary element of the group G, then there exists the 
notation

x =  rriiai +  m2a2 msae
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Suppose for 7 =  1, 2, . . i — 1 ,

where
n t j  — p hi  hiq j  +  n j

Then
0 <  rij <L phj h* (17)

mjdj =  qj (p hi hia j) +  njaj
and since the first summand of the right member is contained in H , 
it follows that

rrijCij + H  — rijcij + H

On the other hand,
miai +  H  =  H , . . ., msas r H  == H

And so
x ~\-- H —■ (midi -\- H) (m2d2 -f- H) -f- . . . +  (msas -f- H)

=  (nidi  +  H) - f -  (n2d2 - f -  H) +  . . . +  +  H) (18)
Let there also be the notation 

x +  H =  (nfa +  H) +  (n'2d2 +  # )  +  . . .  +  +  H) (19)
where

0  <  n] <  phj \  7 =  1 , 2 , . . . ,  i — 1 (2 0 )
Then the elements

riidi  +  n2d2 +  . .  . +  n ^ d i - i
and

n' d̂i +  n2d2 - f -  . .  .  +

lie in one coset relative to H, i.e., their difference belongs to H and 
therefore

p ki [(raj — n'j) dt +  (n2—n2) a2+  . . . +  (nUi- n U )  d^ ] =  0
From this it follows [since the first of the decompositions (12) is 
direct] that

p hi (nj — n]) dj =  0 , 7 =  1 , 2 , . . . ,  i =  l
and so the number p ki (nj  —  n]) must be divisible by the order p kJ 
of the element dj  and, hence, the difference rij —  n]  is divisible by 
the number p kJ~ki. Whence, by (17) and (20), it follows that

ni =  n], 7 =  1, 2, . . i — 1
which means that the notations (18) and (19) are identical. This 
proves the existence of the direct decomposition (15).
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Analogous arguments relative to the second of the direct decom
positions (12) will show that this same factor group GIH has the 
direct decomposition
GIH =  {b, +  H) +  {b2 +  H} +  . . . +  {bi. l +  H} +  {bi + H } + . . .
That is, by (13) and (14), its order must be strictly greater than the 
number (16). This contradiction proves the theorem.

We have thus obtained a complete survey of the finite Abelian 
groups. Namely, we take all possible finite sets of the natural numbers

(nu n2, . . ., nh)
different from unity, but not necessarily distinct, each one of these num
bers must be a power of some prime number. To each such set we asso
ciate the direct sum of cyclic groups whose orders are numbers from 
this set. A ll the finite Abelian groups thus obtained are pairwise noni
somorphic, and any other finite Abelian group is isomorphic to one 
of these groups.
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scalar 204
of vectors by a scalar 61 

Multiplication theorem for determi
nants 91, 93 

Multiplicative group 386, 391 
Multiple(s)

of an element 389 
zero 265 

Multiple factors 284, 287 
isolation of 288 

Multiple roots 141 
Multiplicity of a root 141, 152 
Murnaghan, F.D. 415

Negative definite forms 177 
Negative index of inertia 172 
Newton, Isaac 12 
Newton’s binomial theorem 120 
Newton’s formulas 323 
Newton’s method 236, 252, 253 
Noether, E. 9 
Noether, M. 13 
Nonassociative rings 267 
Noncommutative groups 387 
Noncommutative matrices 90 
Noncommutative ring 266 
Noncommutativity of multiplication 

90
Noncommutable set 352 
Nonhomogeneous equations 83 
Nonhomogeneous system 83 
Nonsingular linear transformations 93, 

198
Nonsingular quadratic form 162 
Nonsingular square matrix 93 
Nonsingular transformation 211 
Nonsingularity of a linear transfor

mation 224 
Norm of a number 286 
Normal divisors 394f, 398 
Normal form 169, 170 

of a matrix 355ff 
Normalization of a vector 208 
Normalized vector 207 
Notation, additive 400 
Null space of a linear transformation 

197
Nullity of a transformation 197, 198

Number (s) 
algebraic 349f 

conjugate 350 
set of 350 

Cayley 111 
complex 107, 110, 112ff 

raising to a power 120 
taking roots of 120S, 122, 123 
taking the square root of 122 

conjugate 118 
conjugate complex 118 
hypercomplex 10 
irrational 105 
rational 105 

field of 341 
real 105
transcendental 349, 353, 354 

Number fields 257, 260, 271 
Number rings 257, 258, 259 
Numerical matrices 355

Okunev, L.Ya. 414, 415 
Omar Khayyam 12 
Operation 

algebraic 261 
inverse 261 

Opposite class 294 
Opposite element 179 
Order of a group 382 
Orthogonal bases 207 
Orthogonal matrices 21 Off, 214 
Orthogonal system (of vectors) 206 
Orthogonal transformation(s) 210ff 

of Euclidean space 212 
Orthogonalization process 206, 207 
Orthonormal bases 204, 208 
Orthonormal basis 208

Parity of permutations 34 
Part

imaginary 112 
real 112 

Partial fraction 157 
Pedoe, D. 415 
Permutation(s) 27ff 

cyclic 34 
decrement of 36 
definition of 28 
of degree n (definition) 30, 32 
even 32 
identity 31 
inverse of 33 
multiplication of 32
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odd 32 
parity of 34 

Pi (jx), transcendence of 259 
Plane, complex 112 
Polar angle 113 
Polynomial (s) 156

algebra of over an arbitrary field 276 
algebraic viewpoint of 127 
alphabetic order of terms of 310, 311 
is annihilated by a linear transfor

mation 381 
characteristic (of a matrix) 200 
cubic 127 
cyclotomic 345 
decomposition of 284 
definition of 127 
degree of 303 
of degree ra 127 
of degree one 139 
of degree zero 127, 129 
derivative of 141 
dividend of 306 
divisibility of 131-133, 305 
divisor of 306
elementary divisors of a 376 
equal 127, 303 
evaluating roots of 225ff 
factorization of 284 

into irreducible factors 281f 
first-degree 127
as a formal algebraic expression 127 
function-theoretic viewpoint of 127 
greatest common divisor of 134 
highest term of 311 
homogeneous 306 
identically equal 127, 303 
integral, rational roots of 345ff 
inverse 129 
irreducible 281, 306 
linear 127, 139 
matrix 365f 
minimal 377ff 
rath-degree 127 
operations on 126ff 
primitive 342 
quadratic 127 
quotient of 131 
with rational coefficients 341 ff 
with real coefficients 155 
reducibility of over the field of 

rationals 341ff 
reducible 281, 306 
relatively prime 133 

theorems on 137 
remainder in division of 131 
ring of 279, 304 
roots of 139ff

in several unknowns 303ff 
sum of 304 
symbols for 127 
symmetric 312ff, 319ff 

elementary 313
fundamental theorem on 314, 316, 
319
in two systems of unknowns 324 

value of 139, 377, 381 
from viewpoint of mathematical 

analysis 127 
Polynomial matrices 355 
Pontryagin, L.S. 415 
Position, false, method of 251 
Positive definite forms 174ff 
Positive definite quadratic forms 174ff 
Positive definiteness of a form 177 
Positive index of inertia 172 
Postmultiplication 94, 99 
Power

of an element 389 
raising complex numbers to a 120 
zero 389 

Power sums 322 
Premultiplication 99 
Primary Abelian group 407 
Primary components 407 
Primary cyclic groups 405, 407 
Primary group (subgroup) 407 
Prime element or a ring 285 
Primitive rath roots of unity 125 
Primitive polynomial 342 
Primitive root 391 
Principal-axis theorem 219, 220 
Principal diagonal 16 
Principal minors of a form 175 
Product 

of classes 294, 301 
direct 406 
of matrices 89 
scalar (of vectors) 205 

Projective geometry 11 
Proper rational fraction 156 
Proskuryakov, I.V. 414 
Pure imaginaries 112

Quadratic equations 225 
Quadratic form(s) 306 

canonical 164 
complex 162 
decomposable 172 
definition of 162 
indefinite 177 
matrix of 162 
negative definite 177
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nonsingular 162 
positive definite 1743 
rank of 162 
real 162
reduction of to canonical form 161ff 

theory of 168 
reduction of to principal axes 168, 

2193 
semidefinite 177 
theory of 161 

Quadratic polynomial 127 
Quadric curves and surfaces, theory 

of 161 
Quartic equations 230 
Quartic form 306 
Quasigroups, theory of 13 
Quaternions 111 
Quintic equations 232 
Quotient 267 

of a polynomial 131

Radius vector 113
Range of values (of a transformation) 

197 
Rank

of a linear transformation 197 
of a matrix 693 

evaluating 72 
of a product of matrices 98 
of a quadratic form 162 
of a system of vectors 68 

Rank theorem 72, 74 
Rational fractions 156f, 298 

field vof 2973 
in lowest terms 156 
proper 156 
simplified 156 

Rational numbers 107 
field of 341 

Rational roots of integral polynomials 
3453

Real linear spaces 178 
Real numbers 107 
Real part 112 
Reals, axis of 112 
Rectangular matrices 70 

multiplication of 97 
Reduced system 86 
Reducibility of polynomials over the 

field of rationals 3413 
Reducible (of a polynomial) 281, 306 
Reduction 

of a matrix to diagonal form 203 
of a matrix to Jordan normal form 

375

of quadratic forms to canonical 
form 1613 

of quadratic forms to principal axes 
168, 2193 

Regula falsi 251 
Relation, equivalence 356 
Relatively prime polynomials 133 

theorems on 137 
Relatively prime system of polyno

mials 138 
Remainder of polynomials (in division) 

131
Resultant 326, 327, 330 
Right decomposition 392 
Right-identity 384 
Right-inverse 384 
Right inverse matrix 94 
Ring(s) 10, 2603 

commutative 267 
concept of 257 
definition of 262 
examples of 262 
finite 268 
of functions 262 
nonassociative 267 
noncommutative 266 
number 257, 258, 259 
of polynomials 279, 304 
theory of 10, 13 

Root(s) 
approximation of 2503 
bounds of 2323 
characteristic 1993, 216 
of complex numbers 1203, 122, 123 
A-fold 141 
matrix 378 
multiple 141
of polynomials 1393, 378 
primitive 391
rational (of integral polynomials) 
3453
simple 141
theorem on the existence of a 290f 
theorems on the number of real 244f 
of unity 1243 

primitive nth 125 
Ruffini, P. 12

Scalar matrices 102 
Scalar multiplication 204 
Scalar product of vectors 204 
Schmidt, O.Yu. 14, 415 
Schreier, O. 414 
Self-adjoint transformation 215 
Semidefinite quadratic forms 177
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Semigroups, theory of 13 
Sequence, Sturm’s 239 
Set

countable 352 
denumerable 352 
noncountable 352 

Shapiro, G.M. 414 
Shatunovsky, S.O. 13 
Shilov, G.E. 414 
Signature of a form 172 
Similar matrices 192, 200 
Similar square matrices 192 
Similarity of matrices, fundamental 

theorem on 367 
Simple factor 284 
Simple root 141 
Simple spectrum 202, 203 
Simplified rational fraction 156 
Single factor 284 
Singular linear transformation 93 
Singular square matrix 93 
Skew-symmetric determinant 42 
Solvability of equations by radicals 

12
Sominsky, I.S. 414 
Space (s)

complex linear 181, 202 
Euclidean (see also Euclidean spa

ce) 204 
finite-dimensional 182 
four-dimensional 7 
of functions 185 
infinite-dimensional 9 
linear 7, 178ff

finite-dimensional 183 
infinite-dimensional 181 
n-dimensional 185 

multidimensional 7 
null 197 
real affine 178 
real linear 178, 181 

isomorphic 181 
real vector 178 
of sequences 185 
unitary 209

finite-dimensional 210 
vector (see also vector spaces) 7 

theory of 9 
Spectrum 

of a linear transformation 200 
simple 202, 203 

Sperner, E. 414 
Splitting field 416 
Square matrix 93 
Sturm method 238 
Sturm sequence 239 
Sturm theorem 238ff

Subfields 271 ff 
Subgroup (s) 388ff 

cyclic 389
generated by subgroups 401 
invariant 394 
primary 407 
unit 389 

Submatrix, Jordan 371 
Subspace (s) 

linear 1952, 202 
generation of 196 

zero 195 
Substitution, linear 87 
Subtraction 261
Successive elimination of unknowns, 

method of 15, 17 
Sum(s) 

of classes 293, 300 
direct 400, 403 
of polynomials 304 
power 322 

Summands of a decomposition 100 
Sushkevich, A.K. 414, 415 
Sylow, 13 
Sylvester, J.J. 13 
Symmetric functions 312 
Symmetric polynomial in two systems 

of unknowns 324 
Symmetric polynomials 312ff, 3192 

elementary 313
fundamental theorem of 314, 316, 

319
Symmetric rational fractions 321 
Symmetric transformations 215f 
System (s) 

of Cayley numbers 111 
of complex numbers 1072 

definition of 110 
of homogeneous linear equations 82f 

solutions of 83 
of integers 107 
of linear equations 76 
arbitrary, solution of 79 
consistent 16 

determinate 16 
indeterminate 16 
general theory of 592 
inconsistent 16 

of nonhomogeneous equations 83 
orthogonal (of vectors) 206 
of quaternions 111 
of rational numbers 107 
of real numbers 107 
reduced 86
of solutions, fundamental 84 
of vectors 

equivalent 67
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linearly dependent 63, 64 
linearly independent 63 
maximal linearly independent 65, 

68 .

Tartaglia, N. 12 
Taylor’s formula 145 
Tensor algebra 9 
Term

degree of 303
highest, of a polynomial 311 

Theorem(s) (see lemma) 
binomial 120 
Budan-Fourier 246, 249 
Cayley-Hamilton 380, 381 
Descartes’ 247, 249, 348 
on the existence of a root 290f 
on the existence of roots, fundamen

tal 12
fundamental (of the algebra of com

plex numbers) 142ff 
alternative proof of 337f 

fundamental, corollaries to 151 
fundamental (on finite Abelian gro

ups) 406
fundamental (of higher algebra) 143 
fundamental, on the similarity of 

matrices 367 
fundamental, on symmetric polyno

mials 314, 316, 319 
on homomorphisms 398 
Kronecker-Capelli 77, 78, 81 
Lagrange’s 393, 557 
Laplace’s 50, 51
multiplication (for determinants) 

91, 93 
Newton’s binomial 120 
on the number of real roots 244f 
principal-axis 219, 220 
rank 72, 74
on relatively prime polynomials 137 
Sturm’s 238ff 
unique factorization 308 
Weierstrass 150, 211 

Theory of algebras 13 
Topological algebra 11, 13 
Topological properties of real and com

plex numbers 143 
Transcendence 

of <? 349 
of xc 259

Transcendental numbers 349, 353, 354 
Transcendental over a field 279, 305 
Transform of an element 395 
Transformation (s) 

affine 214

elementary 74, 102 
of a matrix 355 

identity 189, 195, 214 
inverse 199, 279 
linear (see linear transformations) 

87, 89, 188f 
nonsingular 93 
operations on 193 
singular 93 

nonsingular 211 
nullity of 197, 198 
orthogonal 21 Off

of Euclidean space 212 
range of values of 197 
self-adjoint 215 
symmetric 215f 
of vector coordinates 186 
zero 189, 195, 215 

Transpose
of a determinant, taking 38 
of a matrix 162 

Transpose operation 38 
Transposition 34
Trigonometric form (of complex num

bers) 114

Unimodular A,-matrices 362ff 
Unique decomposition of a proper ra

tional fraction 159 
example of 160 

Unique factorization theorem 308 
Unit, imaginary 112 
Unit, class 294, 301 
Unit element 269 

of a group 383, 385 
Unit matrix 16, 93, 195, 211 
Unit subgroup 389 
Unit vectors 64, 185 
Unitary space (*s) 210 

finite-dimensional 210 
Unity 269 

divisor of 285 
primitive nth roots of 125 
roots of 124 

Universal algebras 11 
Unknowns, free 79

Value of a polynomial 377, 381 
Van der Waerden, B.L. 415 
Vandermonde determinant 49, 329, 

336
Vector(s) 178

examples of 60, 81
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multiplication of by a scalar 61 
re-dimensional 60 
re2-dimensional 60 
normalized 207 
opposite 61 
unit 64, 185 
zero 61 

Vector space(s) 9, 178 
multidimensional 59 
re-dimensional 59, 60, 62 
theory of 9 

Vectorial angle 113 
Vieta (Viete) F. 12 
Vieta’s formulas 154, 217, 296, 313 
Vinogradov, S.P. 414 
Voronoi, G.F. 13

Waerden, van der, B.L. 415 
Weierstrass theorem 150 
Weight of a term 320, 332 
Weyl, H. 415

Zero 109 
the number 61 

Zero class 294, 300 
Zero element 180, 264 
Zero matrix 100, 195 
Zero multiple 265 
Zero power 389 
Zero subspace 195 
Zero transformation 189, 195, 215 
Zero vector 60 
Zolotarev, E.I. 13
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